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Abstract

Answer Set Programming with Quantifiers (ASP(Q)) extends
Answer Set Programming (ASP) by allowing quantification
over answer sets. Although probabilistic extensions to ASP
exist, there is no such counterpart for ASP(Q). In this pa-
per, we close this gap by introducing Inferential Quanti-
fied Answer Set Programming (ASP(Q)I”f), an extension of
ASP(Q) that supports probabilistic inference over programs
with alternating quantifiers, allowing uncertainty at the in-
nermost level. We demonstrate the modeling capabilities
of ASP(Q)™, analyze its computational complexity, and
present an implementation based on Algebraic Model Count-
ing. An experimental evaluation confirms its effectiveness
and practical applicability.

1 Introduction

Answer Set Programming (ASP) (Brewka, Eiter, and
Truszczynski 2011) is a well-established declarative knowl-
edge representation and reasoning formalism for combinato-
rial problem solving (Falkner et al. 2018; Erdem, Gelfond,
and Leone 2016), supported by the availability of efficient
and mature solvers (Gebser et al. 2019; Alviano et al. 2017).
During the years ASP has been extended in several direc-
tions with the aim of improving the framework to model dif-
ferent possible application scenarios (Baselice, Bonatti, and
Gelfond 2005; Gebser et al. 2016; Eiter, Redl, and Schiiller
2016; Amendola, Ricca, and Truszczynski 2019).

Concerning the expressive power capabilities of the
language, ASP can solve problems up to the second
level (Dantsin et al. 2001) of the Polynomial Hierarchy
(PH) (Stockmeyer 1976). From the perspective of the
knowledge engineer, ASP often excels at modeling prob-
lems in the NP complexity class; however, modeling prob-
lems in ¥4 typically becomes cumbersome, as it requires
the use of advanced yet non-intuitive techniques such as
saturation (Eiter and Gottlob 1995). To overcome these
limitations, Answer Set Programming with Quantifiers,
ASP(Q) (Amendola, Ricca, and Truszczynski 2019), was
proposed. By allowing quantification over answer sets,
ASP(Q) enhances the expressive power of ASP, enabling in-
tuitive encodings of problems across the entire PH.

On the other hand, concerning the modeling of uncer-
tainty and performing probabilistic inference, several prob-
abilistic extensions of ASP have been proposed (Cozman
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and Maua 2020; Baral, Gelfond, and Rushton 2009; Lee
and Wang 2016; Lee and Yang 2017; Totis, De Raedt, and
Kimmig 2023). These approaches aim to address, within
the ASP framework, one of the central challenges of Statis-
tical Relational Al, namely the integration of logical reason-
ing and probabilistic inference (Raedt et al. 2016). Among
these approaches, Probabilistic ASP (PASP) (Cozman and
Maua 2020) extends ASP with the ability to handle uncer-
tainty while preserving the expressive power of ASP.

While probabilistic extensions of ASP enable reason-
ing under uncertainty, and ASP(Q) provides the expressive
power required to model problems across the entire PH,
these two lines of research have so far remained largely dis-
connected. This naturally leads to the following research
questions: How can ASP(Q) be extended with probabilis-
tic inference in order to combine the benefits of both for-
malisms, enabling the modeling and reasoning of compu-
tationally hard problems under uncertainty? What are the
computational complexity consequences of such a combina-
tion? And is it possible to design and implement a practical
system that effectively supports the resulting formalism?

In this paper, we answer these questions by proposing
ASP(Q)™™ | an extension of ASP(Q) in which the innermost
quantified program is a probabilistic logic program. This
design naturally enriches ASP(Q) with the ability to rea-
son about uncertainty, allowing one to verify whether given
properties hold with at least a specified probability. We
show that this extended formalism is not only theoretically
well-founded, but also practically relevant, as it enables in-
tuitive modeling of a variety of Al problems, including net-
work resilience analysis (O’Neil et al. 2025), viral mar-
keting (Domingos and Richardson 2001; Nath and Domin-
gos 2009; Van den Broeck et al. 2010), and probabilistic
conformant planning (Kushmerick, Hanks, and Weld 1995;
Zhang, Grastien, and Gretton 2024). Moreover, we pro-
vide a detailed complexity analysis of its main reasoning
task, precisely characterizing its position within the Count-
ing Polynomial-time Hierarchy (Wagner 1986). Moreover,
we present a first prototype implementation based on Al-
gebraic Model Counting (AMC) (Eiter, Hecher, and Kiesel
2024) for programs with two quantifiers, demonstrating that
the proposed formalism can be implemented using existing
model counting techniques. An experimental analysis con-
firms the viability of the approach.
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2 Background

We now provide concepts related to Answer Set Program-
ming, Probabilistic Logic Programming, and Algebraic
Model Counting.

