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Abstract

Knowledge Representation (KR) formalisms provide precise
specifications of algorithmic structure, yet it remains unclear
whether gradient-trained neural networks implement these
specifications even when they are theoretically expressible.
Recent formal language theory tells us what Transformers
can express—masked hard-attention Transformers recognize
the star-free regular languages, equivalent to first-order logic
with linear order (FO[<]) and linear temporal logic (LTL)—
but not what gradient-trained Transformers will learn.
We ask whether trained networks actually implement the
logical circuits that theory predicts, and propose Knowl-
edge Representation-Guided Mechanistic Verification to find
out. The idea is to compile a B-RASP specification into
a Structural Causal Model whose variables correspond to
prescribed logical operations, then use Distributed Align-
ment Search to obtain quantitative, falsifiable causal evidence
for or against each operation’s presence in the trained net-
work. We instantiate this framework on a task of binary
incrementfor which B-RASP prescribes an explicit three-
stage circuit implementable by a two-layer Transformer with
O(poly(n)) parameters—exponentially fewer states than any
fixed-precision recurrent or state space baselines require.
The answer is affirmative: all three prescribed operations
are faithfully encoded in dedicated neural subspaces, with
wrong-specification controls at chance; Sparse Autoencoder
decomposition independently recovers the same logical struc-
ture without supervision. Moreover, this structure is not ac-
quired gradually: it emerges as a sharp phase transition dur-
ing grokking, providing a specification-aligned progress mea-
sure that reveals what changes during the generalization tran-
sition, not merely that something changes. These results
demonstrate that KR formalisms can serve not only as pre-
scriptive specifications of what networks should compute, but
also as falsifiable causal hypotheses that mechanistic inter-
pretability tools can rigorously test, thereby bridging the gap
between symbolic KR and neural computation.

1 Introduction
Formal language theory has recently established a striking
connection between KR formalisms and neural network ar-
chitectures (Baral and Giacomo 2015; Lieto 2021). Yang
et al. (2024), building on the Restricted Access Sequence
Processing Language (RASP) (Weiss, Goldberg, and Yahav
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2021), introduced a Boolean restriction called B-RASP and
proved that masked hard-attention Transformers (Vaswani
et al. 2017) recognize the star-free regular languages, a class
equivalent to first-order logic with linear order, FO[<] (Mc-
Naughton and Papert 1971), and LTL (Pnueli 1977). This re-
sult extends a growing body of work on the formal character-
ization of inter alia Transformer computation (Weiss, Gold-
berg, and Yahav 2021; Merrill and Sabharwal 2024; Strobl et
al. 2024; Strobl et al. 2025). Though these equivalences tell
us what Transformers can express, not what gradient-trained
Transformers will learn: simplicity bias (Shah et al. 2020;
Geirhos et al. 2020) and shortcut learning (Bhattamishra
et al. 2023) may steer optimization toward heuristic solu-
tions that reproduce correct outputs without implementing
the principled algorithm that the theory predicts.

The gap becomes especially stark in the context of suc-
cinctness results, which have established a family of repre-
sentational separations between Transformers and recurrent
architectures (RNNs) (Bhattamishra et al. 2024; Sanford,
Hsu, and Telgarsky 2023). Bergstraßer et al. (2026) recently
proved that a fixed-precision Transformer can recognize
the n-bit binary increment language with only polynomi-
ally many parameters, whereas any deterministic finite au-
tomaton (DFA)—and hence any fixed-precision RNNs (El-
man 1990; Merrill et al. 2020) such as LSTM (Hochreiter
and Schmidhuber 1997) and GRU (Cho et al. 2014) and
any State Space Models (SSMs) (Gu, Goel, and Ré 2022)
such as Mamba (Gu and Dao 2023)—requires exponentially
many states (Nerode 1958). What makes this separation
useful for empirical study is that the proof is constructive:
the B-RASP formalism (Yang, Chiang, and Angluin 2024;
Bergsträßer, Cotterell, and Lin 2026) provides an explicit
program specifying a three-stage circuit—attention-based
bit retrieval, carry-chain computation via iterated conjunc-
tion, and output via exclusive disjunction—that a two-
layer Transformer can implement. This explicit specifi-
cation opens the door to mechanistic verification: rather
than merely showing that a Transformer can solve the task,
one can test whether a trained Transformer internally im-
plements the prescribed algorithm. Indeed, the Tracr com-
piler (Lindner et al. 2023) has shown that RASP programs
(of which B-RASP is a subset) can be compiled into con-
crete Transformer weights, confirming the architectural fea-
sibility of such implementations.
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Figure 1: Overview of Knowledge Representation-Guided Mechanistic Verification. Panel (a): a B-RASP program is compiled into a three-
variable SCM. (b): DAS verifies each variable against the trained Transformer, producing per-component IIA scores. (c): tracking IIA across
training checkpoints reveals a phase transition coinciding with grokking.

How can we verify whether a trained model actually im-
plements this specification? This is fundamentally a ques-
tion of mechanistic interpretability (Olah et al. 2020; Elhage
et al. 2021), yet the standard tools face well-documented
challenges. Attention weight visualization does not reliably
indicate information flow or causal function (Jain and Wal-
lace 2019; Wiegreffe and Pinter 2019). Activation patch-
ing (Meng et al. 2022; Wang et al. 2023) localizes important
components by ablation, but can produce interpretability il-
lusions at the subspace level (Makelov et al. 2024) and con-
flates sufficiency with necessity (Heimersheim and Nanda
2024). At the neuron level, polysemanticity (Elhage et al.
2022) makes single-neuron analysis unreliable (Sharkey et
al. 2025): because neural networks pack more features into
activation space than there are neuron dimensions (superpo-
sition), individual neurons typically encode mixtures of un-
related concepts rather than cleanly isolable variables. Veri-
fying a formal prediction against a trained network therefore
requires quantitative, falsifiable causal evidence.

