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Abstract

In real-world scenarios, reinforcement learning (RL) agents
must not only maximize reward, but also behave safely, in-
cluding during training. This has led to growing interest
in Safe RL, where the objective is to learn an optimal pol-
icy among those satisfying relevant safety constraints. Most
existing approaches focus on constraints expressed either as
expected costs or as avoidance properties. However, safety
in dynamical systems is often expressed using rich temporal
logics such as Probabilistic Computation Tree Logic (PCTL).
In this paper, we address the Safe RL problem under con-
straints expressed in CPCTL, a fragment of PCTL that gener-
alizes avoidance constraints and enables the specification of
nested behaviors. To this end, we leverage shielding, a tech-
nique that restricts the agent’s actions during both training
and deployment to enforce safety over an infinite horizon. We
first introduce a general framework based on an augmenta-
tion method and provide its theoretical foundations. Building
on this framework, we propose an algorithm that is provably
safe at all times, including during training, while remaining
optimal among all safe policies. Finally, we present an ex-
perimental evaluation demonstrating the effectiveness of our
approach.

1 Introduction

Constrained Reinforcement Learning A central chal-
lenge in Al is the design of agents that can learn to act
optimally in environments whose dynamics are initially un-
known (Sutton and Barto 2018). Reinforcement Learning
(RL), especially when combined with deep neural networks,
has achieved remarkable empirical success in a wide range
of domains, including strategic games (Mnih et al. 2015),
robotics (Kober, Bagnell, and Peters 2013), and autonomous
driving (Kendall et al. 2019).

Despite these advances, a major obstacle to deploying RL
systems in real-world, safety-critical applications is the lack
of guarantees regarding undesirable or unsafe behavior. In
particular, standard RL algorithms freely explore the envi-
ronment during training and may violate safety constraints
arbitrarily often, while even the final learned policy may
only be optimal in expectation and offer no guarantees on
rare but catastrophic events. This has motivated a large body
of work on Safe or Constrained Reinforcement Learning,
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where the objective is to maximize reward while satisfying
explicit constraints on costs, risks, or safety specifications
(Garcia and Fernandez 2015).

Constrained RL methods differ substantially depending
on the nature of the constraint that is imposed. (Discounted)
cumulative cost in expectation (CCE) (Achiam et al. 2019;
Stooke, Achiam, and Abbeel 2020; Ray, Achiam, and
Amodei 2019) fundamentally relies on cumulative cost for-
mulations and do not directly capture temporal or logical
safety requirements. Avoidance constraints, on the other
hand (Alshiekh et al. 2017; le Court, Belardinelli, and
Goodall 2025), can express infinite-horizon safety proper-
ties, but with limited expressivity. Multi-Objective Avoid-
ance (MOA) constraints, where the agent is required to sat-
isfy a conjunction of probabilistic avoidance constraints, al-
low for a gain in expressivity, but a limited number of ap-
proaches has addressed learning-based reward optimization
under MOA (Yang et al. 2023; Goodall and Belardinelli
2024; Goodall and Belardinelli 2023) .

Main Contribution. In this paper, we go beyond the con-
straint classes discussed above by considering specifica-
tions expressed in Continuing Probabilistic CTL (CPCTL),
a novel fragment of safe PCTL introduced in (Ohlmann, le
Court, and Belardinelli 2025). CPCTL allows for arbitrary
nesting of probabilistic and temporal operators, enabling the
expression of rich safety specifications that cannot be cap-
tured by cumulative cost constraints, simple avoidance ob-
jectives, MOA objectives or even general PCTL flat formu-
las.

To the best of our knowledge, there currently exists no
method that can optimize reward under general CPCTL
specifications while providing safety guarantees throughout
training and deployment. We address this gap by introducing
SC?, a shielding-based algorithm that enforces CPCTL con-
straints at runtime while learning a reward-optimal policy.
Our approach guarantees safety at all times, including dur-
ing exploration, and supports specifications that lie strictly
beyond the expressiveness of existing shielding and con-
strained RL methods. To do so, as in (Court, Belardinelli,
and Goodall 2025) for Avoidance constraints and (le Court,
Ohlmann, and Belardinelli 2025) for (CCE) constraints, we
consider an augmentation of the MDP. The shield does not
remove actions or states based on the added parameters, but
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it removes distributions themselves.

For reasons of space, the proofs of all results (as well as
the code for experiments) is provided in the supplementary
material.

1.1 Related Work

(Discounted) Cumulative Cost in Expectation (CCE).
A (CCE) constraint is expressed as a bound on an expected
cumulative cost, typically discounted over time. In this set-
ting, the agent must satisfy a constraint of the form

Z’th(St, at)
t=0

which intuitively expresses that the cumulative discounted
cost has to remain below a given threshold C, while maxi-
mizing expected reward. This formulation naturally leads to
the framework of Constrained Markov Decision Processes
(CMDPs).

A large body of work addresses this problem using La-
grangian or primal-dual methods, where the constraint is in-
corporated into the objective through a multiplier that is up-
dated during training (Achiam et al. 2019; Stooke, Achiam,
and Abbeel 2020; Ray, Achiam, and Amodei 2019). These
methods are typically model-free and scale well to high-
dimensional problems, but their guarantees are asymptotic
and do not necessarily hold throughout training.