2.1 Answer Set Programming

In ASP variables are alphanumeric strings starting with an
uppercase letter, whereas constants are either numbers or al-
phanumeric strings starting with a lowercase letter. A ferm
is either a variable or a constant. An atom is an expression
of the form p(¢1,...,t,) where p is a predicate of arity n
and ¢1,...,t, are terms. A literal is either an atom a or its
negation not a, where not stands for negation as failure. A
literal is said to be negative if it is of the form not a; oth-
erwise, it is positive. A rule is an expression of the form
h < ly,...,lx, where h is an atom, referred to as head,
which can also be omitted, and [q,...,[l;, with k& > 0, is
a conjunction of literals referred to as body. A rule is said
to be a constraint if its head is omitted; whereas it is said
to be a fact if k = 0. A rule r is said to be safe if each
variable appearing in r, also appears in some positive literal
of the body of r. A program is a finite set of safe rules.
An ASP expression € (i.e., atom, literals, etc.) is said to be
ground if € does not contain any variable. Given a program
P, the Herbrand Universe, denoted by Up, is the set of con-
stants appearing in P; whereas the Herbrand Base, denoted
by Bp, is the set of ground atoms obtained from predicates
in P and constants in Up. Given a rule r € P, we denote
by ground(r) the set of all possible instantiations of 7 ob-
tained by substituting variables with constants appearing in
Up. The concept of instantiation also extends to programs,
and so ground(P) denotes the union of ground(r), for each
r € P. The dependency graph of P, denoted by Gp, is a
labeled directed graph whose nodes are atoms in Bp, and
there exists a positive (resp. negative) edge from u to v if
there exists r € ground(P) such that v appears in some
positive (resp. negative) literal in the body of r and v appear
in the head of r. The program P is said to be stratified if
G p does not contain any loop involving negative edges. An
interpretation I C Bp is a set of ground atoms. A positive
(resp. negative) literal [ = a (resp. | = not a) is true w.r.t.
I, denoted by I = [, if a € I (resp. a ¢ I) otherwise it
is false. A conjunction of literals Iy, ...,l;, with k& > 0, is
true w.r.t. I, denoted by I = Iy,..., 1, if I |= ; for each
i€{l,...,k}. Aruler € ground(P) is said to be satisfied
w.r.t. I, denoted by I |= 7, if the head of r is true w.r.t. [
whenever the body is true w.r.t. I. An interpretation [ is a
model of P if all the rules in ground(P) are satisfied w.r.t.
1. Let M be a model of P, then the GL-reduct (Gelfond and
Lifschitz 1991a), denoted by P, is the program obtained
from P by: (i) removing all rules having at least one neg-
ative literal false w.r.t. M in the body; and (ii) all negative
literals from the body of the remaining rules. M is said to be
an answer set of P if M is a C-minimal model of P™ (no
model M’ C M of PM exists). In the following, we will
use the acronym ASP to denote both the formalism and an
answer set program.
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2.2 Probabilistic Logic Programming

Syntax. Probabilistic Logic Programming (PLP) (Riguzzi
2022) extends logic programs with primitives to represent
uncertainty. Among the possible formalisms, there are
ProbLog probabilistic facts (De Raedt, Kimmig, and Toivo-
nen 2007) of the form 7 :: a where 7 € [0, 1] is the proba-
bility associated with the atom a. A PLP (we use the same
acronym to denote both the formalism and a program in such
a formalism), is composed by a stratified program and a set
of probabilistic facts. We also consider Annotated Disjunc-
tions (ADs) (Vennekens, Verbaeten, and Bruynooghe 2004)
which are of the form 7y :: ay;7mg :: ag;...;7m, 1 a, :— B
where ; is the probability value associated with the atom
a; and B is a conjunction of literals. Intuitively, this means
that if B is true, then a; is true with probability m; or as
is true with probability o, and so on. Here, we assume
that the 7;s sum to 1. Note that the original proposal of an-
notated disjunctions had the probability after the atom, but
we consider an alternative notation here for uniformity with
ProbLog probabilistic facts. An AD rule can be converted
into a set of ProbLog probabilistic facts (Riguzzi 2022) so
in the following we limit the treatment to probabilistic facts.

Semantics. A world is a stratified logic program com-
posed of the rules of the PLP and an atom a; for each 7; :: a;
considered true. A PLP has 2™ worlds and the Distribu-
tion Semantics (Sato 1995) requires that every world has
exactly one well-founded (Van Gelder, Ross, and Schlipf
1991) model (which also coincides with the unique stable
model (Gelfond and Lifschitz 1991b)). Probabilistic facts
are considered independent. The probability of a world w,
P(w), is computed as P(w) = [], c,, ™ Hajgw(l — ;)
where with a; € w (resp. a; € w) we denote a probabilis-
tic fact considered as true (resp. false) in the world w. The
probability of a ground atom ¢ called query is computed as
P(q) = >_, -, P(w). We also use the notation P(q | C) to
denote the probability of the query g computed while con-
sidering the PLP C.

Example 1. The following PLP has 3 probabilistic facts.

ta. 0.3::b. 0.4::c.

N

a.
:— b,c.

Q Q9 o

Among the 8 possible worlds, the one where a is true and
both b and c are false has probability 0.2 - (1 — 0.3) - (1 —
0.4) = 0.084. If we are interested in computing the proba-
bility of q, we get P(q) = 0.296.

2.3 Algebraic Model Counting

Algebraic Model Counting (AMC) (Kimmig, Van den
Broeck, and De Raedt 2017) is a generic framework to en-
code tasks in Statistical Relational Artificial Intelligence.

Definition 1. Given a propositional theory T with variables
V, a commutative semiring R = (D, ®,®,ng,ng), and
a weight function w mapping the literals associated with
variables in V' to the elements of D, consider the tuple
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A= (T,R,w). AMC requires computing

AMC(A) = @ R u()

Ico(T) lel
where o(T) is the set of models of T.
For example, the probability semiring P =

([0,1],+,-,0,1) can be adopted to perform inference
in PLPs, by considering as weight function w(l) with
w(l) = 7w if I = a with probabilistic fact 7 :: a; or
w(l) = (1 — m) if | = not a with probabilistic fact 7 :: a;
w(l) = 1 otherwise.

Recently, AMC was extended to Second Level
AMC (Kiesel, Totis, and Kimmig 2022). Intuitively,
this allows nesting two levels of AMC and connect them
through a transformation function which converts the result
of the inner AMC into a value for the outer AMC.

Definition 2. Given a propositional theory T whose
variables are partitioned into (V;,V,), two commuta-
tive semirings R; = (D', &' ®" ni,nk) and R, =
(D°,@°,®°,n%,ng), two weight functions w; and w,,
and a transformation function f;, : R® — R° let A =
(T, Vi, Vo, Ri, Ro, Wi, Wo, fio). 2AMC is defined as:

2AMC(A) :@1 v ®a61 w,(a)®°
oen(Vo 3 "

fw(GBIIViELP(TUo) ®b611 Wi (b))

where ©(V,) is the set of possible assignments to V,, and
o(T | 1) is the set of assignments I; of V; such that (I;, I,,)
satisfies T .

