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Abstract
Answer set programming (ASP) in the NP fragment can be
solved by translating into propositional satisfiability (SAT).
However, for non-tight programs, this requires additional en-
codings to enforce acyclicity of the underlying dependency
graph, making acyclicity handling a key challenge in trans-
lating ASP encodings of decision and optimization prob-
lems into SAT and maximum satisfiability (MaxSAT). Var-
ious SAT encodings of acyclicity exploiting structural graph
properties have recently been proposed for various settings.
Focusing on ASP, we show that such encodings are captured
by a generalized transitive closure framework. The frame-
work can be instantiated for obtaining various types of refined
transitive closure encodings. We consider four concrete in-
stantiations framework, analyzing their correctness and size.
Putting the framework into practice, we show through exten-
sive empirical evaluation that current state-of-the-art SAT and
MaxSAT solvers are competitive with and often even outper-
form state-of-the-art native ASP solvers on both decision and
optimization problems.

1 Introduction
Answer set programming (ASP) (Lifschitz 2019; Niemelä
1999a) is a successful rule-based declarative paradigm that
allows for modelling and efficiently solving NP-hard deci-
sion and optimization problems. In terms of modelling, the
ASP language is particularly convenient as a high-level rep-
resentation language for modelling problems as logic pro-
grams.

In terms of solving, state-of-the-art ASP solvers allow for
efficiently finding intended solutions corresponding to sta-
ble models of an ASP program at hand. The core solving
algorithms are based on Boolean satisfiability (SAT) solv-
ing (Biere et al. 2021), in particular, the dominant conflict-
driven clause learning (CDCL) algorithm (Marques Silva
and Sakallah 1999; Marques-Silva, Lynce, and Malik 2021).
However, ASP solvers integrate specialized algorithmic
techniques as extensions of CDCL in order to exactly cap-
ture the stable model semantics. In particular, stable models
are more restrictive than the classical propositional seman-
tics, and require—specifically in the general case of for non-
tight ASP programs—enforcing acyclicity of the so-called
dependency graph of underlying an ASP program.

The key challenge in translating normal ASP programs
is in developing encodings for enforcing the acyclicity of

the dependency graph of a given program. Classical ap-
proaches to this task rely on transitive closure constructions
that capture reachability between pairs of vertices, but these
encodings can become prohibitively large. More recent
approaches exploit structural properties of the dependency
graph, for instance via techniques such as vertex elimina-
tion (Rankooh and Janhunen 2022) and related approaches,
to obtain more compact encodings by restricting the set of
path compositions that need to be considered (see Section 2
for a more thorough review of related literature).

In this work, we formalize a general transitive closure
framework for obtaining effective monolithic SAT encod-
ings of ASP, and put it into practice through several instanti-
ations for solving ASP encodings of decision and optimiza-
tion using state-of-the-art SAT and MaxSAT solvers. Our
acyclicity encoding framework, targeting the dependency
graph underlying ASP programs, is parameterized by a set
of transitivity triples that determine where path composi-
tion is permitted. We formally establish sufficient condi-
tions under which such restricted transitivity encodings are
correct. As we show, both classical transitive closure en-
codings and more recent approaches based on vertex elimi-
nation and cycle elimination (Rankooh and Rintanen 2022;
Rankooh, Niskanen, and Järvisalo 2025) are captured as spe-
cific instantiations of the framework. Indeed, the general
framework provides a unified perspective to relationships
between existing encodings, and provides a systematic basis
for deriving new encodings and analyzing their size in terms
of structural graph parameters such as elimination width and
ordered cycle rank. As concrete instantiations of the frame-
work, we introduce an ordered transitive closure encoding
and a feedback vertex set based encoding. In addition, we
establish new complexity results for the cycle elimination
based encoding—first time employed for SAT encodings of
ASP in this work—by relating its size to the well-known
graph parameter of cycle rank. Putting the encodings to
use for solving ASP encodings of decision and optimization
problems “in the wild”, we present results from an extensive
evaluation comparing the efficiency of state-of-the-art SAT
and MaxSAT solvers and state-of-the-art native ASP solvers
on both decision and optimization problems. To the best
of our knowledge, the use of modern MaxSAT solvers for
ASP optimization via translations to MaxSAT has not been
thoroughly evaluated to-date. The results show that, through
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the structure-based encodings, current SAT and MaxSAT
solvers are complementary to and even surpass (in particular
in the case of optimization) native ASP solvers in their effi-
ciency, with further promise ahead in making use of future
improvements in SAT and MaxSAT solving for improving
the state of the art in ASP solving.