More recently, several approaches have sought to
strengthen the formal guarantees provided by expectation-
based cost constraints. Examples include risk-aware state
augmentation methods as well as shielding-inspired meth-
ods that restrict unsafe actions during training while still op-
timizing reward (Sootla et al. 2022; le Court, Ohlmann, and
Belardinelli 2025). Nevertheless, these approaches still fun-
damentally rely on cumulative cost formulations and do not
directly capture temporal or logical safety requirements.

E <C,

Avoidance (A). A different and increasingly important
class of constraints focuses on bounding the probability of
reaching undesirable states. In its simplest form, an avoid-
ance constraint requires that the probability of reaching a set
of unsafe states labeled as unsafe does not exceed a thresh-
old p, i.e.,

P, [F(unsafe)] < p,

or equivalently, that the agent avoids these states with suffi-
ciently high probability (where F is the ‘eventually’ operator
of temporal logic).

Avoidance constraints are particularly relevant in safety-
critical systems, where even a single visit to a hazardous
state may be unacceptable. Such constraints are closely re-
lated to chance constraints and probabilistic reachability in
formal verification (Baier and Katoen 2008a). In the RL
literature, they have been addressed using risk-sensitive ob-
jectives, reachability analysis, and abstraction-based tech-
niques.

Several recent works combine RL with shielding or
action-filtering mechanisms to enforce avoidance con-
straints at runtime. In these approaches, a safety mechanism
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restricts the agent to actions that do not excessively increase
the probability of failure, while the underlying RL algorithm
continues to optimize reward within the admissible action
set (Jansen et al. 2020; le Court, Belardinelli, and Goodall
2025). Our approach can be seen as a generalization of this
line of work to more expressive constraints.

Multi-Objective Avoidance (MOA). A natural general-
ization of avoidance constraints arises when multiple safety
objectives must be satisfied simultaneously. In Multi-
Objective Avoidance (MOA), the agent is required to satisfy
a conjunction of probabilistic avoidance constraints, each
corresponding to a different class of unsafe behavior. For-
mally, this takes the form

k
/\ PZP;‘ [G(_‘lj)] )

where each label [; represents a distinct safety condition and
G is the ‘always’ operator of temporal logic).

MOA constraints are significantly more expressive than
single-objective avoidance, as they capture heterogeneous
and potentially interacting safety requirements. They natu-
rally arise in complex systems where different types of fail-
ures must be prevented simultaneously, such as collisions,
deadlocks, and resource exhaustion. Despite their practi-
cal relevance, optimization under MOA constraints remains
challenging. Existing approaches often reduce the problem
to scalarized cost constraints or treat objectives sequentially,
which may lead to overly conservative or suboptimal poli-
cies (Roijers et al. 2013). Although some recent shield-
ing approaches support learning-based reward optimiza-
tion techniques under MOA constraints (Yang et al. 2023;
Goodall and Belardinelli 2024; Goodall and Belardinelli
2023), to the best of our knowledge, there is no current
shielding approach that offers a strict guarantee that the
MOA constraint is satisfied.

2 Preliminaries

In this section we provide preliminaries on Markov deci-
sion chains and processes (Sec. 2.1), and Probabilistic CTL
(Sec. 2.2). We refer the interested reader to (Baier and Ka-
toen 2008b) for an in-depth presentation.

2.1 Stochastic Models

Hereafter, for any measurable space £, we denote by D(E)
the set of probability measures over E' (Halmos 2013).
Markov Decision Processes. A (labeled) Markov Deci-
sion Process (Puterman 1994) is a tuple M = (S, A, P, sy,
AP, L, R), where S is a set of states; A is a mapping that
associates every state s € S to a nonempty finite set A(s)
of actions; P : S x A — D(S) is a transition probability
function that maps every state-action pair (s, a) to a proba-
bility measure P(s'|s, a) over S; sg € S is the initial state';

'This can be assumed wlog compared to a model with an ini-
tial probability distribution, as it is always possible to add a new
initial state to a model of the latter kind, with an action from such
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AP is a set of atomic propositions; L : S — 247 is a la-

beling function; and R : S x UsesA(s) — R is the reward
function.

Histories. A history in an MDP M is a finite word £ =
(0G0 - . . an—15y) such that for each j, s; € succ(a;_1) and
a; € A(Sj).

Policies. A policy (also called controller) m of M is a
mapping that associates any history p of M to a probability
measure over A(last(p)). It is memory-less if 7(p) only
depends on last (p), in which case we denote 7(p) = 7(s),
where s = last (p). It is deterministic if for any finite path
p, m(p) is a Dirac measure.

2.2 Probabilistic and Temporal Specifications

In this section, we define the probabilistic temporal Logic
PCTL (Ciesinski and GroBer 2004), as well as its Continu-
ing fragment CPCTL (Ohlmann, le Court, and Belardinelli
2025). These two languages allow for probabilistic specifi-
cations as well as their nesting.

Probabilistic Temporal Logic (PCTL) Let AP be a finite
set of atoms and ¢ € [0, 1]. A formula of PCTL is generated
by the nonterminal ® in the following grammar:

Du=a|PAD|DPVD|-D|Ps,(p),a
Y = X¢1|@1W(I)2|(I)1U(I>2

€ APU{L,T},

We call the formulas generated by ® the state formulas,
and the formulas generated by ¢ the path formulas. The
satisfaction relation |= is defined on both sets by induction
as follows.

Definition 1 (Semantics). Given a Markov chain M, state s,
and path &, the satisfaction relation |= is defined inductively
as follows, where P\ . denotes the probability measure in-
duced on paths £ by a policy . (c.f. (Baier and Katoen
2008b) for full details).