3 ASP(Q) with Probabilistic Inference

A recent extension of ASP, namely ASP with Quantifiers
(ASP(Q), and we use the same symbol to denote a pro-
gram in this formalism) (Amendola, Ricca, and Truszczyn-
ski 2019; Mazzotta, Ricca, and Truszczynski 2024), has in-
troduced the concept of quantification over answer sets of
ASP which increases the expressive power of ASP to the
entire Polynomial-time Hierarchy (Stockmeyer 1976). De-
spite its effectiveness, ASP(Q) cannot handle probabilistic
reasoning. Thus, to close this gap, we propose an extension
of ASP(Q) called ASP(Q)™ .

Definition 3 (ASP(Q)'™ syntax). An ASP(Q) with proba-
bilistic inference, ASP(Q)™, is an expression of the form:

DlP].DnPn(Caqak) (2)

where q is an atom called query, k is a threshold value
€ [0,1], C is a PLP, and, for each i € {1,...,n}, O; €
{3%,V**} and P; is an ASP.

W.l.o.g, we assume that atoms appearing in some rule
head of a subprogram P;, withé € {1,...,n+ 1}, P41 =
C, cannot appear in any P;, with j < 4. Furthermore, for a
PLP C and an answer set M, C*™ = C U {a +| a € M}.

Definition 4 (ASP(Q)'™ semantics). The semantics of an
ASP(Q )Inf (i.e., the coherence) is inductively defined as:
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e 3P : (C,q,k) is coherent if there exists M € AS(P)
such that P(q | C¥M) > k;

e V¥'P 1 (C,q,k) is coherent if for each M € AS(P),
P(g| C) S k;

o I8P A(q, k) is coherent if there exists M € AS(P) such
that Ap (g, k) is coherent;

e V$'PA(q, k) is coherent if for each M € AS(P),
Ap ai(q, k) is coherent;

where A(q,k) is an ASP(Q)™ of the form (2) and
Ap (g, k) denotes the ASP(Q)™ obtained from A(q, k)
by replacing Py with Py U fizp(M), where fixzp(M) =
{a<+|ae€ MyU{<alacat(P)\M}. ASP(Q)™ is ex-
istential if )y = 3%; universal otherwise. Let 3 PA(q, k)
be an existential ASP(Q)™ then M € AS(P) is a quanti-
fied answer set of 3°* PA(q, k) if and only if Ap (g, k) is

coherent.

We are now ready to define the main reasoning tasks con-
cerning ASP(Q)™/.

Definition 5 (Existential ASP(Q)/™ coherence problem).
Let 35t P A(q, k) be an existential ASP(Q)'™. The existen-
tial ASP(Q)'™ coherence problem asks whether there exists
at least one quantified answer set of 35 P A(q, k).

Definition 6 (Existential ASP(Q)’™ enumeration problem).
Let 35t P .qu, k) be an existential ASP(Q)!™. The existen-
tial ASP(Q)™ enumeration problem requires computing the
set of quantified answer sets of 35 P A(q, k).

Observation 1. The existential ASP(Q)"™ enumeration
problem (Definition 6) generalizes the existential ASP(Q)™
coherence problem (Definition 5), as the former requires
computing all quantified answer sets while for the latter it
is sufficient to compute one.

Definition 7 (Universal ASP(Q)"/ problem). Let
VstP A(q, k) be a universal ASP(Q)™ . The universal
ASP(Q)™ problem requires asking whether ¥**P A(q, k)
is coherent.

Observation 2. In universal ASP(Q)™ there are no quan-
tified answer sets, as V¥ either holds or does not hold.

Observation 3. The result of the existential ASP(Q)™ enu-
meration problem (definition 6) is a set of sets of atoms (i.e.,
a set of quantified answer sets) while the result of the univer-
sal ASP(Q)™ problem is a Boolean value (true or false).

The following example clarifies ASP(Q)/™ .
Example 2. Let A be the ASP(Q)"™ :

s exists $ Program P1
a :— not na.
na :— not a.

forall % Program P2
b :- a, not nb.
nb :- a, not b.
c :— not a, not nc.
nc :— not a, not c.
% inference % Program C
0.3::d.
0.6::1f.
q :— ¢, d.
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q :— b, f. edge (f,d) :— modell, edge_(f,d).
g :— not a, not c, f. edge (b, f) :— modell, edge_ (b, f).
q :— a, not b, not d. edge (c,e) :— model2, edge_(c,e).
5 query: g edge (e,d) :— model2, edge_(e,d).
% threshold: 0.6 path(A,B) :— edge(A,B) .
path(A,B) :— edge(A,C), path(C,B).

Py has two answer sets: My = {na} and M| = {a}. Let us
first consider M and fix it in the program. Now, Py = Py U
fixp, (M;) has two answer sets: My = {na,nc} and M} =
{na, c}. My is a quantified answer set if P(q | C**2) > 0.6
and P(q | C*Mz) > 0.6.

We can now build an ASP(Q)™™ of the form 3P
(C, path(a,d), k) that is coherent if and only if there ex-
ists a network model that provides a probability of reaching
d from qa greater than or equal to k.

Now, we add another layer: suppose that there are two
possible network failures, which are unlikely to happen to-
gether, that influence the existence of two edges. Assume
now F’ to be the following ASP

M e AS(P3) | ¢ C F(O) AS(CIM) P(CHM) | P(q| C¥M)

{3 {na,nc} 0.28
d na,nc,d 0.12

{na, nc} r’{f% {:r{m,, ne, f, i} 0.42 06
{d, f} {na,nc,d, f, q} 0.18
{} {na, c} 0.28
d na,c,d, 0.12

{na, c} r’{f]i {{’r(Za,7 ¢, f(]{} 0.42 0.3
{d, f} {na,c,d, f,q} 0.18

{failurel}. {failure2}.
:— failurel, failure2.

Since P(q | C*M2) = 0.3 < 0.6, then M, = {na} is not
a quantified answer set. Let us now consider M| = {a} and
Py = Py U fizp, (M]). We obtain:

C is augmented with the following rules

0.3::_edge(b,d).
0.4::_edge(c,d).
edge (b, d) : = not failurel, edge_(b,d).
edge (c,d) :— not failure2, edge_(c,d).

