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Abstract

We introduce a logical language for reasoning about quantized
aggregate-combine graph neural networks with global readout
(ACR-GNNSs). We provide a logical characterization and use it
to prove that verification tasks for quantized GNNs with read-
out are (co)NEXPTIME-complete. This result implies that the
verification of quantized GNN is computationally intractable,
prompting substantial research efforts toward ensuring the
safety of GNN-based systems. We also experimentally demon-
strate that quantized ACR-GNN models are lightweight while
maintaining good accuracy and generalization capabilities
with respect to non-quantized models.

1 Introduction

Graph neural networks (GNNs) are models used for classifica-
tion and regression tasks on graph-structured data, including
node-level and graph-level tasks. GNNs find applications in
recommendation systems in social networks (Salamat, Luo,
and Jafari 2021), knowledge graphs (Ye et al. 2022), chem-
istry (Reiser et al. 2022), drug discovery (Xiong et al. 2021),
etc. Like several other machine learning models, GNNs are
difficult to interpret, understand, and verify. This poses a
significant issue for their adoption, morally and legally, with
the enforcement of regulatory policies such as the EU Al
Act (European Parliament 2024). Previous works lay the
foundation for analyzing them using formal logic, as seen
in (Barcel6 et al. 2020), (Nunn et al. 2024), or (Benedikt
et al. 2024). However, many of these approaches consider
idealized GNNs in which numbers are either arbitrarily large
integers or rationals, whereas in real-world implementations,
GNNss are quantized; numbers are represented as Standard
IEEE 754 64-bit floats, INTS8, or FP8 (Micikevicius et al.
2022). Verification of quantized GNNs without global read-
out has been addressed by (Silzer, Schwarzentruber, and
Troquard 2025). However, global readout is a crucial compo-
nent of GNNs, particularly for graph classification (Xu et al.
2019).

In this paper, we consider three verification tasks for GNNs
to check critical properties of graphs. Examples of such
verification tasks are: “Is it the case that...

* ... any power plant serving over a thousand users is classi-
fied by the GNN as essential?”

* ... any power plant classified by the GNN as essential has
at least 3 substations?”
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* ... apower plant classified by the GNN as essential can be
a wind farm whose wind turbines have a total capacity of
less than 12 MW?”

They are respectively instances of sufficiency, necessity, and
consistency tasks that will be formally defined in due time.
Verifying critical properties of GNNs helps ensure the safety
of GNN-based systems, analogous to how correctness proofs
are used to guarantee the safety of traditional computer pro-
grams (Hoare 1969).

Contribution.  The contribution is threefold. First, we
show that verifying the three properties above for Aggregate-
Combine Graph Neural Networks with global Readout (ACR-
GNNis) is decidable and (co)NEXPTIME-complete. This con-
trasts with the PSPACE-completeness without global readout
as demonstrated by (Sélzer, Schwarzentruber, and Troquard
2025). This implies that global readout makes quantized
GNN verification highly intractable'. To prove this, we de-
fine the logic ¢£, extending the one introduced by (Silzer,
Schwarzentruber, and Troquard 2025) to capture global read-
out. It is expressive enough to capture quantized ACR-GNNs
with arbitrary activation functions. Moreover, ¢£ can serve as
a flexible graph property specification language reminiscent
of modal logics (Blackburn, de Rijke, and Venema 2001).
The following example illustrates the use of ¢L for express-
ing graph properties.

Example 1. Assume a class of knowledge graphs (KGs)
representing communities of people and animals, where each
node corresponds to an individual. Each individual can be
Animal, Human, Leg, Fur, White, Black, etc. These concepts
can be encoded with features xg,x1,...,s, ... respectively,
taking values 0 or 1. Edges in a KG represent a generic ‘has’
relationship: a human can have an animal (pet); an animal
can have a human (owner), a leg, a fur; a fur can have a color;
etc. Suppose that A is a GNN processing those KGs and is

'As pointed out in (Jogl, Thiessen, and Girtner 2023), any infer-
ence of a ACR-GNN can be simulated by a AC-GNN (Aggregate-
Combine Graph Neural Networks without global Readout) where
the global readout mechanism is replaced by an extra complete
relation V' x V where V is the set of vertices of the input graph. So
global readout has no significant impact on the complexity of infer-
ence. On the contrary, verification tasks involve quantifications over
the set of pointed graphs where this extra relation mustbe V' x V.
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trained to supposedly recognize dogs. We can verify that
the nodes recognized by A are animals—arguably a critical
property of the domain—by checking the validity (i.e., the
non-satisfiability of the negation) of p 4 — xo = 1 where p 4
is a qL-formula corresponding to A’s computation, true in
exactly the pointed graphs accepted by A. Ideally, A should
not overfit the concept of dog as a perfect prototypical animal.
For instance, three-legged dogs do exist. We can verify that
A lets it be a possibility by checking the satisfiability of the
formula p 4 N O=3(x9 = 1). More complex qL formulas can
be written to express graph properties to be evaluated against
an ACR-GNN, which will be formalized later in Example 2:
1. Has a human owner, whose pets are all two-legged. 2.
A human in a community that has more than twice as many
animals as humans, and more than five animals without an
owner. > 3. An animal in a community where some animals
have both white and black fur.

Firstly, to prove the (co)NEXPTIME upper bound, we
reuse a concept from mathematical logic called Hintikka
sets (Blackburn, de Rijke, and Venema 2001), which are com-
plete sets of subformulas that can be true at a given vertex of
a graph. We then introduce a quantized variant of Quantifier-
Free Boolean Algebra with Presburger Arithmetic (QFBAPA)
logic (Kuncak and Rinard 2007), denoted by QFBAPA, and
prove that it is in NP, similar to the original QFBAPA on
integers. We reduce the satisfiability problem of gL to that of
QFBAPA(. On the other hand, (co)NEXPTIME-hardness is
proven by reduction from a suitable tiling problem. Similarly,
we also add global counting to the logic K* previously intro-
duced by (Nunn et al. 2024). We show that it corresponds to
AC-GNNs over Z with global readout and truncated ReLU
activation functions. We prove that the satisfiability prob-
lem is NEXPTIME-complete, partially addressing a problem
left open in the literature, that is, for the case of integer val-
ues and truncated ReLU activation functions (Benedikt et al.
2024). Details are in (Chernobrovkin et al. 2026b) to keep
the presentation concise.