State formulas:
(M,5) E a i acL(s)
(M, s) = =P, iff (M,s) = @y
(M sS)E ®1ADy  iff (M,s)E Pyand (M,s) E P
M,s) = &1V Dy iff (M,s) = ©10or (M,s) = Do
(M, s) £ Pogle)  iff Pas({€ € Paths(s),
(M,&) [ »}) 2 ¢
Path formulas:
(M) = X0, iff M o,

(M.&) = & U,
and Vi < j, (M, ¢&[i]) =

(M, E @1 WDy iff (M, E (21U, V

where (M, €) E G®1iff VjeN, {[j] E @1

Satisfaction, Markov Chain
denoted M* = ©.

(M, s) | @ is alternatively

initial state whose associated probability distribution is the afore-
mentioned initial probability distribution.

953

Satisfaction and probabilities in an MDP For a Markov
Decision Process M and a policy 7 and a path formula ¢,
we write P (¢) to denote the probability of satisfying ¢ in
the Markov Chain induced by 7 in M. (Baier and Katoen
2008b; Bertsekas and Shreve 2007). For ® a state formula,
we denote M, = ® to denote the satisfaction of ® in the
induced Markov Chain M. For more details on MDPs
and induced Markov chains, we refer to (Baier and Katoen
2008b; Bertsekas and Shreve 2007).

CPCTL The Continuing fragment of PCTL is a subset of
the safe fragment and strictly generalizes the multi-objective
avoidance case. Its syntax is given by

& = a|-a|PAD|Pse(p), ac APU{L, T},
e = O3 Wedy,
where <I>1WC<I>2 = q)lW((I)l A q)g)

Notice that CPCTL restricts disjunctions of state formulas
and only allows the weak until W in its ”continuing” form.

3 CPCTL Shielding: Theoretical
Background

In this section, we define the problem and introduce the no-
tions and results that are the theoretical backbone of our al-
gorithm.

3.1 Problem Statement

We first introduce the problem of optimizing the reward of a
policy 7 in a Markov Decision Process M under a CPCTL
specification.

Definition 2. CPCTL Constrained optimization problem.
Let M be an MDP and ® be a CPCTL formula. Find a pol-
icy 7 that has the highest discounted expected reward among
the policies that are ®—safe, in other words

Rm(m) = max Rm(7), where llg = {7, Mz = ®}.
7€l

3.2 The Bellman Operator

In this section, we introduce the Bellman operator for
CPCTL. Our definition differs from that in (Ohlmann, le
Court, and Belardinelli 2025) in the sense that we allow the
policies to depend on the history of actions in addition to the
history of states. We first introduce the technical definitions
required to define the operator.

For x,y € R", we denote < y if and only if for all
je{l,....,n}, z; <y;. For E C (R;)", we define the
downward closure | = {x € (Ry)"”, 3y € E, = < y}.
Let @ be a CPCTL formula, SF(®) the set of state subfor-
mulas of ® and PF(®) the set of path subformulas of &. We
denote sf () = |SF(P)|and pf (D) = |PF(®P)|. Then, we
define the set of profiles P(®) = {0, 1}*/(®) x [0, 1]P/(®),
We index by ¥ € SF(®) the valuations g and by ¢ €
PF(P) the counters v, so we write . = (pv)wesr (@) and

v = (Vy)yepF(e)-
Definition 3 (Bellman Operator for CPCTL ). The extended

Bellman operator Bg acts on elements V€ P (P(@))‘S‘ ,
and is such that, for any s € S, Bg[V](s) = E|,
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where E is the set of all pairs of tuples (u,v)

((tw)wesr @), (Vy)pepr(@)) such that there exists a dis-
tribution § over the actions A(s) and for every a € A(s)
(e v ) ees with (ug ,ve) € V(s') forall s' € S such
that

Valuations for state formulas: for all U € SF(®),

o If ¥ =aq, then py = 1ifa € L(s) and 0 otherwise.

o If U = —aq, then py = 0ifa € L(s) and 1 otherwise.

o IfU =T AUy, then g = fby, fw,-

e If ¥V =Py, [¢], then py =1 if vy > p and 0 otherwise.
Counters for path formulas: for all ) € PF(P)

o If ) = U1 Wy, then

Olfﬂ‘lhzov
1ifﬂ\li1:/1’\112:17

>y 6(a)P(s’|s,a)u§lw otherwise.
s'€S acA(s) '

Vi

We now introduce the class of inductive sets, which are
the sets that are preserved by the Bellman operator.

Definition 4. Inductive sets. Let V : S — P(P(®)). We
say that V is inductive if for every s € S, Bgs(V)(s) C
V(s).

As a particular case of inductive set, we introduce the re-
alizability set Vg. To each state s € V, it associates the
set of profiles (u, V) such that there exists a policy T such
that [y corresponds to the satisfaction of V in M. and vy,
corresponds to the probability of satisfying 1 starting from
s and following .

Realizability set Vy. Let & € CPCTL and M be an MDP.
We define Vg for all s € S as the set of (u,v) € P(®) such
that there exists a policy m satisfying

s Forall Ve SF(®), py = 1 when M, = ® and 0
otherwise.

» Forally € PF(®), vy =P (¢]s).
Note that Vg is an inductive set satisfying Bo (V) = V.

The following result states that the realizability set Vs is,
in fact, the largest possible inductive set.

Lemma 1. Let V be any inductive value frontier. Then, for
any s € S, V(s) C Va(s).