2 Related Work
Despite the attractiveness of ASP as a high-level modelling
language, the number of state-of-the-art native ASP solvers
available today remains limited. Among these, Clasp (Geb-
ser, Kaufmann, and Schaub 2012) is arguably the most
widely used solver, alongside Wasp (Alviano et al. 2013),
both building on earlier systems such as Smodels (Syr-
jänen and Niemelä 2001) and DLV (Leone et al. 2006).
This situation contrasts with SAT and maximum satisfia-
bility (MaxSAT) (Bacchus, Järvisalo, and Martins 2021),
where a wide range of solvers are actively developed.

Motivated by this contrast, several approaches have aimed
at leveraging advances in SAT and MaxSAT solving for
ASP. Early SAT-based ASP solvers, including ASSAT (Lin
and Zhao 2002) and Cmodels (Giunchiglia, Lierler, and
Maratea 2004), rely on computing classical models of
Clark’s completion (Clark 1977) and iteratively eliminating
non-stable models by adding loop formulas (Lin and Zhao
2002). However, since acyclicity of the dependency graph is
not enforced during search, this approach may require intro-
ducing exponentially many loop formulas in the worst case,
which limits its competitiveness compared to modern native
ASP solvers.

To overcome this limitation, polynomial translations of
normal ASP programs into SAT have been extensively stud-
ied (Lin and Zhao 2003; Janhunen 2004), as well as ex-
tensions to richer frameworks such as SAT modulo theo-
ries, including bit-vectors (Nguyen, Janhunen, and Niemelä
2011), difference logic (Janhunen, Niemelä, and Seval-
nev 2009), and integer programming (Liu, Janhunen, and
Niemelä 2012). Another line of work avoids fully mono-
lithic encodings by extending SAT solvers with specialized
propagators to handle acyclicity as a global constraint (Geb-
ser, Janhunen, and Rintanen 2014a). More recently, progress
has been made in developing effective monolithic SAT en-
codings for ASP. In particular, acyclicity constraints can
be compiled into SAT using the vertex elimination tech-
nique (Rose, Tarjan, and Lueker 1976; Rankooh and Rinta-
nen 2022), which exploits structural properties of the depen-
dency graph. Empirical results show that this approach nar-
rows the performance gap between translation-based meth-
ods and native ASP solvers.

Classical encodings of acyclicity are based on transitive
closure constructions that capture reachability between all
pairs of vertices, but these encodings are often prohibitively
large. To address this, several structure-based refinements
have been proposed, including approaches based on vertex
elimination (Rankooh and Rintanen 2022; Rankooh and Jan-
hunen 2022), as well as more recent techniques such as cy-
cle elimination and refined ordering encodings (Rankooh,
Niskanen, and Järvisalo 2025). These approaches share the

common principle of enforcing acyclicity only over a care-
fully selected subset of edge compositions, guided by struc-
tural properties of the graph, leading to more compact en-
codings. In the context of ASP, prior work has primarily
focused on the vertex elimination encoding as a way of ex-
ploiting structural properties. Furthermore, empirical evalu-
ations of such encodings have so far been limited to decision
problems when compared against native ASP solvers.