M e AS(PY) | 0 CF(C) | AS(CYTy [ P(C3M) ] P(q] C¥M)

{ {a,nb, ¢} 0.28
d .nb,d 0.12

{a,nb} Ef% {i,“ﬁ’é, f, r}}} 0.42 0.7
{d, f} {a,nb,d, f} 0.18
{} {a,b} 0.28
d .b.d 0.12

fa. b} Iy 0.6
{d7 f} {a,b,d,f,q} 0.18

Here, for each M € AS(Py)), P(q | C¥™) > 0.6. Thus,
M = {a} is a quantified answer set.

4 Modeling Examples

In what follows, we showcase the modeling capabilities of
ASP(Q)™ through a series of problems of practical interest.

Network Resilience. The network resilience problem is a
well-studied task (O’Neil et al. 2025) which, at a high level,
requires assessing the resilience of an infrastructure to pos-
sible disruption scenarios. The goal is to ensure that the
probability of reaching a given destination, starting from a
given source, is above a certain threshold. To represent this,
we first create an ASP P whose answer set corresponds to
possible network models.

We can now ask whether there exists one network model
such that, for all possible failures, the probability of reach-
ing d from a is > k. This problem can be modeled as an
ASP(Q)™ of the form 3! PV*'F : (C, path(a, d), k).

Viral Marketing The viral marketing problem (Domin-
gos and Richardson 2001; Nath and Domingos 2009;
Van den Broeck et al. 2010) involves a network of peo-
ple which can be targeted by ads. The purchasing behav-
ior of people is influenced by their friendship relationship
and the effectiveness of the advertising campaign. The
following ASP(Q)!™ describes a (small) viral marketing
scenario where there are two possible campaign strategies
(cmpgnl and cmpgn2) with three people involved (a, b, and
c). These people know each other with a certain probabil-
ity (friend/2). Furthermore, an ad may or may not be ef-
fective (effect/1). Different campaign strategies target dif-
ferent people (target/1). Lastly, a person buys (buys/1)
a product if she/he is targeted or some of his/her friends
buy it. We may be interested in computing whether there
is a campaign strategy where all the people buy the product
(all_buy) or at least one buys (at_least_one_buys) with a
probability greater than or equal to a certain value.

{modell}. {model2}.
:— modell, model2.

We define a PLP C' where probabilistic facts denote edges
where the probability represents, for example, the reliability
of the links. Then, the underlying logic program checks the
reachability according to the specific network model.

::edge(a,b). 0.3::edge(b,d).
::edge(a,c). 0.4::edge(c,d).
::edge_ (b, f). 2::edge_(f,d).
::edge_(c,e) . 6::edge_(e,d).

[eNeNeoNe)
~N NN

0.
0.

$@exists

{cmpgnl}. {cmpgn2}.

$Q@inference

O.1l::effect(a). 0.2::effect(b).
0.3::effect (c).

0.2::friend(a,b). 0.3::friend(a,c).
0.4::friend(b,c).

target (a) :— effect(a), cmpgnl.
target (b) :— effect (b), cmpgn2.
target (c) :— effect (c), cmpgnl, not cmpgn2.
buys (P) : = target (P) .

buys (P) :— friend(P,X), buys(X).
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all _buy:- buys(a), buys(b),
at_least_one_buys:— buys(P).

buys (c) .

Probabilistic Planning Automated planning is a funda-
mental component in the design of autonomous intelligent
systems (Ghallab, Nau, and Traverso 2004). It concerns the
problem of computing a course of actions, called a plan, that
transforms the state of the world from a given initial config-
uration to a desired goal configuration. A typical planning
problem consists of a domain representation, an initial state
specification, and a goal description. The objective is to de-
termine the existence of a valid plan, i.e., a plan that allows
to reach the final goal.

In classical planning, the initial state is assumed to be
fully specified, the action domain is deterministic, and a
plan is defined as a finite sequence of actions to be exe-
cuted. However, these assumptions can be relaxed to cap-
ture richer and more realistic classes of planning prob-
lems (Turner 2002). In particular, probabilistic confor-
mant planning (Kushmerick, Hanks, and Weld 1995; Zhang,
Grastien, and Gretton 2024) considers a planning problem
under uncertainty by assuming a probability distribution
over the possible initial states and seeking plans that achieve
the goal with a guaranteed probability. This probabilistic
setting naturally fits the ASP(Q)™™ framework.

The following ASP(Q)™ encodes a probabilistic confor-
mant planning problem in which a robot moves blindly on
a 2x2 grid and has to reach a goal cell. At each step, the
robot can move in the four possible directions (i.e., up, right,
down, or left). The initial position is not known and it is
described by a probability distribution over possible value
grid’s cells.

s@exists

len(3). step(l). step(2). step(3)

5 activity

act( p) . act(right).

act(down). act (left) .

% guess a plan

exec(A, ) :— step(I), act(A), not skip(A,I).
sklp(A, ) :— step(I), act(A), not exec(A,I).
S ~tly one activity for each step
hasAct(I) -exec (A, I).

:—step(I),not hasAct(I).

:—exec (Al,I), Al!=A2.

@infer

exec (A2,1I),

ence

pO::init(x,0);pl::init(x,1);p2::init (x,2).
p3::init(y,0);p4::init (y,1);p5::init (y,2) .
pos(0..2). coord(x). coord(y).
Yconditional-effect

move (right,x,1) . move(right,y,0).

move (left,x,-1). move (left,y,0).

(
move (up, x,0) . move (up,y,—-1).
move (down, x, 0) . move (down,vy,1) .

>goal—-state
goal (x,1,true).
$pre—-condition
pre(up,y,0, false) .

pre(right,x,2, false).
pre (down,y,2, false) .
pre(left,x,0, false) .

goal (y,1,true).
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state(1,C,V,true) :— init (C,V).

state(1,C,V, false) :- coord(C),pos(V),
not init (C,V).

state (T+1,C,V+D,true) :— exec(A,T),
move (A,C,D), state(T,C,V, true)

state (T+1,C,V1l, false) :— exec(A,T),
move (A,C,D), state(T,C,V, true)
pos (V1l), V1!=V+D.

invalid :- exec(A,T), state(T,C,F,V1),
pre(A,C,F,V2), V1!=V2.

invalid :- len(K),state(K+1,C,F,V1),
goal (C,F,V2), V1!=v2.

g :— not invalid.