Finally, we define the canonical valuation map = that
associate to each counters v € PF(®P) a valuation pp €

SF(D).
Definition 5. Canonical Valuation =. Let ® € CPCTL, s
be a state in M, and v be a set of counters. We define & by
induction as
&(a,v,8) =1ifa € L(s), 0 otherwise, fora € AP,
5(\111 A ‘1’27 v, S) = g(\II1)V)€(\I/2’ V)7
EPspY], v, s) = 1ifvy > p, 0 otherwise.

Finally, we set Z(v, ®, s) = (puw)wesr(a) simply denoted
E(v, s) where pgy = (P, v, s).
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3.3 Augmentation

In this section, we introduce the definitions and results that
will constitute the theoretical backbone of our algorithm.
The algorithm relies on an augmentation method, and a
shielding mechanism that restricts the distribution of actions
that the policy is allowed to take.

The augmented MDP M x [®]

Definition 6. Let M be a MDP and ® be a CPCTL for-
mula. We define M x [®] the Markov Decision Process M
augmented by ® as

o Set of States: S = S x P(®).

e Initial states: The initial
{(50, 122 V)a S't'(p’v V) € P(‘I))}
* Labels: L(s, pu,v) = L(s).

s Actions: Fors = (s,u,v) € S, an augmented action
a = (a,O) is given by an action a € A(s) and a profile
map © : succ(s) = {s1,...,8ms)} — P(P).

e Transitions: Lets = (s,pu,v) € S, anda = (a,©).
The distribution P(3,a) is defined as the mixture of Dirac
distributions P(3,a) Z;n:(f) P(sj]s,a)1s,, where
55 = (s 09, 09).

In Figure 1 and Figure 2, we illustrate the shape of the
actions in the augmented MDP M x [®].

—
P(s1]s,a) e

states are I =

7

P(sls,a) >

P(sus,a) _,@

Figure 1: An action in M

P(sns,aT}@
P(ssls,a) @

P(smls; a) _)@

Figure 2: An augmented action in M.

‘§j = (Sjvujayj)v

(!, v7) = O(s;).

Intuitively, for a state sub-formula ¥ of ®, the valuation
latent parameter py, corresponds to the satisfaction of the
sub-formula ¥ from this state. For a path sub-formula v
of ®, the counter latent parameter v, corresponds to the
probability of satisfying ¢ from this state. We introduce now
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the valued policies, the policies that naturally correspond to
policies in M.

Definition 7. Valued distributions. Lets = (s, pu, V) be an
augmented state, and 0 be a distribution over the augmented
actions A(3). We say that 0 is a valued distribution if there
exist a de-augmented distribution 6 and a choice of counters

O, : succ(a) — P(P) for each action a € A(s) such that
the distribution T satisfies

> 6(a)

a€A(s)

1(11,@(1) .

Moreover, for any a € A(s) and s' € succ(s,a), O4(s)
(E(l/a"s/, s, u“’s,) for some s’

We now provide an example to illustrate which policies of
the augmented MDP M x [®] are valued and which are not.

Example 1. Let & = P>, [¢], where ¢ = [aW cb]. We have
PF(®) = {¢} and SF(®) = {®,a,b}. The set of profiles
is thus {0,1}3 x [0, 1].

We consider a state s in a MDP M, with two available
actions and two successors for each action.

Figure 3: Valued distributions - Example

We have A(5) = Uizl’g{(aiae)a S}
[0,1])?} and define

({0,1}3 x

O1:81 — ((O, 1, 1),05
Os : 81— ((1,0 0

We consider 8, the choice defined as

o picks the augmented action (a1, ©1) with probability 1 /4.
o picks the augmented action (a1, ©2) with probability 1 /4.
* picks the augmented action (az, ©2) with probability 1/2.
Then, 07 is not a valued choice.

We consider §5 the choice defined as

* picks the augmented action (a1, ©1) with probability 1/3.
o picks the augmented action (a2, ©2) with probability 2 /3.

Then, 05 is a valued choice and is equal to the mixture

- 1 2
09 = gl(ah@z) =+ gl(az,@2)'

State and Path compatibility We now provide two con-
ditions, the state and path compatibilities. These two condi-
tions will ensure that the latent valuations and counters re-
spectively encode the satisfaction of the state formulas and
the probabilities of the path formulas.
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Definition 8. Path and state compatibilities.

Let 3 = (s,p,v) € S, be an augmented state. We
say that 5 is state-compatible if and only if for every ¥ €
SF(D),

. chqf:\IflA\Ifg,ﬂquli(M\plzl)A
o If U =P, [¢], then (ug = 1) = (vy > p).

* IfU =ac AP, then (uy = 1) = (a € L(s)).

o IfU =—a, a € AP, then (uy = 1) = (a ¢ L(s)).

Let & be a valued distribution characterized by its
de-augmented distribution § and the profiles ©,(s’)
(E(V“’S/),V“’S/) for a € A(s) and s € succ(a). It is
path-compatible if and only if for every ¥ = VW Uy €
PF(D),

vy < max (uq,l Z Z 3(a)P(s'[s, a)vy, a.s'

a€A(s) s’ Esuce(a)

?/’L‘I’ll’[/\l’z)'

Definition 9. (V-shielded policies) Let T be a valued policy.
We say that T is V —shielded if for any any reachable history

€= (S1,--+,3n)

* State compatibility: s, is state compatible.

e Path compatibility: The distribution of actions T(£) is
path compatible.

* Realizability: For each augmented action @ = (a,©,) in

A(5,), Pe(alf) # 0 implies ©,(s") € V(s').