Secondly, since NEXPTIME is highly intractable—it is
provably distinct from NP (Seiferas, Fischer, and Meyer
1978)—we relax the satisfiability problem of ¢£ and ACR-
GNNGs, focusing on finding graph counterexamples where the
number of vertices is bounded. This problem is NP-complete,
and an implementation is provided as a proof of concept and
a baseline for future research.

Finally, we experimentally demonstrate that the quantiza-
tion of GNNs results in minimal accuracy degradation. Our
results confirm that quantized models retain robust predictive
performance while achieving substantial reductions in model
size and inference cost. These findings demonstrate the prac-
tical viability of quantized ACR-GNNs for deployment in
resource-constrained environments.

Outline. We introduce quantized ACR-GNNs in Section 2
and present experimental results justifying their practical

*Interestingly, g£ goes beyond the capabilities of graded modal
logic and even first-order logic (FOL). The property of Item 2 cannot
be expressed in FOL.
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utility in Section 3. Section 4 defines the logic gL, dis-
cusses its expressivity, and defines ACR-GNN verification
tasks. Section 5 provides the (co)NEXPTIME membership
for the satisfiability problem of ¢£ and the ACR-GNN ver-
ification tasks. In Section 6, we show that these problems
are (co)NEXPTIME-complete. Section 7 discusses the re-
laxation making the problems (co)NP-complete. We comple-
ment these results by reporting on the results of a prototype
implementation (Chernobrovkin et al. 2026b, Appendix F.7)
for verifying said GNNs in a bounded setting, highlighting
the hardness of verifying quantized GNNS.

Related work. (Barcel6 et al. 2020) showed that ACR-
GNNs are at least expressive as FOCsy, two-variable first-
order logic with counting. (Hauke and Walega 2026) showed
that there are ACR-GNNs which can be captured by first-
order logic but not FOC,. Further work has explored the
logical expressiveness of GNN variants in more detail. No-
tably, (Nunn et al. 2024) and (Benedikt et al. 2024) introduced
logics to exactly characterize the capabilities of different
forms of GNNs. Similarly, (Cucala and Grau 2024) ana-
lyzed Max-Sum-GNNs through the lens of Datalog. (Silzer,
Schwarzentruber, and Troquard 2025) considered the expres-
sivity of GNN with quantized parameters but without global
readout. (Ahvonen et al. 2024) offered several logical char-
acterizations of recurrent GNNs over floats and real numbers.
On the verification side, (Henzinger, Lechner, and Zike-
lic 2021) studied the complexity of verification of quan-
tized feedforward neural networks (FNNs), while (Silzer
and Lange 2021; Silzer and Lange 2023) investigated reach-
ability and reasoning problems for general FNNs and GNNs.
Some verification methods have been proposed, via integer
linear programming (ILP) by (Huang et al. 2024), and (Zhang
et al. 2023), and via model checking by (Sena et al. 2021).
From a logical perspective, reasoning over structures in-
volving arithmetic constraints is closely tied to several well-
studied logics. Relevant work includes Kuncak and Rinard’s
decision procedures for QFBAPA (Kuncak and Rinard 2007),
as well as further developments by (Demri and Lugiez
2010), (Baader, Bednarczyk, and Rudolph 2020), (Bednar-
czyk et al. 2021), and (Galliani, Kutz, and Troquard 2023).
These logics form the basis for the characterizations estab-
lished in (Nunn et al. 2024; Benedikt et al. 2024).
Quantization techniques in neural networks exist, with
surveys such as (Gholami et al. 2022; Nagel et al. 2021)
providing comprehensive overviews focused on maintain-
ing model accuracy. Although most practical advancements
target convolutional neural networks (CNNs), many of the
underlying principles extend to GNNs as well (Zhou et al.
2020). NVIDIA has demonstrated hardware-ready quan-
tization strategies (Wu et al. 2020), and frameworks like
PyTorch (Ansel et al. 2024) support both post-training quan-
tization and quantization-aware training (QAT), the latter
simulating quantization effects during training to improve
low-precision performance. QAT has been particularly effec-
tive in closing the gap between quantized and full-precision
models, especially for highly compressed or edge-deployed
systems (Jacob et al. 2018). In the context of GNNs, (Tai-
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lor, Fernandez-Marques, and Lane 2021) proposed Degree-
Quant, incorporating node degree information to mitigate
quantization-related issues. Based on this, (Zhu et al. 2023)
introduced A%(QQ, a mixed-precision framework that adapts
bitwidths on graph topology to achieve high compression
with minimal performance loss.

2 Background

Quantized numbers. Let K be a set of quantized numbers,
and let n denote the bitwidth of K, which is the number of
bits required to represent a number in K. The bitwidth n
is written in unary; this is motivated by the fact that n is
small and that we would, in any case, need to allocate n-bit
consecutive memory for storing a number. Formally, we
consider a sequence K1, Ko, . .. corresponding to bitwidths
1, 2, etc., but we retain the notation K for simplicity. We
suppose that K saturates; for example, if z > 0 and y > 0,
then = 4+ y > 0 (i.e., there is no modulo behavior like in int
in C, for instance). We assume that 1 € K.

We consider Aggregate-Combine Graph Neural Networks
with global Readout (ACR-GNNs), a standard class of
message-passing GNNs (Barcel6 et al. 2020; Gilmer et al.
2017).

Graphs. A (labeled directed) graph G is a tuple (V, E, ()
such that V is a finite set of vertices, &' C V x V a set of
directed edges and ¢ is a mapping from V' to K™, for some
integer m, which is the dimension of the node embedding.
Given a graph G and vertex u € V, we call (G, u) a pointed
graph.

ACR-GNNs. We define quantized Aggregate-Combine
GNNs with Readout (ACR-GNN).
An ACR-GNN layer L = (comb, agg,aggy) is a tuple

where comb : K3™ — K™ is a so-called combination func-
tion, agg is a so-called local aggregation function, mapping
multisets of vectors from K™ to a single vector from K™,
aggy is a so-called global aggregation function, also map-
ping multisets of vectors from K" to a single vector from
IK™. We call m the input dimension of layer £ and m/’ the
output dimension of layer L. Then, a ACR-GNN is a tuple
(LM, ... LW cls) where L), ..., £L(E) are L, ACR-GNN
layers and cls : K™ — {0,1} is a classification function.
We assume that all GNNs are well-formed in the sense that
output dimension of layer £(*) matches input dimension of
layer £0+1) as well as output dimension of £(*) matches
input dimension of cls.