We propose KR-Guided Mechanistic Verification, a
framework that converts the B-RASP specification into a
testable causal claim. The core idea is to compile a B-
RASP program into a Structural Causal Model (SCM) (Pearl
2009): each B-RASP operation becomes a causal variable
and the program’s dataflow graph defines the causal arrows,
yielding a three-variable SCM for n-bit binary increment
whose variables correspond to bit retrieval, carry conjunc-
tion, and output exclusive disjunction. In this way, the com-
pilation step transforms the question “does the Transformer

implement the B-RASP specification?” into a precise causal
abstraction problem (Geiger et al. 2021). We employ Dis-
tributed Alignment Search (DAS) (Geiger et al. 2024), an
established causal verification method that uses gradient de-
scent to find an orthogonal rotation of the neural activation
space such that a low-dimensional subspace aligns with a
given causal variable (Wu et al. 2023; Mueller et al. 2025;
Wu, Geiger, and Millière 2025; Sun et al. 2025). Align-
ment quality is measured by Interchange Intervention Ac-
curacy (IIA): when the aligned subspace is swapped be-
tween two inputs, IIA is the fraction of interventions under
which the network’s output agrees with the causal model’s
counterfactual prediction. As complementary evidence, we
train Sparse Autoencoders (SAEs) (Templeton et al. 2024;
Huben et al. 2024), following Marks et al. (2025) who in-
tegrated SAEs with causal circuit discovery, to examine
whether the learned features correspond to the predicted log-
ical operations. Figure 1 illustrates the complete pipeline
from KR specification to mechanistic verification.

Beyond static verification of fully converged models, our
framework also addresses a dynamic question: when dur-
ing learning does a neural network transition from memo-
rizing training examples to implementing a genuine logical
circuit? We study this through the lens of grokking (Power
et al. 2022), a phenomenon in which generalization appears
suddenly after prolonged overfitting, and which has attracted
substantial mechanistic and theoretical analysis (Nanda et
al. 2023; Kumar et al. 2024; Lyu et al. 2024). Prior work
tracks grokking with task-agnostic statistics such as weight
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norm and effective rank, but these measures cannot detect
whether the model has acquired the specific logical structure
predicted by the KR specification—they signal that some-
thing is changing, not what is changing. We introduce the
DAS-IIA trajectory as a specification-aligned progress mea-
sure that fills this gap: by evaluating causal alignment at ev-
ery training checkpoint, it reveals an abrupt transition from
chance level (IIA ≈ 0.5) to near-perfect specification align-
ment (IIA > 0.95) that coincides precisely with the onset of
generalization. We make the following contributions:
1. We propose KR-guided mechanistic verification, a novel

framework that systematically compiles B-RASP speci-
fications into SCMs and verifies their neural implemen-
tation via DAS. This establishes a principled bridge from
symbolic KR to neural mechanistic interpretability.

2. Under strict parameter matching, we demonstrate that
Transformers achieve perfect generalization on n-bit bi-
nary increment via grokking, while all RNN and SSM
baselines fail, providing controlled empirical confirma-
tion of the theoretical succinctness separation.

3. DAS yields IIA ≥ 0.95 for all three B-RASP causal vari-
ables, and SAE decomposition independently recovers
monosemantic features corresponding to the predicted
logical operations, providing convergent evidence from
two methodologically independent analyses.

4. DAS-IIA trajectory reveals that specification alignment
emerges as a sharp phase transition during grokking, of-
fering a new, specification-aligned progress measure that
is more informative than weight norm or effective rank.

These results establish KR formalisms as operationally fal-
sifiable specifications that guide and evaluate mechanistic
interpretability of neural computation.
Guide for the KR readers who might be less familiar
with the Machine Learning (ML) side-methods. This pa-
per’s contributions map onto classical KR concepts as fol-
lows: B-RASP serves as a specification language (equiv-
alent to FO[<]/LTL); the B-RASP-to-SCM step is knowl-
edge compilation, transforming one formalism into another
to enable causal intervention; DAS performs verification,
testing whether a system satisfies the specification; and the
succinctness separation (Theorem 1) is a classical represen-
tational trade-off result in the tradition of descriptive com-
plexity. Expanded background is provided in Section 2.

2 Preliminaries
2.1 Transformers and B-RASP
We briefly define the Transformer variant relevant to the for-
mal characterization; readers familiar with masked Trans-
formers may proceed to Theorem 1.

Let Σ be a finite alphabet and Σ∗ the set of all fi-
nite strings over Σ. A language is a set L ⊆ Σ∗. A
Masked Hard-Attention Transformer (MHAT) with ℓ layers,
H heads per layer, and hidden dimension d processes an
input x = x1 · · ·xT ∈ Σ∗ of length T as follows. Each
token xt (t ∈ {1, . . . , T}) is mapped to an initial represen-
tation h

(0)
t ∈ Rd via a learned embedding (a lookup table

that maps each symbol to a d-dimensional real vector) com-
bined with positional information. At layer l ∈ {1, . . . , ℓ},
each head a ∈ {1, . . . ,H} has learned projection matrices
W

(l,a)
Q , W

(l,a)
K , W

(l,a)
V ∈ Rd×d.1 The head computes a

query q = W
(l,a)
Q h

(l−1)
t at position t and, for each candidate

source s ∈ {1, . . . , t}, a key κs = W
(l,a)
K h

(l−1)
s . It selects

s∗ = argmaxs≤t q
⊤κs, where s ≤ t enforces causal mask-

ing and a fixed rule breaks ties. It retrieves W
(l,a)
V h

(l−1)
s∗ ;

the outputs of all H heads are concatenated and projected
by a learned matrix W

(l)
O ∈ Rd×d, then added to the current

representation h
(l−1)
t via a residual connection. A position-

wise multi-layer perceptron (MLP), consisting of two affine
transformations separated by a nonlinear activation, is then
applied and added via a second residual connection, yield-
ing the updated representation h

(l)
t . Residual connections

ensure that information computed at earlier layers remains
directly accessible at later layers. We write MHAT(ℓ,H, d)
for this model class.

RASP abstracts these components into three primitives:
select, which produces a Boolean attention pattern specify-
ing which source positions a given target position attends to;
aggregate, which retrieves and combines values from the se-
lected positions; and pointwise operations computed by the
MLP. B-RASP restricts all intermediate values to Booleans
(i.e., every select, aggregate, and pointwise operation maps
to {0, 1}), yielding a tight expressiveness characterization.
Theorem 1 (Yang et al. 2024). L is recognized by some
MHAT(ℓ,H, d) iff L is star-free (FO[<]-definable).

Theorem 1 applies to hard attention; softmax attention re-
places the argmax with a normalized exponential weighting,
softmax(q⊤κs) = exp(q⊤κs)/

∑
s′≤t exp(q

⊤κs′), pro-
ducing a weighted average over all source positions rather
than selecting a single one. However, when attention logits
are large, softmax concentrates on the argmax and approx-
imates hard attention; weight decay encourages low-rank
weight matrices that sharpen attention patterns (Lyu et al.
2024). No formal guarantee extends the theorem to softmax
models; one of the goals of our empirical investigation (Sec-
tion 5) is precisely to test whether softmax Transformers,
despite this theoretical gap, nonetheless learn circuits that
are functionally equivalent to the B-RASP specification.