3 Preliminaries
3.1 Answer Set Programming
We consider weight constraint programs (WCPs) consisting
of rules of the following forms:

a← b1 , . . . , bn, not c1 , . . . , not cm. (1)
{a} ← b1 , . . . , bn, not c1 , . . . , not cm. (2)
a← k ≤ [b1 = w1 , . . . , bn = wn, (3)

not c1 = wn+1 , . . . , not cm = wn+m].

The symbols a, b1 , . . . , bn, and c1 , . . . , cm are proposi-
tional atoms, and not denotes negation by default. The
bound k and the weights w1 , . . . , wn+m are non-negative
integers. Rules of the forms (1)–(3) are called normal,
choice, and weight rules, respectively.

Each rule r derives its head head(r) when the conditions
in its body body(r) are satisfied. For a choice rule, the
derivation of the head is optional. For a weight rule, the sum
of weights of satisfied body literals must reach the bound
k. We write body+(r) and body−(r) for the sets of atoms
occurring positively and negatively in the body of r, respec-
tively.

A normal logic program consists of normal rules only.
A program is positive if it contains no negation by de-
fault. For a program P , the definition of an atom a in P
is defP (a) = {r ∈ P | head(r) = a}. The signature of P
is the set of atoms At(P ) =

⋃
r∈P ({head(r)}∪body

+(r)∪
body−(r)).

The positive dependency graph of P is the directed graph
DG+(P ) = ⟨At(P ),⪰⟩, where a ⪰ b holds if there exists
a rule r ∈ P with head(r) = a and b ∈ body+(r). A
strongly connected component (SCC) of DG+(P ) is a max-
imal set of atoms that are mutually reachable via directed
paths. A program is considered non-tight if its positive de-
pendency graph contains at least one non-trivial SCC, i.e.,
an SCC consisting of more than one vertex.

An interpretation is a total function I : At(P )→ {⊤,⊥}
that assigns a truth value to each atom. For an atom a ∈
At(P ), we write I |= a if I(a) = ⊤. An interpretation
I satisfies a normal or weight rule r if whenever the body
of r is satisfied under I , the head head(r) is true under I .
Choice rules are satisfied unconditionally. An interpretation
M is a classical model of a program P , written M |= P , if
it satisfies all rules in P .

Every positive program has a unique least model: the
pointwise minimum truth assignment among all models of
P . This corresponds to the intersection of all sets of atoms
that are true in some model of P . Given an interpretation
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I , the reduct P I is obtained by removing all negative body
literals that are false under I and adjusting bounds accord-
ingly. An interpretation I is an stable model of P if it coin-
cides with the least model of its reduct, i.e., if I = LM(P I).
A classical model M is supported if every atom assigned
true by M occurs as the head of some rule whose body is
satisfied under M . Every stable model is supported, but the
converse does not hold in general.

Example 1. Consider the program P consisting of the fol-
lowing rules:

a← b, c. {b}. c← 3 ≤ [a = 1, b = 2, not b = 3].

The signature of P is At(P ) = {a, b, c}. The positive
dependency graph DG+(P ) contains edges (a, b), (a, c),
(c, a), and (c, b), and has two SCCs: {a, c} and {b}. The
program has two stable models, {b} and {c}. The interpre-
tation {a, b, c} is supported but not stable.

3.2 Graph Properties and Acyclicity
Let G = (V,E) be a directed graph, where V is a finite set
of vertices and E ⊆ V × V is a set of directed edges. A
directed graph is acyclic if and only if all of its SCCs are
singletons. A set F ⊆ V is a feedback vertex set (FVS)
of G if removing F and all incident edges yields an acyclic
graph. Equivalently, G[V \ F ] contains no directed cycle.
Feedback vertex sets provide a vertex-based characterization
of acyclicity.