In this ASP(Q)’™, the answer sets of the first program are in
one-to-one correspondence with plans of length 3. For each
step ¢ € {1, 2,3}, the program guesses exactly one action to
be executed. For example, a possible plan consists of mov-
ing up in step 1, right in step 2, and down in step 3. Then,
in the PLP, worlds model possible initial states and the cor-
responding state transformation according to the plan com-
puted by the previous quantifier. More precisely, a world
entails the query ¢ if and only if the plan is executable (i.e.,
no actions’ preconditions are violated at each step) and the
final state, reached by executing the plan, corresponds to the
goal state (i.e., the robot is in the goal cell at the last step).
Thus, the probability of the query ¢ is obtained by summing
the probabilities of all worlds that entail ¢, which consists of
the probability that the plan reaches the goal state. As a re-
sult, given a desired probability threshold k, the ASP(Q)™/
program is coherent if and only if there exists a plan whose
probability of reaching the goal state is > k.

5 Computational Complexity Study

Here, we recall the definition of Counting Polynomial-time
Hierarchy and study the complexity of ASP(Q)™/.

Counting Hierarchy. The Counting Polynomial-time Hi-
erarchy (Wagner 1986; Stockmeyer 1983) extends the
Polynomial-time Hierarchy (Stockmeyer 1976) by introduc-
ing the notion of counting quantifiers. Given a formula
H(xz,y), with free variables  and y, the counting quanti-
fier C is defined as:

k
C H(z,y) < {y | H(x,y) is true}| > k.
Y

Together with existential and universal quantifiers, denoted
as V and A respectively, it is possible to define the Counting
Polynomial-time Hierarchy. For a class of languages KC:

A € V K if and only if there exists B € K and a polyno-
mial p such that

re€ A

\/ (z,y) € B

lyl<p(|z])

A € A K if and only if there exists B € K and a polyno-
mial p such that

rEA

N\ (@yeB

lyl<p(|=|)
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A € C K if and only if there exists B € K, a polynomial-
time computable function f, and a polynomial p such that
f(=)

re€A- C (r,y)eB
ly|<p(lz])

Interestingly, the counting quantifier generalizes existential
and universal ones as:

\/ (z,y) € B+ (1} (z,

y)eB
i<n(la) lyl<p(lal)

and
N (z)
N\ @yeBs C

(x,y) € B
ly| <p(|z]) lyl<p(|z])

where N (z) is the number of y with |y| < p(|x|). We can
now recall the Counting Polynomial-time Hierarchy.

Definition 8 (Wagner 1986). Let & be the class of problems
solvable in polynomial time, then the Counting Polynomial-
time Hierarchy € 7€ is the smallest family F of classes of
languages satisfying:

1. ZeF

2. if K € FthenVK,AK, and CK € F

The complexity classes in .7 capture many problems
that require counting, such as inference in probabilistic logic
programs (Maud and Cozman 2020). For example, deciding
whether the probability of a given query ¢ in a PLP is greater
than or equal to & is complete for the PP class (Maua and
Cozman 2020). Recall that the class PP is defined as the
family of problems that can be decided by a probabilistic
Turing machine (Gill 1977), and it coincides with the class
CZ € € (Tordan 1991). Thus, the inference problem in
PLP falls into ¥’ and is complete for CZ?. Other than
probabilistic reasoning tasks, many problems fall in classes
of €7 (Wagner 1986).

Definition 9 (Wagner 1986). Let k > 1,
Q1...Qr—1 € {V,A,C}, and Q € {V,C}. Then

(F(x1,...,2k),m1,...,mg) € Q1 ...Qx By if and only

if F(z1,...,xk) is a boolean formula in conjunctive normal
mi mg

Jorm,my,....mr €N, and Qy...Qx Flaq,...,ax) =1
[e 5] (657

Essentially, the problem of Definition 9 is an extension
of Quantified Boolean Formulae (QBF) satisfiability which
also considers counting quantifiers. As for QBF, the com-
plexity is guided by quantifier alternation and so, also in
this case, completeness for the class Q1 ... Q) & has been
proved by Wagner (1986).

Theorem 1 (Wagner 1986). For every k > 1 and
Q1,-..,Qr € {V,A,C}, Q1...Qr By is complete for
Q1...Qr 2.

Complexity Results. To study the complexity of deciding
the coherence of ASP(Q)"Y we define:

e 8§ =TIS = Cp

¢ 28, =VIS, withn >0
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. HSH =AXC, withn >0

Intuitively, =S (resp. T1S) denotes the class VA ...Q C &
(resp. AV...Q C &) in which the existential and universal
quantifiers alternate, except for the last one which is a count-
ing quantifier. This quantifier alternation naturally captures
the complexity of deciding the coherence of ASP(Q)!"/.

Theorem 2 (Membership). Let A be a ASP( Q) of the
Jorm 4Py ...0, P, : (C,q,k); then deciding coherence of
Alis

o inXCif0; =3

o inIS if 0 = Vv

Proof. Let us first consider the base case with n = 1. Here,
we have two possible scenarios either: i) A = 3P
(C,q,k) ori) A=VP : (C,q, k).

i) In this case, we prove that deciding the coherence of
Ais X¢ = VCZ. Here A is coherent if and only if
there exists M € AS(P) such that P(q | C’) > k, with
C'=CU{a:— | a€ M}. Let M C Bp be an inter-
pretation. Verifying that M € AS(P) is in & (Dantsin et
al. 2001) and verifying that P(q | C’) > k is in PP (Maud
and Cozman 2020). This means that the language B which
accepts (P, M) if and only if M is an answer set of P and
P(q|C") > kisin CZ. Thus, A is coherent if and only if

\/ (P.M)eB
MCBp

and so deciding coherence of A is in VC 2.

i) In this case, we prove that deciding the coherence of
Ais TI€ = ACZ. Here A is coherent iff for each M €
AS(P),P(g| C") > k,withC"=CU{a:— |a€ M}

As in the previous case, let B be the language which ac-
cepts (P, M), with M C Bp being an interpretation, iff and
only if M is not an answer set of P or P(q | C’) > k. Then
Bisin CZ. Thus, A is coherent if and only if

N\ (P.M)eB
MCBp

and so deciding coherence of A is in ACZ.