2.2 The n-bit Binary Increment Task
Fix an integer n ≥ 1. The language Ln of n-bit binary incre-
ment is defined over Σ = {0, 1,#}. An input has the form
b1· · ·bn#y1· · ·yn, where b1 · · · bn is an n-bit binary number
(most-significant bit (MSB) first) and y1 · · · yn is the suc-
cessor of b1 · · · bn modulo 2n. The task is next-token pre-
diction: at each output position k ∈ {1, . . . , n}, the model
predicts yk given the prefix b1 · · · bn#y1 · · · yk−1.

1Following the MHAT formalization of Yang et al. (2024), each
head uses full d×d matrices to simplify the expressiveness proof.
Our model (Section 4.2) uses the standard multi-head convention
with per-head dimension dk=d/H . Since the per-head parameter-
ization is a strictly less expressive special case of the full-rank for-
mulation, the expressiveness guarantee of Theorem 1 carries over.
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Succinctness. The exponential separation previewed in Sec-
tion 1 rests on the Myhill–Nerode theorem (Nerode 1958):
any DFA for Ln needs Ω(2n) states, whereas a Unique Hard
Attention Transformer (UHAT) (Hahn 2020)—an MHAT
variant with deterministic tie-breaking—recognizes Ln with
only O(poly(n)) parameters (Bergsträßer, Cotterell, and
Lin 2026). Since fixed-precision (finite bit) RNNs and SSMs
are bounded by finite-state computation, this yields an expo-
nential succinctness separation.
B-RASP specification. The B-RASP program for Ln pre-
scribes three operations per output position k (Yang, Chiang,
and Angluin 2024; Bergsträßer, Cotterell, and Lin 2026):

Bprev(k) := bk (retrieve k-th input bit), (1)

Cin(k) :=
∧n

j=k+1 bj (carry: AND of lower bits), (2)

Yout(k) := Bprev(k)⊕ Cin(k) (output: XOR), (3)

where ⊕ denotes exclusive disjunction and
∧

iterated con-
junction. We adopt the standard convention that an empty
conjunction evaluates to ⊤ (True); hence Cin(n) = 1, so the
least-significant bit always flips, as expected for x+1. In B-
RASP terms, Bprev uses select to attend to position k of the
input (at a fixed relative offset of −(n+1)), followed by ag-
gregate to copy the bit value; this corresponds to a single at-
tention head. Cin and Yout are pointwise Boolean functions
computed in the MLP. These three causal variables consti-
tute the specification that our framework verifies.2

2.3 Causal Models and Causal Abstraction
A Structural Causal Model (SCM) (Pearl 2009) is a tuple
M = (V,U,F , P (U)). Here V = {V1, . . . , Vm} is a set
of m endogenous variables and U is a set of exogenous vari-
ables. F = {f1, . . . , fm} is the set of structural equations
Vi := fi(pa(Vi), Ui) for each i ∈ {1, . . . ,m}, with pa(Vi)
the parents of Vi and Ui ∈ U the corresponding exogenous
input. P (U) is a joint distribution over U. An intervention
do(Vi=v) replaces Vi’s equation with the constant v, leav-
ing all others unchanged.

Intuitively, to test whether a neural network N imple-
ments a high-level SCM H, one checks that surgically swap-
ping a specific part of the network’s internal state between
two inputs changes the output in exactly the way the causal
model predicts. Formally (Geiger et al. 2021), one de-
fines an alignment τ : VH → 2VN that maps each high-
level variable to a set of neural representations (because a
concept may persist across layers via residual connections),
where VH and VN denote the endogenous variables of H
and N respectively. An interchange intervention on N w.r.t.
Vi ∈ VH runs N on a base input xb but replaces the activa-
tions in τ(Vi) with those from a source xs. Interchange In-
tervention Accuracy (IIA) measures the resulting agreement
over a held-out evaluation dataset D of base–source pairs:

IIA(Vi) =
1

|D|
∑

(xb,xs)∈D

1
[
N
(
h̃(xb, xs; τ(Vi))

)
= H

(
do(Vi:=Vi(xs))

)
(xb)

]
, (4)

2A symmetric analysis of n-bit binary decrement, whose bor-
row variable replaces the carry, produces consistent results.

where 1[·] denotes the indicator function, h̃ the intervened
activations, and Vi(xs) the value of Vi when H processes xs.
The left-hand side of the comparison, N (h̃), is the network’s
output when its internal activations are surgically replaced;
the right-hand side, H(do(Vi:=v))(xb), is the output of the
SCM H when evaluated on input xb with the intervention
Vi:=v. IIA = 1 indicates exact causal abstraction—the
neural network perfectly implements the high-level SCM;
for binary variables, chance is 0.5. In practice, IIA < 1 re-
flects approximate causal abstraction (Geiger et al. 2021),
where the alignment holds for most but not all interven-
tions. We write IIA(Vi) for the position-averaged IIA of
variable Vi, IIA(Vi, k) when restricting to output position k,
IIA(Vi, c) when specifying the Transformer component c,
and IIA(Vi; θp) for IIA evaluated at training checkpoint θp.

2.4 Distributed Alignment Search

The alignment τ is unknown a priori, since causal variables
need not correspond to individual neurons (Section 1). Dis-
tributed Alignment Search (DAS) (Geiger et al. 2024) ad-
dresses this by learning an orthogonal matrix R∈O(d) that
rotates the activation space at a chosen Transformer compo-
nent. Given a target subspace dimension r, we write R:,1:r∈
Rd×r for the submatrix formed by the first r columns of R;
these columns span the alignment subspace for Vi. DAS im-
plements the intervened activation h̃ of Eq. 4 as

h̃=h(b)+R:,1:r

(
R⊤

:,1:rh
(s)−R⊤

:,1:rh
(b)

)
, (5)

where h(b) and h(s) are the activations of the base and source
inputs at the chosen component. This operation replaces the
component of h(b) that lies within the r-dimensional align-
ment subspace with the corresponding component from h(s),
leaving all other directions unchanged. R is optimized by
gradient descent to maximize IIA (Eq. 4). A high IIA after
convergence confirms that the causal variable is faithfully
encoded in an r-dimensional subspace.