The transitive closure of G is the directed graph G+ =
(V,E+) with (u, v) ∈ E+ if and only if there exists a
directed path from u to v in G. While the transitive clo-
sure provides a complete representation of reachability in a
graph, it represents strictly more information than is needed
to guarantee acyclicity: to detect directed cycles, it is not
necessary to know all reachable pairs of vertices; it suffices
to know whether any vertex can reach itself. As a result, rep-
resenting the full transitive closure introduces a large num-
ber of reachability relations that are irrelevant for cycle de-
tection and can significantly increase the size of the repre-
sentation. This observation motivates the use of alternative
graph constructions that preserve just enough reachability
information to detect cycles, while avoiding the overhead
of representing all pairs reachability. In the following, we
review vertex and cycle elimination graphs, which achieve
this by maintaining only selected reachability relations and
are therefore better suited for compact acyclicity encodings.

Vertex elimination (VE) graphs (Rose, Tarjan, and Lueker
1976) are closely related to acyclicity in directed graphs. Let
G = (V,E) be a directed graph, and let α : {1, . . . , |V |} →
V be a bijection that fixes an ordering of the vertices. For
a vertex v ∈ V , the fill-in of v is the set F (v) = {(x, y) |
(x, v) ∈ E, (v, y) ∈ E, x ̸= y}. Intuitively, the fill-in
contains all edges that represent paths of length two passing
through v. Eliminating a vertex v means removing v and all
edges incident to it, and then adding all edges in F (v). The
resulting graph is G(v) = (V \ {v}, E(v) ∪ F (v)), where
E(v) = {(x, y) ∈ E | x ̸= v and y ̸= v}.

Given an ordering α, the vertex elimination process re-
moves the vertices one by one following α. The sequence
of elimination steps produces a sequence of graphs G =
Gve

0 , Gve
1 , . . . , Gve

|V |−1, where for each i = 1, . . . , |V | − 1,
the graph Gve

i is obtained from Gve
i−1 by eliminating the ver-

tex α(i). At each elimination step, new fill-in edges may
be added. The union of all fill-in edges introduced dur-
ing the process is called the cumulative fill-in and is de-
fined as F ve

α (G) =
⋃|V |−1

i=1 Fi−1(α(i)), where Fi−1(α(i))
is the fill-in of α(i) computed in Gve

i−1. The vertex elimina-
tion graph corresponding to the ordering α is then G∗

α =
(V, E ∪ F ve

α (G)). A key property of vertex elimination
graphs is that if the original graph G contains a directed
cycle, then for any ordering α, the graph G∗

α contains a
directed cycle of length two. This property makes vertex
elimination useful for enforcing acyclicity, since such short
cycles are easy to detect and forbid.

The ordered elimination width δα(G) of G under the or-
dering α (Hunter and Kreutzer 2007) is the maximum num-
ber of outgoing edges of the vertex α(i) in the graph Gve

i−1
over all i = 1, . . . , |V |. By this measure, the number of
edges in the vertex elimination graph G∗

α is bounded by
O(|E|+δα(G)·|V |). Finding an ordering that minimizes the
elimination width is NP-complete (Rose, Tarjan, and Lueker
1976). In practice, however, simple heuristics often work
well. Common examples include the minimum fill-in and
minimum degree heuristics, which at each step choose a ver-
tex whose elimination introduces few new edges or has a low
degree in the current graph.
Example 2 (Vertex Elimination). Figure 2(a) shows the di-
rected graph. The remaining figures illustrate the vertex
elimination process. Vertices with low degree are eliminated
first in order to keep the amount of fill-in small. When v6 is
eliminated, only the edge (v4, v5) is added, as shown in Fig-
ure 1(b). Next, eliminating v2 introduces the edge (v3, v4),
as shown in Figure 1(c). Eliminating v3 then results in the
graph shown in Figure 1(d). No additional fill-in edges are
created, and the final vertex elimination graph is shown in
Figure 1(e).
Cycle elimination graphs (Rose, Tarjan, and Lueker 1976)
allow for describing how directed cycles can be removed
step by step by deleting vertices and simplifying the re-
maining graph structure. Unlike vertex elimination, which
adds edges and therefore increases connectivity, cycle elim-
ination works in the opposite direction. Repeatedly col-
lapsing strongly connected components gradually removes
connectivity from the graph. This makes cycle elimination
fundamentally different from vertex-elimination-based ap-
proaches to acyclicity.