By induction, let now assume that deciding the coherence
of ASP(Q)™ of the form [, P, ..., P, : (C,q,k) is in
YCif 0 = 3%; otherwise is in IIS. Then, we prove that de-
ciding the coherence of A = OP O, P, ... O, P, : (C,q, k)
isin ¢, if O = 3%; otherwise is in IS ;.

(0 = 3% In this case, A is coherent if and only
if there exists M € AS(P) such that A" = VP U
fizp(M)...0,P, : (C,q,k) is coherent. Let M C Bp
be an interpretation. Then, verifying that M is an answer set
of P is in & and, from the inductive hypothesis, verifying
the coherence of A’ is in TIS. Thus, the language B that
accepts (A, M) if and only if M is an answer set of P and
A’ is coherent is in TIS. So, A is coherent if and only if

\/ AM)eB
MCBp
and so deciding the coherence of AisinVII$ = X¢, ;.
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(O = v**) In this case, A is coherent if and only if for
each M € AS(P), A = 3P, U fizp(M)...0,P, :
(C,q, k) is coherent. As in the previous case, verifying that
an interpretation M C Bp is an answer set of P is in &
and, from the inductive hypothesis, verifying the coherence
of A’isin X€. Thus, the language B that accepts (A, M) if
and only if M is not an answer set of P or A’ is coherent is
in 2. This means that A is coherent if and only if

N\ (AM)eB

MCBp

and so deciding the coherence of A is in A XS = TIC 1
Thus, the thesis follows.

Theorem 3 (Hardness). Let IT be an ASP(Q)™ of the form
O1Py...0,P, : (C,q, k) then deciding the coherence of 11
is hard for XS if () = 3°¢; otherwise it is hard for TIS.

Proof. From Definition 9,

(F(Z1, -y Ty T 1), My« o vy My, My 1)

S Ql ‘e QnQn+lee

if and only if F(z1,...,%n,Zn+1) is a boolean formula

in conjunctive normal form, my,...,m,,my,+1 € N, and
My Mn+t1

3

my
Ql--~QnQn+l F(Oél,...,()ék) =1.
a1 Qn  On41

Let us consider the case where for each i € {1,...,n},

Q; € {V,A} and Q; # Q;+1; and Q,,+1 = C. Then, decid-
ing whether (F(z1,...,%n, Tpt1), M1y, My, Myt1) €
Q1 ... QnQuni1Bye is XC-complete if Q; = V; otherwise
it is TIS-complete.

Such a problem can be encoded as a ASP(Q)™™ of the
form 4P, ...0,P, : (C,q,0.5 - my41), where for each
ie{l,...,n}k

o O; = 3% if Q; = V otherwise [J; = V!
* P; is of the form:

alpha (z;, true)
alpha (x;, false)

:— not alpha(z;, false)
:— not alpha (x;, true)

and C is of the form:

0.5::true (Tn+1)
alpha (Tny1, true)
alpha (zn+1, false)

- true (Tp41)
:— not true(Tp+1)

sfor each positive literal z; in a clause c
sat (c) :— alpha(z;,true).

sfor each negative literal —x; in a clause c
sat (c) :— alpha(z;, false).

sfor each clause c

unsat :— not sat(c).

g :— not unsat.

Intuitively, for each i € {1,...,n}, the answer sets of the

program P; are in one-to-one correspondence with the pos-
sible truth assignments «; of the variable x;, as the possible
answer sets are {alpha(x;, true)} and {alpha(z;, false)}.
Moreover, each existential (resp. universal) quantifier V;
(resp. A;) corresponds to [J; = 3%¢ (resp. [J; = V*%). Thus,
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the quantifiers [J; ... [, iterate exactly over the all possi-
ble sequences of truth assignment ag, . . ., o, for variables
Z1,...,T,. Let us now focus on the last quantifier. Given
a sequence of truth assignment «y, ..., a, and the corre-
sponding sequence of answer sets M; C ... C M, then

Mn41
C ,F(Oél7 .

Qn+1

-y Qi Oén+1) =1

if and only if there are at least m,4; truth assignments
a1 for z,41 such that F(aq,...,an,a,y1) evaluates
true. Here we observe that the worlds of the PLP C+M~»
are in one to one correspondence with the possible truth as-
signment 41 of the variable x,, as the probabilistic fact
true(z,41) can be either included or not in a selection o.
Thus, each world C}*» corresponds to a complete sequence
of truth assignments ayq, ..., ay,, ;1 Which is encoded
with atoms of the form alpha(x;, true) or alpha(x;, false)
for each 1 < i < n + 1. Then, the remaining rules in C?,
encode the evaluation of F'(aq, ..., ayp,a,+1). More pre-
cisely, an atom of the form sat(c) is derived if and only
¢ is a clause in F(xy,...,%n,T,y1) and a variable xz; ap-
pearing in a positive (resp. negative) literal is assigned to
true (resp. to false) w.r.t. to a; (i.e., the clause c is satis-
fied). Finally, the query q is derived if and only if all the
clauses are satisfied. Thus, the world C¥ |= ¢ if and only
F(aq,...,an,ant1) = 1. Since each world has probabil-
ity 0.5 (as there is only one probabilistic fact) then there are
at least m,, 11 truth assignments a,4; for x,,1 such that
F(aq,...,an,a,+1) evaluates true if only if the the proba-
bility of the query ¢ is greater than or equal to 0.5 - 7,4 1.
Thus the thesis follows. O

6 Implementation

We now show how to encode the introduced problems within
the AMC framework. We focus on existential ASP(Q)"/
with one level of the form 3P : (C, ¢, k) and show how the
existential ASP(Q) enumeration problem (Definition 6)
can be intuitively encoded as 2AMC. To do so, we need
to consider two different semirings, one for the existen-
tial level and one for the probabilistic inference level. For
probabilistic inference, we use the well-known probability
semiring (Kimmig, Van den Broeck, and De Raedt 2017)
Rpr = ([0,1],4+,-,0,1) while for the existential level, we
define a new semiring that we call existential semiring.