2.5 Sparse Autoencoders

A Sparse Autoencoder (SAE) (Templeton et al. 2024) pro-
vides a complementary, unsupervised decomposition of ac-
tivations. Given h ∈ Rd, an SAE with dictionary size D
(D ≫ d) computes a sparse code z ∈ RD and a reconstruc-
tion ĥ ∈ Rd. It uses a learned encoder Wenc ∈ RD×d, a
decoder Wdec∈Rd×D, and biases βenc∈RD, βdec∈Rd:

z=TopK
(
Wenc(h−βdec)+βenc

)
, ĥ=Wdecz+βdec, (6)

where TopK retains the Ksae largest activations for a fixed
sparsity level Ksae ≪ D, zeroing the rest. The SAE mini-
mizes ∥h − ĥ∥22. A feature zj (the j-th entry of z) is called
monosemantic if it activates selectively for a single inter-
pretable concept (Elhage et al. 2022). Where DAS tests a
given causal hypothesis, SAE features are discovered with-
out supervision (Marks et al. 2025). Section 3.2 describes
how we combine the two methods.
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2.6 Grokking and Progress Measures
Grokking (Power et al. 2022; Carvalho et al. 2025) is de-
layed generalization long after training accuracy has satu-
rated, often spanning thousands of gradient steps. Let θ de-
note the model parameters. Existing progress measures for
this transition include the excluded loss (Nanda et al. 2023),
the L2 weight norm ∥θ∥2, and the effective rank of weight
matrices (Kumar et al. 2024; Lyu et al. 2024).3 Section 3
introduces a specification-aligned alternative.

3 KR-Guided Mechanistic Verification
Our framework treats the B-RASP specification as a falsifi-
able causal hypothesis about a trained Transformer’s inter-
nal computation. It proceeds in three steps: (1) compile the
B-RASP program into an SCM whose variables and causal
arrows mirror the program’s dataflow (Section 3.1), (2) use
DAS to verify whether each causal variable is faithfully en-
coded in Transformer’s activation space (Section 3.2), and
(3) track alignment across training checkpoints as a specifi-
cation aligned progress measure for grokking (Section 3.3).

3.1 Compiling B-RASP into an SCM
Let P be a B-RASP program with m variables V1, . . . , Vm,
each defined by a Boolean function of other program vari-
ables and/or the input tokens. We compile P into an SCM
HP = (V,U,F , P (U)) as follows.

Definition 1 (B-RASP-to-SCM compilation). Given a B-
RASP program P with variables V1, . . . , Vm:

1. Endogenous variables. Set V = {V1, . . . , Vm}, inherit-
ing the Boolean domain {0, 1} from B-RASP.

2. Exogenous variables. Let U be the set of input symbols
consumed by P , with P (U) the data distribution.

3. Structural equations. For each Vi, let pa(Vi) ⊆ V be
the set of program variables in the definition of Vi, and
let Ui ⊆ U be the exogenous variables it reads. Set fi
to the Boolean function prescribed by P , so that Vi :=
fi(pa(Vi),Ui). Collect F = {f1, . . . , fm}.

4. Causal graph. The directed acyclic graph (DAG) G =
(V ∪U, E) has an edge Vj → Vi for each Vj ∈ pa(Vi)
and an edge Uq → Vi for each Uq ∈ Ui.

Proposition 1. For any B-RASP program P , the compila-
tion in Definition 1 yields a valid SCM: the causal graph G
is acyclic and each structural equation is deterministic.

In the standard SCM formulation (Section 2.3), each struc-
tural equation reads a single exogenous variable Ui. Here,
each equation may read multiple distinct exogenous inputs
Ui ⊆ U (e.g., Cin reads all n input bits), reflecting the
B-RASP program’s data dependencies. Because every en-
dogenous variable is Boolean, the chance-level IIA is ex-
actly 0.5. The compilation is well-defined for any B-RASP
program: since B-RASP variables are defined by acyclic
dataflow (Yang, Chiang, and Angluin 2024), the resulting

3Effective rank measures the entropy of the normalized singular
value distribution of a weight matrix; it decreases as the matrix
becomes more low-rank (Kumar et al. 2024).

causal graph G is guaranteed to be a DAG, and the struc-
tural equations are fully determined by the program text.

Instantiation for Ln. Applying Def. 1 to Eqs. 1–3 yields a
three-variable SCM HLn

with V = {Bprev, Cin, Yout} and
U = {b1, . . . , bn}. The structural equations are Eqs. 1–3
themselves.
An interchange intervention on, say, Bprev replaces its ac-
tivation in a base run with that from a source run, testing
whether the Transformer derives Yout from its Bprev rep-
resentation via the XOR of Eq. 3, rather than through an
alternative computational path.

3.2 Verification via DAS
Given a compiled SCM HP and a trained Transformer N ,
we verify whether N faithfully implements each causal vari-
able Vi ∈ V.

Candidate components. A Transformer with ℓ layers offers
a set of candidate components

C =
{
(l, type) : l∈{1, . . . , ℓ}, type∈{attn,mlp}

}
,
(7)

where attn and mlp denote the attention and feed-forward
sub-layers of layer l, respectively. Concretely, let a(l) =

h(l−1) + Attn(l)(h(l−1)) denote the residual-stream vector
after the attention sub-layer of layer l; the activation probed
at component (l,attn) is a(l), and the activation at (l,mlp)
is a(l) +MLP(l)(a(l)), i.e. the full layer output h(l).

Verification procedure. For each Vi∈V and each c∈C, we
apply DAS (Section 2.4) at c with target dimension r and
compute IIA(Vi, c) via Eq. 4. We say Vi is faithfully en-
coded at c if IIA(Vi, c) > 0.95, well above the chance level
of 0.5 for binary variables and conservative enough to allow
for statistical noise in finite evaluation sets. This thresh-
old follows the convention in the DAS literature (Geiger
et al. 2024; Wu et al. 2023); our conclusions are robust to
the exact choice: at 0.90, every variable at every bit width
passes, while at 0.99 only the easiest case (Bprev at n=8)
passes. Formal one-sided t-tests with Bonferroni correction
(30 tests, αcorr=0.0017) are reported in the supplementary
material. The specification HP is verified when every Vi

achieves IIA(Vi, c
∗
i ) > 0.95. For each Vi, we record the

best-scoring component c∗i = argmaxc∈C IIA(Vi, c).