Let G = (V, E, ) be a graph with initial vertex labeling
zg : V. — K™, Then, the i-th layer of A computes an
updated state x;(u) for all u € V by

2i(u) = comb (i1 (w), agg({{wi1(v) | (uw,v) € E}}).
agge({{zi1(v) v € V}}))

where agg, aggy, and comb are respectively the local aggre-
gation, global aggregation and combination function of the -
th layer. We call each x; a state of G. Let (G, u) be a pointed
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graph. We write A(G, u) to denote the application of A to
(G, u), which is formally defined as A(G, u) = cls(zp(u))
where x, is the state of G computed by A4 after layer L. This
corresponds informally to a binary classification of vertex u.

We concentrate on a specific subclass where both agg
and aggy perform summation over vectors, and where
comb(x,y,z) = N(x,y, 2) is a classical feedforward neural
network (FNN) using activation function «. The classifica-
tion function is a linear threshold: cls(z) =, a;z; +b > 1
with weights and bias a;,b € K. We assume that all arith-
metic operations are executed according to the arithmetic
related to K. It is assumed that the context makes clear the
[K and arithmetic being used. We use [[.A]] to denote the set
of pointed graphs (G, u) such that A(G,u) = 1. An ACR-
GNN A is satisfiable if [[A]] is non-empty. The satisfiability
problem for ACR-GNN s is: Given a ACR-GNN A, decide
whether A is satisfiable.

3 Quantization Effects on Accuracy,
Performance and Model Size

To begin on the right foot, we demonstrate that the quan-
tized ACR-GNNs defined before are indeed of practical in-
terest. To this aim, we investigate the application of dynamic
Post-Training Quantization (PTQ) to ACR-GNNs. As a refer-
ence, we used the models described and analyzed in (Barceld
et al. 2020), using their implementation (Barceld et al.
2021) as the baseline. Experiments used two datasets: one
synthetic (Erdos—Rényi model) and one real-world dataset
(Protein-Protein Interactions (PPI) benchmark by (Zitnik
and Leskovec 2017)). In the original work, experiments
were made with two activation functions: Rectified Lin-
ear Unit (ReLU) and truncated ReL.U. Since the models of
Section 2 can handle arbitrary activation functions, in our
experiments, we used several types of activation function:
Piecewise linear (ReLU, ReLLU6, and trReLU), Smooth un-
bounded (GELU and SiLU), Smooth bounded (Sigmoid),
and Smooth ReLU-like (Softplus and ELU). The quantiza-
tion method is implemented in PyTorch (Ansel et al. 2024;
PyTorch Team 2024), dynamic PTQ transforms a pre-trained
floating-point model into a quantized version without re-
quiring retraining. In this approach, model weights are
statically quantized to INTS8, while activations remain in
floating-point format until they are dynamically quantized
at compute time. This hybrid representation enables ef-
ficient low-precision computation using INT8-based ma-
trix operations, thereby reducing the memory footprint and
improving the inference speed. The PyTorch implemen-
tation applies per-tensor quantization to the weights and
stores the activations as floating-point values between op-
erations to strike a balance between accuracy and perfor-
mance. Synthetic graphs (Table 3 of (Chernobrovkin et
al. 2026b, Appendix F)) were generated using the dense
Erdos—Rényi model, a classical approach to constructing
random graphs. Each graph includes five initial node col-
ors, encoded as one-hot feature vectors. Following (Barcel6
et al. 2020), labels were assigned using formulas from the
logic fragment FOC,. Specifically, a hierarchy of classi-
fiers a; () was defined as follows: «g(z) := Blue(z) and
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ai1(z) = INVMy (o (y) A—E(x,y)), where IIN-M] de-
notes the quantifier “there exist between N and M nodes"
satisfying a given condition. Each classifier a;(x) can be
expressed within FOCs, as the bounded quantifier can be
rewritten using 3=~ and —~32M+1_ Each property p; corre-
sponds to a classifier a; with ¢ € {1, 2, 3}. For the analysis,
we collected training time, model size, and accuracy for both
datasets. We list the principal findings of the analysis. More
detailed statistics can be found in the (Chernobrovkin et al.
2026b, Appendix F). According to our experimental flow,
we first examine the training time. For both datasets, we
found that piecewise-linear activation functions consistently
achieve the shortest training time (Table 4 and Table 14
of (Chernobrovkin et al. 2026b, Appendix F)). Moreover,
for computational efficiency, we found that the model with
the activation function (Smooth) was consistently the slow-
est, regardless of the datasets (Table 6 and Table 15 of
(Chernobrovkin et al. 2026b, Appendix F)). We performed
an analysis of the accuracy of both data across all activation
families, the observed A, values are generally within +1%.
In addition,we observed a drop in the accuracy of the baseline
models after two layers.

These findings highlight the advantages of quantized ACR-
GNN models of Section 2 with respect to non-quantized mod-
els, striking a remarkable balance between model size and ac-
curacy. From the evaluation of 9,000 models on Erdos—Rényi
and 80 models on real-world data, we selected the follow-
ing hyperparameters: 1-3 layers, hidden dimension 32 for
Erdos—Rényi experiments and 256 for PPI, and a learning
rate of 0.01.

We evaluated ACR-GNNs (PPI data) across a range of
bit-width configurations (32, 16, 8, 7, 6, 5, 4, 2) and also
under finer-grained reductions from 8§ to 4 bits. Across both
datasets, 16- and 8-bit models preserved accuracy within
a small margin of the full-precision baseline. For the PPI
dataset (Tables 29 — 36 in (Chernobrovkin et al. 2026b,
Appendix F)) exhibits strong robustness to dynamic post-
training quantization: performance is preserved down to 6
bits across all activation functions, with only minor deviations
(less than 3%) observed in the from 7 to 6 and from 6 to 5
bit transitions. The only marked degradation appears when
moving into the very low-precision range (5 bits and below).