Let G = (V,E) be a directed graph. For a vertex v ∈ V ,
the cycle elimination fill-in of v is the set of all outgoing
edges of v in the transitive closure G+ of G. In other words,
the fill-in consists of all pairs (v, u) such that u is reach-
able from v in G. Given a vertex ordering α, the cycle
elimination process produces a sequence of directed graphs
G = Gce

0 , Gce
1 , . . . , Gce

|V |−1. For each i = 1, . . . , |V |−1, the
graph Gce

i is obtained from Gce
i−1 by first removing the ver-

tex α(i) together with all edges incident to it, and then iden-
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Figure 1: An example of the vertex elimination process.
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(b)

v2

v3

v4

v6

(c)

{v2, v3, v4, v5, v6}

{v2} {v3} {v5} {v6}

(d)

{v2, v3, v4, v5, v6}

{v2, v3, v4}

{v2} {v3}

{v6}

(e)

Figure 2: Cycle elimination examples and the corresponding cycle elimination decomposition trees.

tifying the strongly connected components of the remaining
graph and removing all edges that leave these components.
In this way, edges that could contribute to cycles are pro-
gressively eliminated.

The union of all fill-in edges introduced during this pro-
cess is the cumulative cycle elimination fill-in F ce

α (G) =⋃|V |−1
i=1 F ce

i−1(α(i)), where F ce
i−1(α(i)) denotes the cycle

elimination fill-in of α(i) computed in Gce
i−1. The cycle

elimination graph corresponding to the ordering α is then
defined as G+

α = (V, F ce
α (G)). By construction, the graph

G+
α is always a subgraph of the transitive closure G+ of

G. In general, it can be a strict subgraph, since the fill-in
F ce
i−1(α(i)) may include only some of the outgoing edges of

α(i) in G+. Despite this restriction, G+
α retains a crucial

property of the full transitive closure: if the original graph
G contains a directed cycle, then for any ordering α, the
graph G+

α contains a directed cycle of length two (Rankooh,
Niskanen, and Järvisalo 2025). This makes cycle elimina-
tion graphs suitable for enforcing acyclicity.

Cycle rank (Eggan 1963) is a classical measure of how far
a directed graph is from being acyclic and is closely related
to the cycle elimination process. The cycle rank r(G) of
a directed graph G is defined recursively as follows. If G
is acyclic, then r(G) = 0. If G is strongly connected and
nonempty, then r(G) = 1 + minv∈V r(G − v). Otherwise,
r(G) is the maximum cycle rank among the strongly con-
nected components of G. Computing the cycle rank is NP-
hard even for sparse directed graphs (Gruber 2012). How-
ever, if the order in which vertices are removed is fixed, as
in the cycle elimination process, one obtains the notion of
ordered cycle rank. Given an ordering α, the ordered cy-
cle rank rα(G) is defined by applying the same recursion as
above, but restricting vertex removals to follow α, so that
at each step only the next vertex in the order may be re-
moved. This yields a tractable measure that directly reflects
the structure revealed by cycle elimination.

The cycle elimination process can be represented using a

tree-based structure called the cycle elimination decomposi-
tion tree. This structure makes explicit how vertices are re-
moved and how the graph breaks into smaller strongly con-
nected components during the process. Let G = (V,E) be a
directed graph and let α be a fixed ordering of the vertices.
We run the cycle elimination process on G according to α
and construct a rooted tree T = (N ,A), where each node
is labeled by a subset of vertices. The root of the tree is la-
beled by the full vertex set V . For a node X ∈ N , let G[X]
denote the subgraph of G induced by the vertices in X . If
|X| = 1, then X is a leaf of the tree. Otherwise, let v be the
vertex in X that appears first in the ordering α. The vertex
v is eliminated at node X .