Structural predictions. The B-RASP primitives underlying
each variable yield testable predictions about where it is en-
coded. Bprev involves select and aggregate (attention prim-
itives), predicting c∗Bprev

∈ {(l,attn) : l ∈ {1, . . . , ℓ}}.
Cin and Yout are pointwise Boolean operations, predicting
c∗Cin

, c∗Yout
∈ {(l,mlp) : l ∈ {1, . . . , ℓ}}. Section 5 tests

these predictions against trained models.

SAE cross-validation. At each component c∗i , we train an
SAE (Section 2.5) and examine whether a monosemantic
feature zj aligns with Vi. Agreement between DAS (su-
pervised, given the causal hypothesis) and an SAE feature
(unsupervised) constitutes convergent evidence. The verifi-
cation procedure above applies to a single converged model;
we next extend it to the training trajectory.
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3.3 Specification-Aligned Progress Measure
The progress measures (Sec. 2.6) capture statistical proper-
ties of the parameters but do not indicate whether the model
has acquired any particular algorithmic structure. We de-
fine a measure that directly tracks how faithfully the model
implements the B-RASP causal model throughout training.

Definition 2 (DAS-IIA trajectory). Let θ1, θ2, . . . , θC be a
sequence of C training checkpoints. For each checkpoint
θp (p ∈ {1, . . . , C}) and each causal variable Vi ∈ V,
let IIA(Vi; θp) denote the IIA obtained by running DAS at
the best component c∗i (Section 3.2) on the model with pa-
rameters θp. The DAS-IIA trajectory is the family of curves
{p 7→ IIA(Vi; θp)}Vi∈V. We define the minimum-variable
IIA as

IIAmin(θp) = min
Vi∈V

IIA(Vi; θp). (8)

In practice, c∗i is determined from the converged model
and held fixed across all checkpoints; we verify this choice
by confirming that the same component achieves maximal
IIA at every post-grokking checkpoint (confirmed across all
5 seeds and all 500 post-grokking checkpoints). The trajec-
tory has a direct mechanistic reading. IIA ≈ 0.5 at a given
checkpoint means the model does not yet encode Vi in a lin-
early accessible subspace (the chance level for binary vari-
ables), while IIA ≈ 1.0 means it faithfully implements Vi.
A sharp rise from 0.5 to 1.0 signals a phase transition from
memorization to specification-aligned computation (we use
this term in a phenomenological sense, referring to a rapid,
threshold-like change in the order parameter IIAmin, follow-
ing its established usage in the grokking literature (Power et
al. 2022)).

Unlike ∥θ∥2 or effective rank, which summarize global
parameter statistics, IIAmin directly tracks whether the
model has acquired the logical structure predicted by the KR
specification, thereby pinpointing when the transition from
memorization to specification-aligned computation occurs.

4 Experimental Setup
This section describes the data, models, training procedure,
and verification configurations used to instantiate the frame-
work on the n-bit binary increment language Ln.

4.1 Task and Data
We evaluate on Ln for bit widths n ∈ {8, 12, 16, 20, 24}.
Each instance is a string b1 · · · bn#y1 · · · yn of total length
T = 2n + 1, where b1 · · · bn encodes an n-bit integer in
most-significant-bit-first order and y1 · · · yn is its successor
modulo 2n. The task is autoregressive next-token predic-
tion: at each output position k ∈ {1, . . . , n}, the model pre-
dicts yk given the prefix b1 · · · bn#y1 · · · yk−1.
Dataset construction. For a given n, the complete dataset
consists of all 2n input–output pairs. We randomly partition
this set into a training set of size ⌊α · 2n⌋ and a test set con-
taining the remainder, using a train fraction α = 0.5 for the
main experiments. For n ≤ 16, the full 2n pairs are enu-
merable (216 = 65,536); for n ∈ {20, 24}, we uniformly
sample 50,000 pairs as the evaluation pool and apply the

same α = 0.5 split. To assess sensitivity to data fraction, we
additionally report results for α ∈ {0.3, 0.7} at n = 16.
Metrics. We report two metrics: per-position accuracy, the
fraction of correctly predicted output bits across all positions
and test instances, and per-sequence accuracy, the fraction
of test instances for which all n output bits are correct. Per-
fect generalization requires per-sequence accuracy of 1.0.

4.2 Model Architectures
Transformer. Our primary model is a decoder-only Trans-
former with ℓ = 2 layers, H = 2 attention heads per layer,
and hidden dimension d = 128. The architecture uses
learned token embeddings and learned positional embed-
dings with maximum sequence length Tmax = 2 · 24 + 1 =
49 (shared across all n). Attention is standard softmax with
causal (left-to-right) masking, consistent with the s ≤ t con-
straint of the MHAT class (Section 2.1). Each layer consists
of multi-head self-attention followed by a two-layer MLP
with Gaussian Error Linear Unit (GELU) (Hendrycks and
Gimpel 2016) and hidden dimension dmlp = 4d = 512,
i.e. MLP(x) = W2 GELU(W1x + b(1)) + b(2) with bias
terms in both layers. Residual connections and layer nor-
malization (ϵ = 10−5) are applied in the pre-norm con-
figuration. Attention logits are scaled by 1/

√
d/H . The

output head is a linear projection from Rd to the vocabu-
lary logits (|Σ| = 3), without bias and without weight tying
to the input embedding. No dropout is applied; regulariza-
tion comes exclusively from weight decay (Section 4.3). All
weights are initialized with PyTorch defaults (Kaiming uni-
form for linear layers (He et al. 2015)). This architecture
is intentionally compact: two layers suffice to realize the
three B-RASP stages (Bprev via attention, Cin and Yout via
MLPs), and d = 128 aligns with the standard configuration
in the grokking literature (Power et al. 2022). Two layers
is the minimum depth because Yout depends on Cin, requir-
ing separate MLP stages; a depth ablation confirms that ℓ=1
fails to realize the specification (IIAmin = 0.61), while ℓ=2
achieves full verification (IIAmin = 0.96).
Comparison with RNN and SSM Baselines. We train an
LSTM (Hochreiter and Schmidhuber 1997) and a GRU (Cho
et al. 2014) under strict parameter matching: hidden dimen-
sion of each RNN is chosen so that its total parameter count
equals that of the Transformer to within 1%. Concretely,
let PT denote the Transformer’s total parameter count. For
each RNN, we choose the largest hidden dimension dh
whose total parameter count Prec satisfies Prec ≤ PT .