The memory-less and valued policies of the augmented
MDP M x [®] correspond to history dependent policies of
M. We make this intuition more precise in the next defini-
tion.

Definition 10. (Projection of M x [®] onto M). Let T be

a memory-less and valued policy of M x [®]. We define ,
the projection of T onto M, as:

o The memory states are of the form m(§) (p,v) €

P(®) for histories & = (S0 - . . An_15n).
 The initial state is sy and the initial memory state is mg =
(g, v0), where (S, pbg, Vo) is the initial state of T.

e For any state s € S, history £ and memory state m =
m(&), where m = (u,v), we define the distribution of

actions 7(s,m) as
Z d(a)l

a€A(s)

and the memory state becomes m(€as’) = ©,(s) after
reaching the state s' with the action a, where

Z 8(a)1(g0,)-

a€A(s

(s, v

The following theorem formalizes the intuition that
shielded policies in M x [®] correspond to safe policies in
M.

Theorem 1. (Safety of shielded policies in M x [®].) The
following properties hold:
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(i) (M x [®))7 | ® implies M, = ®.
(ii) Any V -shielded policy of M x [®] satisfies (M x [®])= =
.

Proof. (i) We first show that for any 5 = (s, p,v) = (s, m)
and P,,(3) (resp P,,(m)) the probability of reaching the aug-
mented state 5 (resp. the state s with memory m), we have
P, (3) = P,(s,m). Ppy1(s,m) satisfies

Pryi(s,m) = Z Z Pn(slvm/)P(sam‘Slvm/)a

s'€S m/eP(®)

D_acA(s), O (s)=m’ 05(@)P(s']a)
where 7(5) = > ,c4(s) 0s(a)1(s,0,) We obtain using the
induction assumption

3 =(s',u' ,v')ES

since P(s,ml|s’,m') =

Poii(s,m) = P, (5")P(5[5) = Pnya1(5),

since P(S[5') = 3 oca(s), @ (5)= (' vy 05(@) P(s'|a).

We deduce that for any history of states £ = (51...5,)
and the corresponding history of state-memory pairs { =
((s1,m1)...(Sp,myp)) with 5, (sj,mj), we have
P, (&) = Px(&). Since for any 5 = (s, u,v), L(3) = L(s),
we deduce that for any finite word w over the subset of
atomic propositions AP,

Pr(w) = Z Pr(§) = Z P=(§) = Pr(w).

§IL(§)=w EIL(E)=w

(i4) follows from the coherence theorem available in
(Ohlmann, le Court, and Belardinelli 2025). ]

From the previous theorem, we know that the projection
of a memory-less V' -shielded policy 7 correspond to a his-
tory dependent policy 7 in M. However, not all history de-
pendent policies in M are the projection of a memory-less
V-shielded policy in M x [®]. We introduce the follow-
ing theorem, stating that considering only those policies is
enough to solve the optimization problem in M.

Theorem 2. (Optimality of shielded policies in M x [®]).

For any memory-less and valued policy T of M x [®],
Rm(m) = Rpyxa)(T). Moreover, for any m policy of M
satisfying m = ®, there exists T a Vg-shielded policy of
M x [®] such that R pix () (T) = R ().

Proof. (Sketch) We consider 7 a policy of M satisfying
m = ®. We will define 7, a policy on M x [®]. For

any history & = (51,@1,...,0n_1,5,), we define & =

(s1,a1,...,80—1,0n—1), where for any k& < n, 5, =
k ok —
(sg,v",v") and @y, = (ak, O, ).
We define

@)=Y

a€A(s
where ¢ is defined as 7(§) = > ,c 4(5) 0(a), and for 5" €

succ(s), Oq(s') = (E(w™*),v™*"), where for any ¢ path
sub-formula of ®, vy® = P(¢|m, s, m(€as’)). It holds

5(a)1(a,®a)7
)
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* Since any reachable augmented state s = (s, u, ) satis-
fies u = Z(v), the policy 7 is state compatible.
* Since Pr(ihls, m(€))
ZaeA(s) 5(a) Es,esucc(a) P(s'|la) for any path for-
mula ), we obtain that 7 is path compatible.

+ We consider an augmented history of the form ¢ =
(Elal .. .En,ﬁn), where 5, = (Sk, K, I/k) and ay,
(ar,©F). We define ¢ = (syay ...a,_15,) and show by
induction on n that R,, (7, &) = R, (m, &), where R,, de-
notes the discounted expected reward in n steps.

O

3.4 From Local Constraints to Unconstrained

In this section, we define a new augmented MDP, MV. In
this new MDP, we only consider the V —shielded policies of
M x [®], which allows us to reduce the problem of optimiz-
ing the reward among the constrained problem in M x [®]
to the unconstrained problem of optimizing the reward in
My. In My, only the distributions of augmented actions
that will ensure that an augmented policy is V —shielded are
available.

Definition 11 (The augmented MDP My). Let M be an
MDP and V' be an inductive set. We define the uncon-

strained MDP MV as:

« States Sy = S x Pr(®).

e Initial states Iy = {so} x V(sq).
L(s).

« Actions: Let § = (s, p,v) € Sy.