4 Logic gL
We set up a logical framework called gL extending the logic
introduced in (Sélzer, Schwarzentruber, and Troquard 2025)
with global aggregation: it is a lingua franca to represent
GNN computations and properties on graphs.

Syntax. Let I be a finite set of features and K be some
finite-width arithmetic. We consider a set of expressions
defined by the following grammar in Backus-Naur form:

O u=cla;|ad)|agg(¥) | agge(d) |9+ [ecxd
where c is a number in K, x; is a feature in F', a is a sym-
bol for denoting the activation function, and agg and aggy
denote the aggregation function for local and global readout

respectively. We define the set of subexpression of 1, de-
noted by sub(¢) inductively by sub(c) = {c}, sub(z;) =
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Figure 1: DAG representation of the formula agg(x1 + z2) +
(£E1 + 1’2) > 3.

{z:}, subla(®)) = {a()} U sub(?), sub(agg(?))
{agg(V)} U sub(V), sub(aggy(V)) = {aggy(9)} U sub(?)),
sub(9+9") = {9 +9}Usub(¥)Usub(¥'), and sub(cx ) =
{e x 9} U sub(c) U sub(?"). A formula is defined as ¥ > k
where 9 is an expression and k is an element of K. If —1 € K
we write —¢ instead of (—1) x ¢} for any expression ¢J. Other
standard abbreviations can be used as well.

Formulas are represented as directed acyclic graphs, aka
circuits, meaning that we do not repeat the same expressions
several times. For instance, the formula agg(z, + x2) +
(1 + x2) > 3 can be represented as the DAG given in
Figure 1. Formulas can also be represented by a sequence
of assignments via new fresh intermediate variables. For
instance: y := x1 + X2, 2 := agg(y) + y,res ;== z > 3.

Semantics. Consider a graph G = (V, E, ¢), where ver-
tices in V' are labeled via a labeling function ¢ : V — KI¥!
with feature values. The value of an expression ¥ in a vertex
u € V is denoted by [[¢]]¢., and is defined by induction
on ¥:

[c]

leu=c,
[zi]lau = £(uw)s,

[0+ Nlau = [M6,u +x [V TG u
[fe x WNeu = ¢ xk [I]cu
la@)]e,u = l[a([Me,u),

[lagg(N]leu = Zojurol[9]60s

lagge(D]c,u = Zvev[[V]c,o-

We define [0 > k]] = {G,u | [J]lg.u >k [Ellc,u} (We
write > for the syntactic symbol and > for the relation
defined in K). A formula ¢ is satisfiable if [[¢]] is non-empty.
The satisfiability problem for qL is: Given a ¢L-formula ¢,
decide whether ¢ is satisfiable.

Simulating a modal logic in the logic ¢£. We show that
extending ¢£ with modal operators (Blackburn, de Rijke, and
Venema 2001) does not increase the expressivity. We can
even compute an equivalent ¢£ without Boolean connectives
and without modal operators in poly-time. It means that
formulas like ¢ 4, — 29 = 1 or p4, A O=3(22 = 1) have
poly-size equivalent formulas in ¢L.

Let Atmg be the set of atomic formulas of gL of the form
¥ > 0. We suppose that 9 takes integer values. In general,
¥ > k is an atomic formula equivalent to ¥ — k > 0. Without
loss of generality, we thus assume that formulas of ¢£ are
over Atmg. Let modal ¢£ be the propositional logic on
Atmg extended with modalities and a restricted variant of
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graded modalities where number £ in K in the following way:

[[O¢]] {G,u| G,v € [[p]] for every v s.t. uEv}
[[Og0]] = {G,u|G,v € [[p]] forevery vin V}
[[<>>k oll = {Gu||{G,v|uEv,G,v € [[¢l]]}| >k k}
[OF%l = {G ullllelll 2k k}

and modalities (="¢ and ("¢ defined the same way but
with <.

Example 2 (continuation of Example 1). We first define a few
simple formulas to characterize the concepts of the domain.
Let o4 := xog = 1 (Animal), o = 1 = 1 (Human),
oL = xy = 1 (Leg), pr := x3 = 1 (Fur), pw := x4 = 1
(White), and pp := x5 = 1 (Black).:

1. Has a human owner, whose pets are all two-legged:
Olpn AD(pa — 072¢1)).

2. A human in a community that has more than twice as
many animals as humans, and more than five animals
without an owner: o A (aggy(xo) — 2 X aggy(z1) >
0) A 0Z%(pa AD(—pH)).

3. An animal in a community where some animals have white
and black fur: o4 A O4(O(pr A Opw ) AO(or AOpE)).

We can see the boolean operator —, and the various modal-
ities as functions from Atmg to Atmg, and the boolean op-
erator V as a function from Atmg x Atmg to Atmg defined
as follows, where « is ReLU (a(¥) = ¢ if ¥ >k 0 and
a(d) = 0 otherwise).

Fo(9 > 0) = —9-1>0
o >0,0>0) = 01 +a@s—h)>0
fa(@ >0) = agg(—a(=9)) =0
fozr(9>0) = agg(a(@+1)—a(?d)) -k =0
fo<r(¥ >0) = k—agg(a(@+1)—a(?)) >0

For the corresponding global modalities (fg,(¢J > 0),

f<>92k('l9 > 0), and fogk(ﬁ‘ > 0)), it suffices to use aggy

in place of agg. The previous transformations can be gen-

eralized to arbitrary formulas of a modal version of ¢L as

follows.

> 0) 9 >0

f-(mod2expr(p))

fv(mod2expr(p1), mod2expr(p2))
)

fa(mod2expr(y)),

mod2expr(¥ >

mod2expr(—y)

(

(
mod2expr(p1 V 2)
mod2ezpr(By) =

where 8 € {00,0,, 0=*, ng,ogk, ng}.

We can show that formulas of modal ¢£ can be captured
by a single expression ¥} > 0. This is a consequence of the
following lemma *, proven in (Chernobrovkin et al. 2026b).

Lemma 3. Let ¢ be a formula of modal qL. The formulas ¢
and mod2expr(p) are equivalent.