To cover the recent class of SSMs, we train a Mamba (Gu
and Dao 2023) baseline under the same parameter-matching
protocol. Although Mamba’s selective scan mechanism in-
troduces input-dependent gating, its state dimension is fixed
at initialization and does not grow with the input length;
under our parameter-matching protocol, this yields a finite-
state system under fixed-precision arithmetic whose total
number of reachable configurations is bounded; Ω(2n) state-
complexity lower bound applies.

The Transformer has PT = 403,840 parameters; matched
hidden dimensions are dh = 223 (LSTM, 400,957 params),
dh = 258 (GRU, 402,483 params), and dh = 239 (Mamba,
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403,674 params). Despite parameter matching, the two
families face fundamentally different complexity regimes:
the Transformer’s O(poly(n))-parameter B-RASP solution
(Theorem 1) suffices for all n, whereas any fixed-precision
recurrent network or SSM requires Ω(2n) states for Ln.

4.3 Training Procedure
All models minimize next-token cross-entropy on the out-
put positions y1, . . . , yn using AdamW (Loshchilov and
Hutter 2019) (lr 10−3, (β1, β2) = (0.9, 0.98), weight de-
cay λ = 1.0), following the grokking recipe of Power et
al. (2022) and Nanda et al. (2023). We use batch size 512,
linear warmup over 500 steps, and cosine decay to 0; no
gradient clipping is applied. Training runs for 100,000 gra-
dient steps, a budget sufficient to observe grokking across
all tested n. Each configuration (model type × bit width ×
train fraction) is run with 5 independent random seeds; we
report mean ± standard deviation.
Checkpoints and grokking protocol. We save checkpoints
every 200 steps (C = 500 per run), with finer resolution
(50 steps) near the grokking transition. The combination
of small training set (α = 0.5), strong weight decay (λ =
1.0), and extended training (100,000 steps) reliably induces
grokking. The memorization step is the first step at which
train per-sequence accuracy reaches 1.0; the grokking step
is the first step at which test per-sequence accuracy exceeds
0.99; the delay is the grokking gap.

4.4 DAS Configuration
We apply DAS (Section 2.4) to verify whether the trained
Transformer N faithfully encodes each causal variable Vi ∈
{Bprev, Cin, Yout} of the compiled SCM HLn (Section 3.1).
Candidate components. Following the search procedure
of Section 3.2, DAS is applied at every component in C =
{(l, type) : l ∈ {1, 2}, type ∈ {attn,mlp}}, giving
four candidate components (L1-attn, L1-MLP, L2-attn, L2-
MLP). For each variable Vi and each component c ∈ C, we
train a separate rotation Rc and report IIA(Vi, c). The best
component c∗i = argmaxc∈C IIA(Vi, c) identifies where Vi

is most faithfully encoded.
Subspace dimension. We use a target subspace dimension
r = 1 for all causal variables, reflecting the fact that Bprev,
Cin, and Yout are binary-valued.
Position-level intervention. Because the B-RASP vari-
ables are defined per output position (Eqs. 1–3), we per-
form DAS interventions at each position k ∈ {1, . . . , n}
independently, sampling base–source pairs uniformly from
inputs where Vi(k) differs. Non-target variables are not
constrained; uniform sampling ensures that IIA reflects the
causal role of Vi. The reported IIA is averaged over posi-
tions: IIA(Vi) =

1
n

∑n
k=1 IIA(Vi, k).

DAS training and trajectory analysis. For each (vari-
able, component, position) triple, we train R ∈ O(d) using
Adam (β1=0.9, β2=0.999, lr 10−3) for 10 epochs on 2,000
base–source pairs (frozen Transformer weights), and eval-
uate on 1,000 held-out pairs; IIA saturates within the first
5 epochs in all configurations, and extending training to 20

epochs yields no further improvement. Although each posi-
tion learns an independent rotation, the resulting directions
R:,1 are highly consistent across positions (mean pairwise
cosine > 0.93 at n=16), confirming that the model uses a
shared encoding direction for each causal variable. For the
DAS-IIA trajectory (Def. 2), we re-train R at each check-
point θp (p ∈ {1, . . . , C}) at the best component c∗i , yielding
C×|V| = 1,500 runs per seed, each completing in seconds.

Negative controls. We construct two wrong-SCM variants
by replacing the XOR in Yout (Eq. 3) with AND (HAND)
or OR (HOR), keeping others unchanged. We also run DAS
with the correct SCM on a randomly initialized Transformer.

4.5 SAE Configuration
At each best component c∗i identified by DAS, we train an
SAE (Section 2.5) to obtain an unsupervised decomposition
of the activations, following the integration of SAEs with
causal circuit discovery by Marks et al. (2025).

Architecture and training. We use the TopK SAE variant
(Eq. 6) with dictionary size D = 8d = 1,024 (8× expan-
sion) and sparsity level Ksae = 8; TopK provides exact spar-
sity control and avoids tuning an L1 penalty coefficient. The
SAE is trained on activations collected from 20,000 forward
passes through the converged Transformer, using Adam with
learning rate 3× 10−4, batch size 256, for 50 epochs, mini-
mizing ∥h− ĥ∥22. Decoder columns are renormalized to unit
norm after each gradient step.

Reconstruction quality. We report coefficient of determi-
nation R2 = 1−∥h−ĥ∥22/∥h−h̄∥22 on a held-out set, where
h̄ is the sample mean of the activations, to verify that SAE
captures sufficient variance for reliable feature analysis.

Feature–variable alignment. For each feature zj and vari-
able Vi, we compute the Pearson correlation ρ(zj , Vi) and
the classification accuracy of zj > 0 as a predictor for
Vi = 1. A feature is monosemantic w.r.t. Vi if |ρ| > 0.9 and
classification accuracy ≥ 0.95; these conservative thresh-
olds ensure that only features with strong univariate corre-
spondence to a single causal variable are reported.

DAS–SAE convergence. We measure the cosine similar-
ity between the DAS direction R:,1 and the decoder column
wj ∈ Rd of the best-matching SAE feature to quantify geo-
metric agreement between the two methods; we consider the
evidence convergent when cosine similarity exceeds 0.8.

Reproducibility. All experiments use PyTorch (Paszke et
al. 2019) and pyvene (Wu et al. 2024).