« Labels Ly (s, u, V)

Av (8) ={(5, A), 5 € D(A(s)), A € ([0, 1]pf<<1>>)‘5' ,
Vi, O(s;) = (E(A(8;)),A(s;)) € V(s;) and
Vi =¥ WV, € PF(P),

vo <max(ay XY 0@ Ploils )50y,

5,€5 a€A(s)

N\Iflﬂ‘l’2> }

* Transitions: Let & = (0,A) and s’ € S. Then
PV(S/> E(A(Sl))v A(S/)|(S7 K, V)? d)
= Z 5(a)P(s']s,a).

a€A(s)

For any other § (s',w',v') e Sy,
PV(‘§,|(57 H, U)v d) =0.

* Rewards: 7(3,a) =3, c a5 0(a)r(s, a).
Since V' is inductive, we obtain that the agent will never

get “stuck”. We make this intuition more precise in the fol-
lowing lemma.

Lemma 2. Let V be an inductive set, and $ be any reachable
state of I,. Then, Ay (8) # 0.
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We now explain how M x [®] and My are related.

Definition 12. (Projection of My onto M x [®]). Let 7t be a
memory-less and deterministic policy of My. We define the
valued and memory-less policy T, the projection of T onto
M x [®], as follows. For any augmented state’s, § = 3 €
Sy, so there exists § and A such that #(3) = 1(5,n). We
define the distribution of actions 7(3) as

> da)

a€A(s)

(a,04)s

where forall a € A(s) and s’ € succ(a), O4(s") = A(a, s').

We now introduce two theorems. The first one states that
any policy of the unconstrained MDP My, corresponds to
a safe policy in M x [®], and the second one states that
considering only the V' —shielded policies that can be seen

as a policy in My is enough to recover optimality of the
reward.
Theorem 3. (Safety from My to M x [®]). For any de-

terministic and memory-less policy T of My, the projected
policy T of M x [®] is V-shielded and thus ®-safe.

Proof. The fact that 7 is V'-shielded follows from the defi-

nition of A(3)y,. The fact that 7 is thus ®—safe comes from
the coherence theorem available in (Ohlmann, le Court, and
Belardinelli 2025). O

Theorem 4. (Optimality from My to M x [®])

(i) For any deterministic and memory-less policy 7 of My,
the projection T of * onto M x [®] satisfies R(T)

(ii) Moreover, for any V —shielded policy T of M x [®], there
exists a policy #t of My such that R(T) = R(#).

(iii) Finally, there exists a memory-less and deterministic pol-

icy o of My such that with 11 the set of all policies of

My, R(#o) = R(7).

Proof. (i) We show by induction that with R,,(3) the ex-
pected discounted reward in n steps starting from S in
M x [®] and R,,(8) the expected discounted reward in n
steps starting from § in My, it holds with § = 5 that
Rn(T) = Rn(#). The initialization holds as the reward
in zero steps is zero. Furthermore, with 7 (8) = 15 ),

=7(0,4) +7 D P16 AR().

max, -p

Rn+1 (‘§)

Using the definition of #, the definition of the transition func-
tion in My, and the induction hypothesis, we obtain

=Y da

n+1
a€A(s)
+y Y > 6(a)Ra(s Ala,5)).
acA(s) s’ €succ(a)
So Rn+1(§) = Rn(g)
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(1) We consider 7 a policy on M x [®] and define 7 the
history dependent policy of My Tts memory states are of

the form {(a;, ;) }jes, where ; = (af, . .701'3171)
Let é = (8141...4p,-18,) be a history in My,

where for all j € {1,...,n}, 8; = (sj,pj,v;) and
for all j € {1,. — 1}, @5 = (6;,A;), and as-
sume that the memory state is of the form m(£)
{(@;,¢;)}Yjes. Foreach {; = (ai,... al ), we define
¢ = (51(a],0]) ... (an-1,0)_,)3,), where (©7),
Alal, sk41)- '

For every j € J, since 7 is valued, there exists 5j and ©,

such that
= 2>
acA(s)

(a o)

We define the distribution of actions 7 (£) as

= Z O[jl(éj)AJ)’
j€g
where Aj(a,s’) = ©7(s'). Finally, after taking the action
(0, A;) and reaching the state §' = (s, p, ) the memory
state becomes

m(€)
a€A(s), s’esucc(a)

= {(a; - 67(a), Ga)}je-

First, since 7 is V —shielded, we indeed have (d,,A;) €
A(8,,)v. With an argument similar to the one used for The-
orem 4-(i) or Theorem 4, it follows by construction that
R(T) = R(7).

(ii7) Since My satisfies the conditions for the lower
semi-continuous model (Definition 8.7 of (Bertsekas and
Shreve 2007)), it admits a memoryless, deterministic, and
optimal policy (Corollary 9.17.2 of (Bertsekas and Shreve
2007)).

O
4 The Shielding Algorithm

In this section, we use the theoretical foundations estab-
lished in the previous section to design an algorithm to solve
the constrained optimization problem of maximizing the re-
ward in an MDP M while satisfying a CPCTL constraint
®. We state the theoretical guaranties on this algorithm pro-
vided by the previous section. Then, we provide details on
the implementation of the algorithm.

4.1 The Algorithm

We present the high-level SC? algorithm in Algorithm 1. We
show that SC? is safe and optimal, even during training.

We now introduce the following theorem, stating that the
policy given by the algorithm is safe.

Theorem 5 (Safety of the output policy). The policy m that
the algorithm outputs satisfies M, = ®.

Proof. Let 7 be the deterministic optimal policy in My It
follows from Theorem 3 that 7, the projection of My onto
M x [®] is ®-safe. It follows from Theorem 1 that 7, the
projection of 7 onto M satisfies M, = ®. O
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Algorithm 1 SC?