3For simplicity, we do not present how to handle ¥ > 0 when ¥
is not an integer. We could introduce several activation functions
a in gL, one of them could be interpreted as the Heavyside step
function. In Definition 7, Point 4 is just repeated for each a.
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Link between ¢£ and ACR-GNN verification. We focus
on the following decision problems in context of the verifica-
tion of ACR-GNN:ss:

* (VT1, sufficiency) Given a GNN A and a ¢£ formula ¢,
decide whether [[¢]] C [[A]].

e (VT2, necessity) Given a GNN A and a ¢£ formula ¢,
decide whether [[A]] C [[¢]].

* (VT3, consistency) Given a GNN A and a ¢£ formula ¢,
decide whether [[]] N [[A]] # 0.

Informally, these problems are described as follows: prob-
lem VT1 consists of verifying that pointed graphs satisfying
the specification ¢ are classified positively by the GNN A4,
while VT2 is the reverse, namely verifying that any pointed
graphs positively classified by A satisfies ¢. Problem vT3
consists in verifying whether A can classify some pointed
graph satisfying ¢.

Essential to our results is the straightforward insight that
qL where « is given by ReLLU and ACR-GNN are equally
expressive.

Theorem 4. Given an ACR-GNN A, we can compute qL-
Sformula in poly-time in the size of A with [[A]] = [[pa]].
Vice-versa, with o = ReLU, given a qL formula p, we can
compute an ACR-GNN A, in poly-time, with [[A,]] = [[¢]].

Proof. We begin by arguing that for each A there is an
equivalent gL-formula. The key insight needed here is
that gL is tailored to capture the computation of an ACR-
GNN. Let A = (LM, ..., L") cls) be an ACR-GNN. Let

LD = (combV, agg, agg,) be the first layer of A com-

puting comb™ (@1, .., ), Y1+ Ym)s (21 2m))
where comb™ s represented by a feedforward neu-
ral network Nj using activation function «. The vec-
tors (y1,...,Ym) and (z1,..., 2, ) correspond to the vec-
tors aggregated by agg and aggy, respectively. Let
vir(ah,..,xl) = (bl—&—zl L w;x;) be a node of Ny
in the first layer where z; corresponds to either some z;,
y; or z; as determined by comb(l). We build an equivalent
qL-expression 9,,, combining ¢, § + ¥, ¢ x ¥ and «(¥) to
represent the arithmetic and activation function, and we use
x; in the case that 2, = x;, we use agg(x;) in the case that
x; = y;, and we use aggy(z;) in the case that , = z;. We
do so for all nodes vy in the first layer of ;. This results
in a sequence of expressions ¥ ,ay11, ...,V 1g, Where ky
is the layer size of the first layer of N;. For subsequent
layers, we use the same construction, but the expressions
U1, as atomic. This results in a sequence of expressions
Vemmis -+ >V p@m, , Where k is the size of the last layer
my of Ny, and also the output dimensionality of £(1). We
continue as before for GNN layer £(*), but use ¢ LG-Dm,j
as atomic expressions. The final classification condition cls
is then given by the formula ¢ > 1 where 9 uses ¢ ),
as atomic as well as multiplicative parameters a; and bias b
determined by cls.

For the other direction, namely showing that for each
qL-formula there is an equivalent ACR-GNN, let ¢ be a
qL-formula ¢ > k over variables x1,...x,,. We remark
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that the argument follows the same line of reasoning as
in expressivity results of previous works such as (Silzer,
Schwarzentruber, and Troquard 2025; Nunn et al. 2024;
Barcel6 et al. 2020). We note sub(1}) the set of subexpres-
sions of J. Let ¥4, . . ., ¥,, be an enumeration of sub(¥) such
that if ¥; € sub(v;) then we have ¢ < j. We construct an
ACR-GNN A, with n layers as follows. First, the input and
output dimensionality of each layer of A is n, meaning that
we have one dimension per subexpression. W.l.o.g. we as-
sume that the first m dimensions correspond to the values of
the basic variables x1, . . ., x,, of ¥. Furthermore, we assume
for all layers £(?) that they do not adjust any other dimen-
sion than the ith one of a state. Note that this can easily be
realised using FNN with ReLU activation. Then, if ¥; = x;
layer £(*) effectively does nothing in the sense that the FNN
N representing the combination function simply represents
the identity. In the cases ¥; = ¢, J; = 9+ 9, %, = x x ¥,
or ¥; = a(v) we also only utilise FNN N; to do the arith-
metic operation or applying activation function «.. Note that
this involves the assumption that previous layers evaluated
all necessary subexpressions already. Finally, for the cases
¥ = agg(¥) and ¥; = aggy(¥) we simply use agg and aggy
functions of layer £ to resolve it. Then, in the cls of Ay,
we evaluate ¢ = ¢ > k by choosing weights a; = 1 and bias
b=0. O

The following example highlights the construction idea
from ACR-GNNs to gL of Theorem 4.

Example S. To reason formally about ACR-GNNs, we rep-
resent their computations using qL. Consider an ACR-GNN
A with two layers of input and output dimension 2, using
summation for aggregation, truncated ReLU as activation
a(z) = max(0,min(1, z)) = [[o]] (), and a classification
function 2x1 — xo > 1. The combination functions are:

 a2x1 + 22 +5y1 —3y2 + 1)
comby(z,y, z) := (a(xl +4xo +2y; +6y2 —2) )

. a(31’1 -y + 2Z2)
COme(wvya Z) T (a(—2$1 + 5y2 + 4Z1)

Note that this assumes that A operates over K with at least
three bits. Then, the corresponding qL formula ¢ 4 is given
by:

Y1 = a(2x1 + 22 + Sagg(w1) — 3agg(w2) +1)
Vo = a(—x1 + 4wz + 2ag9(w1) + 6agg(w2) — 2)
x1 = a1 — agg(ih1) + 2(agg.(¥2)))

X2 = a(=2¢1 + 5(agg(y2)) + 4aggy(i1))
pa=2(x1) —x2 > 1.

To sum up, given a GNN A, we compute qL-formula in
poly-time in the size of Awith [[A]] = [[¢.a]]. The vice-versa
direction works analogously.