5 Results
We present four groups of results: the succinctness separa-
tion (Section 5.1), DAS verification including negative con-
trols (Section 5.2), SAE cross-validation (Section 5.3), and
the DAS-IIA trajectory (Section 5.4). We conducted abla-
tions over layer count, head count, weight decay, subspace
dimension, and interpretability baselines, and extended the
pipeline to n-bit binary decrement; key results are reported
inline below.
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Model #Params n=8 n=12 n=16 n=20 n=24

Transformer (ℓ=2) 403,840 1.00±.00 1.00±.00 1.00±.00 1.00±.00 1.00±.00

LSTM 400,957 .71±.08 .28±.06 .07±.03 .02±.01 .01±.01

GRU 402,483 .65±.09 .24±.07 .05±.02 .01±.01 .00±.00

Mamba 403,674 .68±.07 .25±.05 .06±.02 .01±.01 .00±.00

Table 1: Generalization results (test per-sequence accuracy, mean ± std over 5 seeds). The Transformer (ℓ=2) achieves perfect generalization
via grokking at all n; all RNN and SSM baselines fail.

Bprev Cin Yout

(a) Component-level IIA
L1-attn .98±.01 .53±.02 .52±.02

L1-MLP .83±.03 .96±.02 .59±.03

L2-attn .72±.04 .69±.04 .64±.04

L2-MLP .66±.05 .92±.03 .97±.01

(b) Negative controls
Yout→AND, trained .98±.01 .96±.02 .52±.02

Yout→OR, trained .98±.01 .96±.02 .54±.03

Correct, untrained .50±.02 .51±.02 .50±.02

Table 2: DAS verification at n=16 (mean ± std, 5 random seeds).
(a) Component-level IIA; bold marks the best component c∗i for
each variable, confirming B-RASP predictions. (b) Negative con-
trols; high IIA requires both a trained model and the correct SCM.

5.1 Generalization and Succinctness Separation
Transformer grokking. The Transformer (ℓ=2) achieves
perfect test per-sequence accuracy (1.00) on all five bit
widths after grokking. Table 1 reports the results. Memo-
rization occurs within the first 600 to 4,200 steps depend-
ing on n, while generalization follows after a substantial de-
lay: the grokking gap ranges from ∼7,200 steps at n=8 to
∼32,600 steps at n=24, with ∼16,800 steps at n=16 .
RNN and SSM baselines. All RNN and SSM models mem-
orize the training set but fail to generalize. The degradation
is exponential in n: the best RNN (LSTM) drops from 0.71
at n=8 to 0.07 at n=16 and 0.01 at n=24 (Table 1), a trajec-
tory consistent with the Ω(2n) lower bound on the required
number of states. Mamba performs comparably to the GRU
despite its selective scan mechanism, confirming that struc-
tured state space models do not circumvent the exponential
barrier. Doubling RNN and SSM capacity to ∼800,000 pa-
rameters yields negligible improvement (best: LSTM 2× at
0.10 test per-sequence accuracy for n=16), providing fur-
ther evidence that the separation is fundamental rather than
an artifact of insufficient capacity.

5.2 DAS Verification of Causal Variables
Component-level IIA. At n=16, each variable achieves its
highest IIA at the component predicted by the B-RASP spec-
ification: Bprev at L1-attn (0.98 ± 0.01), Cin at L1-MLP
(0.96± 0.02), and Yout at L2-MLP (0.97± 0.01). Table 2a
reports the full component-level breakdown.

The structure of Table 2a reveals the sequential nature of
the learned computation. Cin and Yout show chance-level

Variable c∗i n=8 n=12 n=16 n=20 n=24

Bprev L1-at .99±.01 .99±.01 .98±.01 .98±.01 .97±.02

Cin L1-M .98±.01 .97±.01 .96±.02 .96±.02 .95±.02

Yout L2-M .99±.01 .98±.01 .97±.01 .97±.02 .96±.02

Table 3: DAS IIA at best component c∗i across bit widths (mean ±
std, 5 seeds). All variables maintain IIA > 0.95 for n=8 ∼ 24.
Abbreviations: Ll-at = (l,attn), Ll-M = (l,mlp).

Variable Component Feature |ρ| Cls. Acc. cos

Bprev L1-attn z37 .94±.02 .97±.01 .87±.03

Cin L1-MLP z142 .93±.02 .96±.02 .83±.04

Yout L2-MLP z89 .96±.01 .98±.01 .91±.02

Table 4: SAE feature–variable alignment at n=16. Highest-
correlating feature among D=1,024 is reported; all meet monose-
manticity criteria (|ρ| > 0.9, classification accuracy ≥ 0.95). cos:
cosine similarity between DAS direction and SAE decoder column.

IIA (≈ 0.5) at L1-attn, confirming that neither variable is
computed before the first MLP. Cin persists from L1-MLP
through to L2-MLP (0.92) via the residual stream, consistent
with the Transformer’s residual connections making earlier
computations accessible at later layers. This pattern matches
the B-RASP dataflow: attention retrieves Bprev first, the first
MLP computes Cin from the input bits, and the second MLP
combines both to produce Yout.
Scaling across n. Table 3 reports IIA at c∗i across all five
bit widths. All three variables maintain IIA > 0.95 from
n=8 to n=24. Bprev is nearly constant (0.99 → 0.97),
as expected for a position-independent attention copy. Cin

shows the steepest decline (0.98 → 0.95) because the carry
chain

∧n
j=k+1 bj grows with n; a per-position breakdown

confirms this gradient. Even at n=24, the minimum IIA re-
mains 0.95, demonstrating robust verification across the full
range of carry chain lengths.

Subspace dimension ablation (r ∈ {1, 2, 4, 8}) and com-
parisons with alternative interpretability methods confirm
that each Boolean variable is encoded in an approximately
one-dimensional, non-axis-aligned subspace. Linear probes
achieve high classification accuracy (≥ 0.97) for all vari-
ables, but when the probe direction is used for interchange
interventions, IIA drops to 0.68–0.82; neuron-level patch-
ing yields still lower IIA (0.59–0.73). DAS’s learned rota-
tion consistently achieves the highest IIA, confirming that
the causal variables are encoded in distributed, non-axis-
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Figure 2: Panel (a): Per-sequence accuracy: the model memorizes by step ∼1,800 and generalizes at step ∼18,600. (b): DAS-IIA trajectory:
individual variables and IIAmin (gray) transition from chance (0.5) to above 0.95 between steps ∼12,500 and ∼18,600. (c): L2 weight
norm: decline begins at step ∼5,000, well before the IIA transition. Dashed vertical lines mark the memorization and grokking steps.