Definition 10. Given an existential ASP(Q)"™ of the form
3P : (C,q, k), the existential semiring is defined as

R3 = (D7 D, ®, ((Da O)a ({(D}v 1))

where

*D=((S,N)| S eP(P(A)),N € {0,1}), where A is
the set of atoms appearing in P and P denotes the power-
set;

* (S0, Vo) ® (S1,V1) = ({AoUA; | Ag € Sp, A €
S1},1) if Vo # 0and Vi # 0, (0, 0) otherwise

° (So,V()) D (Sl,Vl) = (507%) lfVo 75 0 and V1 =0
(S1,V1) if Vo = 0and Vi # 0; (So U S1, Vo) if Vo =
V1#0;0r(0,0)if Vo=V1=0
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Definition 11. Given an existential ASP(Q)"™ of the form
3P : (C,q, k), the existential ASP(Q)™ enumeration prob-
lem (Definition 6) can be encoded into the 2AMC framework
(Definition 2) by considering:

* V, = atoms(P) and V; = Hp \ V,, where atoms(P)
denotes the atoms appearing in P

b RZ‘ szandRo ZRg

» w;(a;) returning p; for a probabilistic fact p; :: a; true,
1 — p; for a probabilistic fact p; :: a; false, 0 for not q, 1
otherwise

* w, returning ({{a}},1) for an atom a selected; ({0}, 1)
otherwise

* Fiolp) = ({0}, 1) if p > K (0,0) otherwise
Observation 4. We can also encode the existential

ASP(Q)™ coherence problem (Definition 5) using a spe-
cialization of the semiring of Definition 11.

Definition 12. Given an existential ASP(Q)"™ of the form
3P : (C,q, k) checking its coherence (Definition 4) can be
encoded into the 2AMC framework (Definition 2) by consid-
ering:

* V, = atoms(P) and V; = Hg \ 'V,

* Ri=Rpand R, = (D,d,®,(0,0),(0,1)) where

-D=((S,N)| S eP(A),N € {0,1}), A is the set of
atoms appearing in P;

- (S07‘/O) D (517‘/1) = (min(S()vSl)a 1) lfVO 7é 0 and
Vi # 0, (0,0) otherwise, where min imposes an order
on quantified answer sets

- (S0, Vo) ® (S1,V1) = (S0, Vo) if Vo # 0 and Vi = 0;
(S1,V1) if Vo = 0 and Vi # 0; (So U S1, Vo) if Vo =
V1 = 1,‘0}’(@,0) lfV() = Vl =0

» w;(a;) returning p; for a probabilistic fact p; :: a; true,

1 — p; for a probabilistic fact p; :: a; false, 0 for not q, 1

otherwise

* w, returning ({a}, 1) for an atom a selected, (,1) oth-
erwise

e fiolp) = (0,1) if p > k; (0,0) otherwise

That is, the difference between Definition 11 and Defini-
tion 12 is that in the former we compute all quantified an-
swer sets while in the latter only one.

Example 3. Consider the network resilience problem and
its encoding (with only one level of quantification) using
ASP(Q)™ of Section 4. For Definition 11 and Definition 12,
we have V, = {modell, model2}, w;(edge(a,b)) = 0.2,
w;(not edge(a,b)) = 1 — 0.2 = 0.8 (we use not to ex-
plicitly denote the probabilistic fact false), and similarly for
the remaining edge/2 and edge_/2 probabilistic facts. By
following Equation 1, assume that we consider the assign-
ment I = {modell}. Focus on the inference task (Defini-
tion 11). wy(modell) = ({{modell}},1). Moving to the
inner AMC, after we evaluate the remaining PLP (which has
256 worlds) over the query g = path(a,d), we get P(q) =
0.215104. If P(q) > k (where k is the chosen thresh-
old), the transformation function f;, outputs ({0}, 1), other-
wise (0,0). In the first case, ({{modell}},1) ® ({0},1) =
({{modell}},1) as for both tuples, the second element is 1,
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while for the other ({{modell}},1) ®
If we repeat this process with I = {model2}, we have
P(q) = 0.305152. Assume k = 0.2, also here f;,
outputs ({0},1). Then, ({{model2}},1) @ ({0},1) =
({{model2}},1), ({{modell}}, 1) @ ({{model2}},1) =
({{modell},{model2}},1). The process is analogous for
the other cases and for Definition 12.

(@,0) = ({@},0)

7 Experimental Evaluation

We implemented our proposed semirings on top of a mod-
ified version of the 2AMC solver aspmc (Eiter, Hecher,
and Kiesel 2024), which is a generic tool based on knowl-
edge compilation. We denote it as aspmc. To the best of
our knowledge, no other tool handles the proposed tasks.
Nonetheless, to provide a baseline to compare with, we de-
velop an enumeration-based solver that, for each answer set
of the program P, calls a probabilistic ASP solver (namely,
PASTA!), to compute the probability of the query. We call
this approach enum. All experiments were executed on a
machine running at 3.7 GHz with a time limit of 1 hour for
each instance and a memory limit of 64 GB. Source code
and datasets are available here.

Dataset Generation. First, we consider the network re-
silience problem of Section 4 and generated datasets
where the underlying networks follow the Barabasi-
Albert (BA) (Barabasi and Albert 1999) and Erd&s-Renyi
(ER) (Erd6s and Rényi 1959) models, which are well-
known models for real-world networks. BA networks were
generated using the NetworkX library (Hagberg, Schult,
and Swart 2008) and the function barabasi_albert_graph
with parameter m (number of edges to attach from a new
node to existing nodes) set to 2, while ER networks with
erdos_renyi_graph with parameter p (probability for edge
creation) set to 0.4. We consider undirected networks and
instances with an increasing number of existential variables
in the first level (i.e., model) ranging from 4 to 30 with step
2 with a number of nodes ranging from 4 to 20. Then, we
declared some facts as probabilistic and a fraction of these is
active if a certain set of models is considered. An example
of an instance is

%$exists

{modelO}. {modell}.