Input: MDP M, CPCTL formula &
Output: A solution 7 to the ®-constrained policy optimiza-
tion problem
1: Compute an inductive frontier Vg for M
2: Compute a deterministic optimal policy 7* of My
3: Return the projection 7* of 7* on M

Moreover, the algorithm satisfies the following optimality
property.
Theorem 6 (Optimality of the algorithm). With ©* the op-

timal policy in My, 7* can be chosen to be deterministic
and memory-less, and the projection ™ on M is safe and
solves, with Il the set of ®-safe policies on M,

R )= R .
m(m") max R (m)
Proof. The result follows from Theorem 2 and Theorem 4.

O

Finally, the additional safety result holds.

Theorem 7 (Safety of the sampling). Let 7; be shielded
policies and denote for any augmented state s

= > 6

ac€A(s)

a)1(g01)-

For a; € [0,1] such that ), o; = 1, we define the mixed
policy T as
m

=2 ) bia

= a€A(s)

a)l(01)-

For every reachable augmented state s, with py (s, p,v) =
o and vy (s, L, v) = vy

YU € SF(®), py(5) =1= ML = 0,
VY € PF(®), vy(s) < P=(¢[s).

Proof. We show the result by induction over the sub-
formulas of ®. Note that any reachable state 5 = (s, , V)
satisfies . = Z(v), and is thus self state-compatible.

We first consider ¥ a state sub-formula and assume that
the result holds for all strict sub-formulas ¥ € SF(¥) and
1 € PF(¥). We consider a reachable state s.

* If ¥ =bc AP, then gy (5) = 1 = b € L(s) by state
compatibility, so MZ = .

e If U = Uy A Uy, then pug(s) = 1 implies py, (3) =
pw, (5) = 1, so by induction, M2 = ¥y and M = U,
which implies MZ = 0.

o If U = P, [¢], then py(3) = 1 implies v, (3) > p. By
induction, P#(¢[3) > vy (s) > p so ME = 0.

We now consider a path formula v = U; W Uy, and

show by induction over n € N that with

A”(E) = {27 EO =5, E ': (.U‘I’l = 1)Wc§n(,u\112 = 1)}7
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any reachable state s satisfies
vy(5) < P(An(3))-

Where for an augmented path £, we denote £ = (g, =
D)W =" (g, = 1) if and only with £ = 505, ..., 5, =
(Sk, g, Vi), either for all k& < n, (u)w, = 1, or there
exists ng < n such that for all & < ng, (py)w, = 1 and
(“‘no)‘l’l = (Nno)‘l’2 =1L

First, P(A_1(5)) = 1 for any 5 so the property holds.
Now, we consider a reachable 5.

o If /J/‘I’l(i) =0, V"ZJ()
vy(5) < P(An(S)).

0 by state compatibility so

1 10 (5) = oo (3) = 1 then P(An () = 1 50 (5) <
P(An(5))-

e If uy, (3) = 1 and py,(35) = 0, then € € A,,11(3) if and
only if there exists 3’ such that £, = 5 and £+ € A, (3).
Hence,

Ant1(3 Zai Z di( Z P(s ))a

i=1  acA(s) s'eS

where s’ = (s/,0;(a)). By induction over n, v4(s") <
P(A,(3)), so

vs(5) < P(Ay 1 (5)).

Now, with
Bn(g) = {gv EO =3, g ): \Illwc
Any path in A, (3) is also in B, (3), as py,(5') = 1 =

Mé = W, for j = 1, 2. Since for any n, A,,41(35) C A4,(3)
and Bn+1( ) C Bu(s ) we obtain

Pr(w]s) = P (52, Br(5)) = Jim P(Be(3))

=M,

and
vy(s) < lim Ay(S) < Pr(4[3).

4.2 Implementation

We propose an implementation of SC2 for discrete environ-
ments that follows Algorithm 1. We rely on Value Iteration
for computing the inductive frontier () in step 1 and on PPO
() to optimize the MDP in step 2. In PPO, the policy of
the agent is represented by a neural network 7y called the
actor. The neural network 7y outputs a probability distri-
bution, from which we sample to obtain an action (J, A) in

My, We simulate (8, A) using the original MDP M. More
precisely, we sample from ¢ to obtain an augmented action
(a,0) with © = A(a). In turn, to simulate the augmented
action (a, ©), we step with the action a in the original M
from state s. This leads the agent to a state s’ of the orig-
inal MDP, that we augment with O(s’) to obtain the next
state (5", ©(s')) of My . That pipeline guarantees safety in
practice, as Theorem 7 applies to any policy used during
training.
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To obtain an action of My from sampling from the ac-
tor’s output distribution, we interpolate with an action al-
ready in My,. More precisely, in standard implementations
of PPO (e.g. Stable Baselines 32), and other actor-critic pol-
icy optimization algorithms (like e.g. SAC (Haarnoja et al.
2018)), the actor can output after sampling either discrete
actions, or continuous actions in R™. We follow that con-
vention in our implementation. Thus, we obtain straightfor-
wardly from sampling the actor’s output distribution mg(s)
a couple (6, A), where § is a probability distribution over
the set of actions A(s) of M, and A is a function map-
ping a couple (a,s’) with a € A(s) and s’ € succ(a) to
a value in [0;1]. We then interpolate (4, A) with an ac-
tion (054 e, Asafe) OF MV, which always exists by Lemma
2. More precisely, we compute a number ¢ € [0;1] such
that (t6 + (1 — t)0safe, tA 4+ (1 — t)Agqase) is in the action
space of My, and step with that action in My