Finally, ACR-GNN verification tasks can be solved by
reduction to the satisfiability problem of ¢L:

* VT1 by checking that ¢ A = 4 is not satisfiable
* VT2 by checking that = A @ 4 is not satisfiable
* VT3 by checking that ¢ A @ 4 is satisfiable
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5 Complexity Upper Bound

In this section, we prove the NEXPTIME membership of
reasoning in modal quantized logic, and also of solving of
ACR-GNN verification tasks (by reduction to the former).

Theorem 6. Suppose that [[]] is computable in exponential-
time in the bit-width n of K. The satisfiability problem of qL
is decidable and in NEXPTIME, and so is VT3. Consequently,
VT1 and VT2 are in coNEXPTIME.

In order to prove Theorem 6, we borrow from the ideas
behind the proof of the NEXPTIME membership of con-
cept satisfiability in the description logic ALCSCCT™ from
(Baader, Bednarczyk, and Rudolph 2020) (which adapts a
proof in (Baader and Ecke 2017) of the complexity of ALC
ECBoxes consistency). We adapt it to the logic g£. The
difference resides in the definition of Hintikka sets and the
treatment of quantization. The idea is to encode the con-
straints of a ¢L-formula ¢ in a formula of exponential length
of a quantized version of QFBAPA, that we prove to be in
NP.

5.1 Hintikka Sets

Consider ¢£-formula ¢. Let E(¢) be the set of subexpres-
sions in . For instance, if ¢ is agg(a(xs + aggy(x1))) >
5 then E(y) {agg(a(z2 + agge(z1))),a(z2 +
aggv(z1)), 2, aggy(x1),x1}. From now on, we consider
equality formulas that are of the form =k where ¥ is a
subexpression of ¢ and k € K.

Definition 7. A Hintikka set H for ¢ is a subset of {9=Fk |
Y € E(p), k € K}, such that:

1. Forall 9 € E(y), there is a unique value k € K such that
9=keH

2. Forallce E(p)NK, c=ce H

3. For all 91+195 € E((p), if VY1=k1,92=ky € H then
191+192:]€/ € H, where = k1+xks

4. Forallc x 9 € E(p), ifv =k € H then c x 9=k' € H
where k' = ¢ xk k

5. For all a(9) € E(p), 9=k € H then a(9)=k' € H
where k' = [[o]] (k)

Informally, a Hintikka set contains equality subformulas
obtained from a choice of a value for each subexpression of ¢
(point 1), provided that the set is consistent at the current ver-
tex (points 1-5). The notion of Hintikka set does not take any
constraints about agg and aggy into account since checking
consistency of aggregation would require information about
the neighbors or the whole graph.

Example 8. If ¢ is agg(a(zs + aggy(x1))) > 5, then
example of Hintikka set is: {agg(a(xq + aggy(x )) =
a(rz + agge(r1)) = 9,22 + aggy(z1) = 9,
aggy(x1) = 2,21 = 5}.

an
8,
7,

Progosition 9. The number of Hintikka sets is bounded by
2719l where || is the size of @, and n is the bitwidth of K.

5.2 Quantized Version of QFBAPA

A QFBAPA formula is a propositional formula where each
atom is either an inclusion of sets or equality of sets or linear
constraints ((Kuncak and Rinard 2007), and (Chernobrovkin
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et al. 2026b, Appendix D.2)). Sets are denoted by Boolean
algebra expressions, e.g., (SUS’)\S”, or U where U denotes
the set of all points in some domain. Here S, S’, etc., are
set variables. Linear constraints are over |.S| denoting the
cardinality of the set denoted by the set expression .S. For in-
stance, the QFBAPA-formula (windfarm C powerplant) A
(lpowerplant|+|U\windf arm| > 6)A(|powerplant| < 2)
is read as ‘all wind farms are power plants, and the number
of power plants plus the number of entities that are not wind
farms is greater than 6 and the number of power plants is
smaller than 2’.

We now introduce a guantized version QFBAPAy of QF-
BAPA. It has the same syntax as QFBAPA except that num-
bers in expressions are in K. Semantically, every arithmetic
expression is interpreted in K. For each set expression S, the
interpretation of | S| is not the cardinality c of the interpreta-
tion of S, but the result of the computation 1 +1+ ...+ 1
in K with ¢ occurrences of 1 in the sum.

We consider K that saturates, meaning that if x4y exceeds
the upper bound limit of KK, there is a special value denoted
by +oc0 such that z 4+ y = +oc.

Proposition 10. [f the bitwidth n is in unary, and if K satu-
rates, then satisfiability in QFBAPA is in NP.

5.3 Reduction to QFBAPA

Let ¢ be a formula of g£. For each Hintikka set H, we
introduce the set variable X that intuitively represents
the H-vertices, i.e., the vertices in which all subformu-
las in H hold. Moreover, for each formula 9 = k in
{U=k | ¥ € E(¢),k € K}, we introduce the set vari-
able Xy — that intuitively represents the vertices in which
¥ = k holds. We capture this with two QFBAPA-formulas.
Equation (1) expresses that { Xz } ;; form a partition of the
universe. Equation (2) makes the bridge between variables
X I =k and X H-

N\ XX =0) A (] Xu=U) (1)
H#AH' H

AN A= U Xn) @
¥ EE(p) keEK H|9'=keH

We introduce also a variable Sy that denotes the set of all
successors of some H-vertex. If there is no H-vertex then
the variable Sy is just irrelevant. The QFBAPA-formula
in Equation (3) encodes the semantics of agg(1). More pre-
cisely, it says that for all subexpressions agg(19), for all values
k, for all Hintikka sets H containing formula agg(9)=k, if
there is some H-vertex (i.e., some vertex in X ), then the ag-
gregation obtained by summing over the successors of some
H-vertex is k:

A A A 3)
agg(9)€E(p) kEK Hlagg(9)=keH
((XH#(Z))% Z|SH0X19:,€,|><I<;’:]<;)
k'eK

In the previous sum, we partition Sy into subsets Sy N
Xg— for all possible values k’. Each contribution for a
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successor in Sy N Xy—y is k'. We rely here on the fact* that
I+14...41)xkE =kK+F+...+ K. Wealso fixa
specific order over the values £’ in the summation (it means
that agg () is computed as follows: first order the successors
according to the taken values of ¥J in that specific order, then
perform the summation). Finally, the semantics of aggy is
captured by the QFBAPA -formula:

AN

aggy (9)EE(p) keK

Xaggy (9)=k 7 0— Z | Xo=pr| x &' =k
k’eK

“

Note that intuitively Equation (4) implies that for X, (9)=r
is interpreted as the universe, for the value k£ which equals
the semantics of ),y [Xg—ps| x K.