After eliminating v from G[X], we consider the strongly
connected components of the remaining graph G[X \ {v}].
For each such strongly connected component C, we add a
child node of X to the tree, labeled by the vertex set V (C).
This process is then applied recursively to each child node.
For every vertex v ∈ V , there is a unique node of the tree at
which v is eliminated. We denote this node by Xv , which is
the node whose label contains v and in which v is the first
vertex under the ordering α.

This construction directly mirrors the cycle elimination
process. Each node of the tree corresponds to the elimina-
tion of one vertex, followed by a decomposition of the re-
maining graph into strongly connected components. As a
result, the depth of the cycle elimination decomposition tree
is exactly the ordered cycle rank rα(G).

Example 3 (Cycle Elimination). Figures 2(d–e) show two
cycle elimination decomposition trees constructed for the
graph in Fig 2(a) using different vertex orderings. These
trees illustrate how the chosen ordering directly influences
both the structure of the decomposition and the resulting or-
dered cycle rank. In Fig. 2(d), the elimination process starts
with vertex v4. After removing v4, the remaining graph
breaks into strongly connected components that each con-
tain a single vertex. As a result, the decomposition tree has
depth one, which equals the ordered cycle rank for any or-
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dering that begins with v4. Figure 2(e) shows the decompo-
sition obtained when the process starts by eliminating v5.
In this case, the remaining graph contains the nontrivial
strongly connected component {v2, v3, v4}, which requires
an additional elimination step. Removing v4 from this com-
ponent splits it into the two single-vertex components {v2}
and {v3}; the resulting decomposition tree has depth two.

4 ASP as SAT Modulo Acyclicity
We recall the standard translation of logic programs under
stable model semantics into propositional satisfiability mod-
ulo acyclicity. The translation follows earlier work on ASP-
to-SAT encodings (Gebser, Janhunen, and Rintanen 2014b;
Bomanson et al. 2016) and consists of three phases: instru-
mentation with an explicit acyclicity constraint, normaliza-
tion, and propositional completion.

To make the minimality condition of stable models ex-
plicit, the program is instrumented with additional rules that
encode the acyclicity of the positive dependency graph. For
atoms occurring in non-trivial strongly connected compo-
nents, dependency atoms dep(a, b) are introduced to rep-
resent the activation of dependency edges (a, b). For each
such dependency, a choice rule {dep(a, b)} ← b is added.
To enforce well-supportedness, for each defining rule r ∈
defP (a) a fresh atom ws(r) is introduced. Assuming that
the positive body of r is ordered so that b1, . . . , bl belong to
the same SCC as a, while bl+1, . . . , bn do not, well-support
is captured by the rule

ws(r)← dep(a, b1) , . . . , dep(a, bl),

bl+1 , . . . , bn, not c1 , . . . , not cm.
(4)

for normal and choice rules, and by

ws(r)← k ≤ [dep(a, b1) = w1 , . . . , dep(a, bl) = wl,

bl+1 = wl+1 , . . . , bn = wn,

not c1 = wn+1 , . . . , not cm = wn+m].
(5)

for weight rules. A constraint is added to ensure that every
true atom is well-supported. The resulting program, denoted
TrACYC(P ), is interpreted under ASP modulo acyclicity se-
mantics, where supported models must induce an acyclic de-
pendency graph.

Weight constraint programs (WCPs) are then rewritten
into equivalent normal logic programs. Extended rule types,
such as choice rules and weight rules, can be expressed us-
ing normal rules by introducing auxiliary atoms (Bomanson,
Gebser, and Janhunen 2014). We denote by TrNORM(P ) the
result of applying a fixed normalization scheme to a WCP
P . Normalization preserves stable models up to the orig-
inal program signature and enables the subsequent transla-
tion steps to operate on normal rules only.