S Experiments

We demonstrate the viability of SC? on four environments
from the benchmark suite of the MASA-Safe-RL library
(Goodall et al. 2025), and learn a reward-maximizing pol-
icy under a CPCTL constraint. Our implementation is based
on the MASA-Safe-RL library, and we use the JAX-based
implementation of PPO (Schulman et al. 2017) provided
with its standard parameters. Experiments were run on Win-
dows 10 on an Intel Core i7-12650H CPU. For each environ-
ment, we report the episodic reward achieved by the agent,
averaged in Figure 4. The episodic reward on each environ-
ment is averaged on three different seeds, except for the Pac-
man environment where five seeds are used. By construc-
tion, the policy, even during training, satisfies the CPCTL
constraint, as shown in the previous section.

Across all environments, a subset of states is labelled
unsafe. We evaluate two instances of the nested CPCTL
constraint

<I>q = PZQ(G PEO.G(G —\unsafe)) s qc {05,09}

The inner predicate P> ¢(G —unsafe) expresses that the
current state offers a sufficiently high infinite-horizon safety
prospect.  States that do not satisfy this predicate can
therefore be read as “low-safety-prospect” situations—states
where, even if the controller keeps operating as intended, the
probability of avoiding unsafe states indefinitely is too low,
and where, in an applied setting, one might prefer a fallback
such as human takeover. The outer probability operator in
®, then enforces a reliability guarantee: with probability at
least g, the execution always remains in states where human
intervention is not required. We instantiate ¢ € {0.5,0.9}
to showcase how tightening this reliability requirement re-
stricts behaviour and impacts achievable reward, depending
on the environment.

5.1 Environments

We evaluate SC? on four benchmark environments (three
gridworlds and one buffer-control task) of the MASA bench-
mark suite.

*https://github.com/DLR-RM/stable-baselines3
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Media streaming. The agent controls a buffer of capac-
ity 20. Packets depart according to a Bernoulli process with
rate fi,,; = 0.7. The action space is A = {fast, slow}, where
arrivals follow Bernoulli rates jizy = 0.9 and pgon = 0.1,
respectively. The reward penalizes outages: the agent re-
ceives —1 when the buffer is empty and O otherwise. The
state is augmented with a counter cost ¢ tracking how often
fast has been selected. Unsafe states are those with ¢ > C,
where C' = |episode_length/2]|, capturing an upper
bound on aggressive transmission with high probability.
Colour bomb gridworld. This task is in a
15 x 15 gridworld. The agent chooses among
four moves {left, right,up,down} in every non-
terminal state. Actions are noisy: with probabil-
ity 1 random_action_probability the in-
tended move is executed, while with probability
random_action_probability a different move
is sampled uniformly from the remaining three directions
(e.g., left is replaced by right, up or down with probability
random_action_probability/3 each). Entering a
yellow, blue, or pink region yields reward +1 and ends the
episode. Upon entering a green or red region, the agent may
either remain within the region or exit to any adjacent white
cell; all other transitions yield reward 0. Bomb cells are
unsafe.

Mini-Pacman and Pacman We also consider a 8 x 10
mini-pacman and a 15 X 19 pacman environment, with one
ghost, and collectible coins (+1 reward) in every position.
By ignoring the dynamics of the coins, we can leverage a
safety abstraction of the environment for efficient Value Iter-
ation. We note that even with the safety abstraction, the total
number of states of the 15 x 19 exceeds 100k, demonstrating
that our approach is still feasible for large state spaces.

6 Conclusion

We introduced a new approach to Safe Reinforcement
Learning in which safety requirements are specified in
CPCTL, a fragment of PCTL that strictly generalizes clas-
sical avoidance and multi-objective avoidance constraints.
Our contribution is twofold. On the theoretical side, we
characterize CPCTL-constrained control via an extended
Bellman operator over profiles of valuations and counters,
and show how these can be propagated through an appropri-
ate augmentation of the MDP. On the algorithmic side, we
design SC?, a shielding-based method that enforces CPCTL
constraints at all times, including during exploration, while
remaining optimal among safe policies.

A central step is the reduction of the constrained optimiza-
tion problem in the original MDP to an unconstrained one in
the augmented MDP MV, where only V'-shielded distribu-
tions are permitted. We show that memory-less policies in
My correspond to history-dependent policies in the original
MDP that satisfy the CPCTL specification and achieve the
same expected return. Consequently, any policy produced
by SC? is provably safe, and optimal among all safe poli-
cies.



Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
KR meets Machine Learning and Explanation

Episode reward

\

0 100000 200000 300000

Environment steps

400000 500000

(a) Media Streaming

Episode reward
N e [o>] [e]

0 0 100000 200000 300000 400000 500000
Environment steps
(b) Colour Bomb Gridworld
24
T 22
©
5
=20
[}
8
2 18
Q
[
16
0 100000 200000 300000 400000 500000
Environment steps
(c) Mini Pacman
130
2
®
2
2120
Q
°
e}
(2]
‘a 110
i}
100
0 100000 200000 300000 400000 500000
Environment steps
(d) Pacman

Figure 4: Episodic rewards incurred by the agent during training
in the four environments. Blue corresponds to constraint ®¢.¢9 and
red to constraint ®g 5.

Overall, our results demonstrate that reinforcement learn-
ing agents can satisfy expressive temporal safety specifica-
tions with formal guarantees, without sacrificing reward op-
timality.
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