Finally, given ¢ = 9 > k, we define

tr(e) :=tv1a A \) Xop #0

K >k

where 114 is the conjunction of Formulas 1-4. The function
tr requires to compute all the Hintikka sets. In particular,
all of them need to satisfy point 4 of Definition 7. There-
fore, we get the following when [[«]] is computable in time
exponential in n.

Proposition 11. tr(yp) is of exponential size and is com-
putable in time exponential in || and n.

Crucially, the translation ¢r(. . .) preserves satisfiability.

Proposition 12. Let © be a formula of qL. o is satisfiable iff
tr(p) is QFBAPA satisfiable.

Proof sketch. From left to right, suppose that the ¢£ formula
 is satisfiable. Then there exist a graph G = (V, E, ()
and u € V such that G,u = . We define the QFBAPA -
substitution o as follows:

coU) =V,

¢ o(Xgmr) = {w € V | [Pllow = b,
*o(Xp)={weV|GuwkEA\H}

* 0(Sy) :={w| v € o(Xy) and (v,w) € E}.

We then show that o satisfies tr(p).

Every vertex induces a unique Hintikka set. Hence the
sets o(X g ) form a partition of V, yielding Equation (1). By
definition of o (X y—y) and the construction of Hintikka sets,
Equation (2) also holds.

Consider agg(¥) = k € H. If o(Xpy) = 0, then the impli-
cation in Equation (3) is trivial. Otherwise, let v € o(Xg).
Then o,/ ck |SHNXo=x| x k) counts the contribution of
all successors of v, grouped by their 9J-value. This coincides
with 37, g, [[V]]G,w, hence equals k. So Equation (3) is
satisfied by . Equation (4) is also satisfied by o by the same
reasoning.

Finally, as G, u = ¢ and ¢ is of the form ¥ > k, there
exists k' >k k with u € o(Xy— ). Thus the last disjunct of
tr(p) holds and o satisfies tr(y).

“This is true for some fixed-point arithmetics but not for floating-
point arithmetics. See (Chernobrovkin et al. 2026b, Appendix F.8).
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Conversely, from right to left, let o be a QFBAPA-
substitution that satisfies ¢r (). Using the definition of ¢r ()
and Definition 7, we can prove that o also satisfies the fol-
lowing formulas:

U Xo—k =

/\ /\ (Xo= N Xy=pr = 0) A

9 hk!
N\ Xe=e =U
C

/\ /\ X’L91:k‘1 mX’ﬂg:kQ g X’L91+192:k1+|;<k2 (7)
V1+92€E(p) k1,k2

&)

(6)

A /\Xﬂ k= Xexv=cxyk ®)
cxXVEE(p)
AN A\ Xo=k = Xaw)=fan1 ) ®

a()EE(p) k
(It is presented as Lemma 18

2026b).)
We construct a graph G =

s Vi=o(l),
* E:={(u,v) | 3H,u € o(Xpg) andv € 0(Su)},
o {(v); ==k where v € 0(Xy,=k).

The set of vertices is the (QFBAPA) universe, and we add
an edge between any H-vertex u and a vertex v € o(Sg).
The labeling is well defined because of Equation (5).

The substitution o satisfies tr(y), and therefore the for-
mula \/;, . Xo=p # 0. So there is k' >, kandu € U
such that u € o(Xy—). that G, u |= ¢.

We can then prove by structural induction on ¥ that if
u € o(Xy=x) then [[9¥]]g,, = k. For the base cases, we use
Equation (6) for constants, while the definition of ¢ is used di-
rectly for variables. The cases of sum, product, and activation
functions use Equation (7), Equation (8), and Equation (9)
respectively. The cases of aggregations exploit Equation (3)
and Equation (4).

in (Chernobrovkin et al.

(V, E, £) such that:

O

Finally, in order to check whether a g£-formula ¢ is satis-
fiable, we construct a QFBAPA-formula ¢r(¢) of exponen-
tial size in exponential time. As the satisfiability problem of
QFBAPA is in NP, we obtain that the satisfiability problem
of gL is in NEXPTIME. We proved Theorem 6.

Remark 13. Our methodology can be generalized to rea-
son in subclasses of graphs. For instance, we may tackle
the problem of satisfiability in a graph where vertices are
of bounded degree bounded by d. To do so, we add the
constraint \ y; |Su| < d.

6 Complexity Lower Bound

The NEXPTIME upper-bound is tight. Having defined modal-
ities in ¢£ and stated Lemma 3, Theorem 14 is proven by
adapting the proof of NEXPTIME-hardness of deciding the
consistency of ALC Q-TBoxes presented in (Tobies 2000).

NEXPTIME-hardness is proven via a reduction from the
tiling problem by Wang tiles of a torus of size 2™ x 2".
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Figure 2: Encoding a torus of exponential size with (modal)
gL formulas. Vertices u, , correspond to locations (x,y)
in the torus while u and ug denote intermediate vertices
indicating the direction (resp., north and east).

A Wang tile is a square with colors, e.g., E, B, etc. The
problem takes as input a number n in unary, and Wang tile
types, and an initial condition—Iet us say the bottom row is
already given. The objective is to decide whether the torus
of 2 x 2" can be tiled while colors of adjacent Wang tiles
match. A slight difficulty resides in adequately capturing a
two-dimensional grid structure—as in Figure 2—with only
a single relation. To do that, we introduce special formulas
¢r and @y to indicate the direction (east or north). In the
formula computed by the reduction, we also need to bound
the number of vertices corresponding to tile locations by
2™ x 2™, Thus K needs to encode 2" x 2". We need a
bit-width of at least 2n.

Theorem 14. The satisfiability problem in qL is NEXPTIME-
hard, and so is the ACR-GNN verification task VT3. The ACR-
GNN verification tasks VT1 and VT2 are coNEXPTIME-hard.
The results already hold when o« = ReLU.