% program

0.701::p01.

edge (0,1) :— p0l, not modell.
0.965::p02.

edge (0,2) :- p02, not modelO.

0.984::edge(0,3). 0.147::edge(1,3).

For example, in the listing above, edge(0, 1) is considered
only if the probabilistic fact p01 is true and modell is not
selected. We also generated instances encoding the viral
marketing task of Section 4 with the same structure as for
the network resilience dataset (i.e., the friendship/2 facts
are generated following the same procedure). Overall, we
generated and tested 1008 (252 - 4) instances and, for each

"https://github.com/damianoazzolini/pasta
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Figure 1: Cactus plot comparing the two solvers on all instances.

of these, we considered thresholds of 0.25, 0.5, and 0.75.
Thus, in total, we run 3024 experiments for each of the two
solvers (aspmc and enum).

The research questions we aim to answer are: Q1) what is
the gap of performance provided by KC-based approaches
w.r.t. enumeration-based approaches? Q2) does the selected
threshold have an impact on the number of solved instances?

Results. Figure 1 shows a cactus plot comparing the per-
formance of aspmc and enum on all instances for every
threshold considered. As expected, aspmc can solve more
instances w.r.t. enum, approximately 4 times more, which
allows us to answer Q1 and assess the benefits provided by
KC-approaches w.r.t. enumeration.

Table 1 provides a more fine-grained view, separating the
BA and ER instances over the three thresholds considered.
Here, we note that, for enum, the results seem to be indepen-
dent of the threshold k. Similarly, for aspmc, thresholds do
not play a crucial role, with a difference of at most 7 solved
instances. This allows us to answer Q2 and state that the
threshold does not seem to play a role in scalability. This
can be expected since enum enumerates all answer sets of
the outer program (independently of k) and then, for each
one, calls a solver. On the other hand, aspmc compiles the
whole program into a compact formula. Thus, £ is taken
into account only during the evaluation of this formula and
therefore does not reduce the size of the overall program.
However, a more strict value of k allows the solver to prune
some answer sets during the evaluation process. Lastly, we
note that for the instances that cannot be solved, enum stops
due to the time limit while aspmc due to a knowledge com-
pilation error, possibly due to the excessive memory require-
ments (i.e., we get “knowledge compilation failed” error).

8 Related Work

ASP(Q)" extends the ASP(Q) framework (Amendola,
Ricca, and Truszczynski 2019) by incorporating probabilis-
tic reasoning. In recent years, ASP(Q) has attracted growing
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BA
threshold | 0.25 | 0.5 | 0.75
aspmc 342 | 345 | 349
enum 74 74 74

ER
025 ] 0.5 | 0.75
269 | 268 | 272
68 | 68 | 68

Table 1: Number of solved instances on the Barabasi-Albert (BA)
and Erd6s-Renyi (ER) networks structures with different probabil-
ity thresholds (0.25, 0.5, and 0.75).

interest due to its ability to model computational problems
across the PH and its successful application in several do-
mains (Azzolini et al. 2025b; Faber, Morak, and Chrpa 2022;
Faber and Morak 2022; Bellusci, Mazzotta, and Ricca
2022). Extending ASP(Q) remains an active line of re-
search: for instance, preferences and optimization have
been introduced via weak constraints (Mazzotta, Ricca, and
Truszczynski 2024; Buccafurri, Leone, and Rullo 2000).
However, these extensions do not address probabilistic rea-
soning, which requires aggregation over answer sets and is
the focus of our work.

Stable—unstable semantics (Bogaerts, Janhunen, and
Tasharrofi 2016) and quantified answer set seman-
tics (Fandinno et al. 2021) are closely related to ASP(Q), but
do not support probabilistic reasoning. Our work may thus
provide a basis for extending these higher-order ASP for-
malisms. A broader comparison of ASP extensions for PH
problems can be found in (Amendola, Ricca, and Truszczyn-
ski 2019; Fandinno et al. 2021).

Within the probabilistic logic programming literature,
several reasoning tasks related to ASP(Q)/ have been
studied, including decision-theoretic inference (framed by
DTProbLog) (Van den Broeck et al. 2010), MAP infer-
ence (Bellodi et al. 2020; Shterionov et al. 2015), and ex-
tensions of PLP with abducible facts (Azzolini et al. 2022),
many of which admit formulations within the 2AMC frame-
work (Kiesel, Totis, and Kimmig 2022). Despite their rel-
evance, these approaches focus on optimization rather than
threshold-based reasoning, are limited to two reasoning lev-
els, and do not support existential or universal variables, all
of which are central features of ASP(Q)"/.

Several of the aforementioned tasks have also been in-
vestigated within the probabilistic answer set programming
(PASP) framework (Cozman and Maua 2020; Azzolini et
al. 2025a). Although PASP effectively supports probabilis-
tic reasoning over answer sets, existing approaches are lim-
ited to a single reasoning level and do not support quanti-
fier alternation. Other probabilistic ASP formalisms, such as
LPMLN (Lee and Yang 2017), smProbLog (Totis, De Raedt,
and Kimmig 2023), and L-credal semantics (Rocha and
Cozman 2022), as well as practical implementations (Hahn
et al. 2025), rely on alternative probabilistic semantics to
model uncertainty in logic programs. Although effective in
their respective settings, these formalisms are orthogonal to
the contributions of ASP(Q)"/. Extending ASP(Q)™™ to
accommodate PASP as the innermost component, or consid-
ering alternative semantics therefore constitutes promising
directions for future work.
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9 Conclusion

In this paper, we presented ASP(Q)™, extending ASP(Q)
with probabilistic inference. We analyzed its complexity,
demonstrated its modeling capabilities on real-world scenar-
ios, and showed that it can be practically implemented using
Algebraic Model Counting. Our results highlight the fea-
sibility and relevance of combining probabilistic reasoning
with highly expressive ASP extensions.

Future work includes the development of a full-fledged
solver for ASP(Q)™, and the investigation of additional
reasoning tasks, such as MAP inference.
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