aligned subspaces that require the rotation-based alignment.
Notably, a single-layer Transformer (ℓ=1) achieves only
IIAmin = 0.61 at n=16, and removing weight decay (λ=0)
yields IIAmin = 0.53, confirming the B-RASP prediction
that two processing stages and regularization-driven simpli-
fication are both necessary for specification-aligned struc-
ture to emerge .
Negative controls. Wrong-SCM variants (AND, OR replac-
ing XOR in Yout) yield chance-level IIA for Yout (0.52–
0.54), while the correct SCM on an untrained Transformer
gives IIAmin = 0.50 (Table 2b). Bprev and Cin retain
high IIA under the wrong-Yout SCMs because only the Yout

equation is altered, confirming that each variable is verified
independently. These controls establish specificity: DAS
does not trivially find high-IIA rotations regardless of the
hypothesis. The validity argument—that high IIA reflects
actual causal structure rather than sensitivity to the output
function—rests on a complementary line of evidence. DAS
operates on intermediate hidden-layer activations (Eq. 5),
not on the model’s inputs or outputs; the probe–DAS dis-
sociation above confirms this distinction: linear probes de-
tect the presence of variable information (accuracy ≥ 0.97),
but probe-direction interventions yield substantially lower
IIA (0.68–0.82), demonstrating that information presence
does not imply causal mediation. Cross-task controls fur-
ther corroborate validity: applying the increment SCM to
a decrement-trained model retains high IIA for the shared
operation (Bprev: 0.97) but drops to chance for the task-
specific variables (Cin: 0.54, Yout: 0.52), a double dissoci-
ation confirming that the method discriminates at the level
of individual structural equations, not merely at the level of
input-output behavior.

5.3 SAE Cross-Validation
At each best component c∗i , we trained an SAE and searched
for monosemantic features aligning with the correspond-
ing causal variable (Section 4.5). Table 4 summarizes the
feature–variable alignment at n=16. For each of the three
causal variables, the SAE discovers at least one feature sat-

isfying both alignment criteria (|ρ| > 0.9 and classifica-
tion accuracy ≥ 0.95). Each feature’s activation pattern
matches the corresponding B-RASP operation: bit copy-
ing for Bprev, conjunction for Cin, and exclusive disjunction
for Yout .
DAS–SAE geometric convergence. The rightmost col-
umn of Table 4 reports the cosine similarity between the
DAS direction R:,1 and the SAE decoder column of the
best-matching feature. All three similarities exceed 0.83,
meaning the two directions are nearly parallel in activation
space, with Yout achieving 0.91. This quantifies the con-
vergent evidence: two methodologically independent analy-
ses (supervised DAS with a causal objective, unsupervised
SAE with a reconstruction objective) identify geometrically
similar directions, substantially strengthening the conclu-
sion that the Transformer implements the B-RASP specifi-
cation. We emphasize that the SAE’s role here is geometric
cross-validation of the DAS-identified directions, not inde-
pendent causal circuit discovery in the sense of (Marks et al.
2025); the causal evidence comes from DAS interventions,
while the SAE confirms that the same structure is recover-
able without supervision.

5.4 DAS-IIA Trajectory as Progress Measure
Figure 2 displays the training dynamics at n=16. We iden-
tify four phases based on the joint behavior of per-sequence
accuracy (panel a) and specification alignment (panel b).
Phase 1: Random (0–1,800 steps). Both train and test per-
sequence accuracy rise from their initial values but remain
near chance. IIAmin ≈ 0.50 for all three variables, indistin-
guishable from the untrained-model control (Table 2).
Phase 2: Memorization (1,800–12,500 steps). IIAmin

rises slowly toward 0.56, far below the 0.95 threshold. No-
tably, Bprev exhibits a transient “false start” between steps
6,000 and 12,000, briefly reaching ∼0.58, suggesting that
the attention copy pattern forms intermittently before stabi-
lizing. This false start does not propagate to Cin or Yout,
indicating that the full causal chain has not yet assembled.
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Phase 3: Phase transition (12,500–18,600 steps). The
variables align sequentially, i.e., Bprev first (centered at
step ∼14,500), then Cin (∼16,000), then Yout (∼17,200),
mirroring the causal dependency chain: the output compu-
tation cannot align until its inputs are in place. Test per-
sequence accuracy rises in tandem, confirming that general-
ization and specification alignment are tightly coupled.

Phase 4: Convergence (18,600+ steps). IIAmin stabilizes
at 0.955±0.006; no further structural reorganization occurs.

Comparison with L2 weight norm. The L2 weight norm
(panel c) begins declining ∼7,500 steps before the IIA tran-
sition and does so gradually, lacking any sharp change. This
contrast highlights the advantage of a specification-aligned
measure: weight norm signals that something is simplifying,
whereas IIAmin reveals when the specific logical structure
prescribed by the B-RASP specification is acquired. This
trajectory analysis is an application of the verification frame-
work (Section 3.3), not a separate contribution: it demon-
strates that the same KR specification used for static verifi-
cation can also serve as a progress measure during training,
illustrating the broader diagnostic utility of KR formalisms.

6 Conclusion and Future Work

Formal language theory tells us what Transformers can rep-
resent; this paper asks whether gradient-trained Transform-
ers do represent what the theory predicts. By compiling
B-RASP specifications into testable causal models, we turn
this from a philosophical question into an empirical one with
clear pass/fail criteria. The answer, for n-bit binary incre-
ment, is affirmative: not only does the trained Transformer
implement the prescribed logical circuit, but it acquires this
structure through a sharp phase transition that existing task-
agnostic progress measures cannot detect.

This finding has a broader implication for the KR commu-
nity. KR formalisms are typically valued for their prescrip-
tive role: specifying what a system should compute. Our re-
sults show they can equally serve a diagnostic role: as falsi-
fiable causal hypotheses tested against trained networks via
mechanistic interpretability. The novelty lies not in the indi-
vidual ML techniques but in the closed-loop bridge from for-
mal specification to mechanistic neural verification. Causal
abstraction enables this bridge bidirectionally: KR specifi-
cations constrain which hypotheses to test, while empirical
outcomes feed back into the formalism.

Several limitations suggest directions for future work: ex-
tending to structurally richer B-RASP programs, relaxing
the r=1 subspace assumption for tasks with richer inter-
mediate representations, and automating B-RASP-to-SCM
compilation for broader specification classes. A comple-
mentary direction is to apply the framework to pre-trained
language models on tasks where a B-RASP specification
exists; DAS has already been deployed at this scale, so
the verification method transfers, though whether the clean
one-variable-one-direction structure observed here persists
in larger, multi-task networks remains an open question.
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