Remark 15. It turns out that the verification task only needs
the fragment of qL where agg is applied directly on an ex-
pression o(9). Indeed, this is the case when we represent
a GNN in qL or when we translate logical formulas in qL
(Lemma 3). Reasoning about qL£ when K = Z and the activa-
tion function is truncated ReLU is also NEXPTIME-complete
(see (Chernobrovkin et al. 2026b, Appendix E)).

7 Bounding the Number of Vertices

The satisfiability problem of ¢£ is NEXPTIME-complete,
thus far from tractable. The high complexity arises because
counterexamples can be arbitrary large graphs. However, one
usually looks for small counterexamples. Let G=V be the
set of pointed graphs with at most NV vertices. We consider
the ¢£ and ACR-GNN satisfiability problem with a bound
on the number of vertices and ACR-GNNs verification tasks:
given a number IV given in unary, 1. given a ¢L-formula ¢,
is it the case that [[¢]] N GSV # (), 2. given an ACR-GNN
A, is it the case that [[A]] N G=V # (). In the same way, we
introduce the following verification tasks. Given a GNN A, a
gL formula ¢, and a number N in unary: (VT’1, sufficiency)

Do we have [[ ]] NGgsN c [[ 1] NG=N? (VT°2, necessity)
Do we have [[A] Q<N C J/Lz NG=N? (v1’3, consistency)
Do we have [[ £ (?
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Theorem 16. The satisfiability problems with bounded num-
ber of vertices are NP-complete, so is ACR-GNN verification
task VT’ 3, while the verification tasks VT’ 1 and VT’2 are
coNP-complete.

The satisfiability NP upper bound is obtained by guessing
a graph with at most N vertices and then check that ¢ holds.
NP-hardness already holds for agg-free formulas by reduc-
tion from SAT for propositional logic using the reduction of
Lemma 3. The complexity of the bounded verification tasks
follow from simple reductions.

It is possible to extend the methodology proposed in (Sena
et al. 2021) to the verification of Graph Neural Networks.
However, an efficient SMT encoding for GNN verification
tasks would constitute a substantial contribution in itself. In
this work, we therefore restrict ourselves to a proof of con-
cept that establishes a baseline for future research (see (Cher-
nobrovkin et al. 2026b, Appendix F.7) for performance de-
tails). For the verification task, we employ ESBMC (Efficient
SMT-based Context-Bounded Model Checker) (Menezes et
al. 2024). The verification workflow (Figure 7 in (Cher-
nobrovkin et al. 2026b, Appendix F)) translates a trained
PyTorch model into C code that can be analyzed by ESBMC,
embedding the corresponding preconditions and postcondi-
tions.

After evaluating the verification workflow, we identified
two principal limitations affecting the formal verification
phase. First, the process is constrained by SMT encodability:
only activation functions that admit efficient logical represen-
tations can be supported, thereby restricting the architectural
design space of GNNs (see Table 2 in (Chernobrovkin et al.
2026b, Appendix F)). Second, scalability is governed by the
size of the generated SMT formula, which increases with both
the number of graph vertices and the model dimensionality.
Our prototype evaluation confirms that even small increases
in these parameters lead to substantial verification overhead
due to the expansion of symbolic variables and constraints.

In particular, results on the Erdos—Rényi dataset (Table 11
in (Chernobrovkin et al. 2026b, Appendix F)) empirically
illustrate the state-space explosion inherent in SMT-based ver-
ification of GNNs. Increasing the graph size from one to two
vertices causes a dramatic rise in verification time, highlight-
ing the poor scalability of naive full symbolic encodings for
graph-structured neural models. This behavior arises because
each additional vertex introduces new symbolic variables for
node features, aggregation outputs, linear transformations,
and activation constraints; furthermore, ReLLU activations in-
duce case distinctions that significantly increase the number
of feasible solver paths, thereby aggravating solver complex-

1ty.

8 Conclusion and Future Work

The main result is the (co)NEXPTIME-completeness of veri-
fication tasks for GNNs with global readout. It helps to under-
stand the inherent complexity, and demonstrates that the veri-
fication of ACR-GNNS is highly intractable. To further guide
future research, we provide extensive experiments demon-
strating that quantised GNNs are essential. However, naive
approaches to verifying GNNSs, even over a set of graphs with
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a bounded number of vertices, quickly reach their limits, as
expected, given the inherently high complexity. This prompts
significant efforts of the research community towards ensur-
ing the safety of quantised GNN-based systems.

There are many directions to go. First, characterizing the
modal flavor of ¢L—a powerful graph property specification
language—for other activation functions than ReLU. New ex-
tensions of ¢L could also be proposed to tackle other classes
of GNNGs. Verification of neural networks is challenging and
is currently tackled by the verification community (Cordeiro
et al. 2025). So it will be for GNNs as well. Our verifi-
cation tool with a bound on the number of vertices is still
preliminary and a mere baseline for future research. One
obvious path would be to improve it, to compare different ap-
proaches (bounded model checking vs. linear programming
as in (Huang et al. 2024)) and to apply it to real GNN verifi-
cation scenarios. Designing a practical verification procedure
in the general case (without any bound on the number of
vertices) and overcoming the high computational complex-
ity is an exciting challenge for future research towards the
verification of GNNs.

Limitations. Section 5 and 6 reflect theoretical results.
Some practical implementations of GNNs may not fully align
with them. In particular, the order in the (non-associative)
summation over values in K is fixed in formulas (3) and
(4). Tt means that we suppose that the aggregation agg(1})
is computed in that order too (we sort the successors of a
vertex according to the values of ¥/ and then perform the
summation).

Reproducibility. The full proofs are provided in (Cher-
nobrovkin et al. 2026b).

To ensure reproducibility, we provide a replication package
containing the implementation, trained models, and verifica-
tion scripts. The package is publicly available via a GitHub
repository (Chernobrovkin et al. 2026a).

The implementation of the verification prototype is in-
cluded in the supplementary material and can be found in the
folder ‘src_verificationtool’.

The replication package for the experimental evalua-
tion of ACR-GNN quantization is provided in the folder
code_notebooks_csv. The Code subfolder contains the
Python implementation, accompanied by a README.md
file that documents the project structure and provides detailed
instructions for reproducing the experiments. The Notebooks
subfolder includes the analysis scripts, the corresponding .csv
files, and additional documentation describing their usage.
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