The final phase translates the instrumented normal logic
program into a propositional formula using Clark’s comple-
tion. For each rule r, a fresh atom bt(r) is introduced to
represent the satisfaction of the rule body:

bt(r) ↔
∧

b∈body+(r)

b ∧
∧

c∈body−(r)

¬c. (6)

Each ordinary atom a is then defined by

a ↔
∨

r∈defP (a)

bt(r). (7)

The equivalences (6) and (7) are clausified using a Tseitin-
style transformation to keep the translation linear in size.
Dependency and well-support atoms introduced during in-
strumentation are treated as ordinary atoms and preserved
by the completion. We denote the resulting propositional
theory by TrCOMP(P ).
Proposition 1. (Bomanson et al. 2016) Let P be
a weight constraint program. An interpretation
M : At(P ) → {⊤,⊥} is a stable model of P if
and only if there exists a propositional interpretation
N : At(TrCOMP(TrNORM(TrACYC(P )))) → {⊤,⊥}
such that N |= TrCOMP(TrNORM(TrACYC(P ))),
M(a) = N(a) for all a ∈ At(P ), and the depen-
dency graph induced by {(a, b) | N(dep(a, b)) = ⊤} is
acyclic.

5 A General Transitive Closure Framework
In this section, we present a general transitive-closure frame-
work. It is based on the classical transitive-closure encoding
that we review first, but enforces transitivity only on a se-
lected set of vertex triples while still guaranteeing acyclicity.

5.1 Classical Transitive Closure Encoding
Let G = (V,E) be a directed graph and let≤ be a fixed total
order on V . For symmetry reduction, we introduce proposi-
tional variables eu,v only for pairs of distinct vertices with
u < v. For convenience, we use the notation e∗u,v to denote
eu,v if u < v and ¬ev,u otherwise. For every dependency
atom dep(u, v) occurring in the input, we add the clause

¬ dep(u, v) ∨ e∗u,v. (8)

This ensures that whenever a directed edge (u, v) is selected,
the corresponding order literal is set consistently with the
symmetry-reduced representation. As a consequence of this
encoding, directed 2-cycles are inherently forbidden, since
e∗u,v and e∗v,u cannot be simultaneously satisfied.

The classical transitive-closure encoding enforces tran-
sitivity using the transitive closure G+ = (V,E+) of G,
where (u, v) ∈ E+ holds iff there exists a directed path from
u to v in G. For every (u,w, v) ∈ V × V × V , it adds

¬e∗u,w ∨ ¬e∗w,v ∨ e∗u,v. (9)

5.2 Generalized Transitive Closure Encoding
We generalize the classical transitive-closure encoding by
enforcing transitivity only for a selected set T ⊆ V ×V ×V
of triples. We write ΦT,+(G) for the formula consisting of
all clauses (8) and all clauses (9) for (u,w, v) ∈ T . To rea-
son about correctness, we use the concepts of the underlying
graph of a model and T -transitive closure.
Definition 5.1 (Underlying graph of a model). Let Φ be
a propositional formula whose atoms include dependency
atoms dep(u, v), and let M be a model of Φ. The underly-
ing graph of M is the directed graph GM = (V,EM ), where
EM = {(u, v) |M |= dep(u, v)}.
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Definition 5.2 (T -transitive closure). Let G = (V,E) be a
directed graph and T ⊆ V × V × V . The T -transitive clo-
sure of G is the directed graph GT,+ = (V,ET,+), where
ET,+ ⊆ V × V is the least set of edges satisfying the fol-
lowing conditions: (u, v) ∈ E implies (u, v) ∈ ET,+, and
whenever (u,w, v) ∈ T , (u,w) ∈ ET,+, and (w, v) ∈
ET,+, we have (u, v) ∈ ET,+.

Intuitively, the graph GT,+ captures reachability in G
when transitivity is permitted only along vertex triples ex-
plicitly listed in T . In contrast to the classical transitive clo-
sure G+, the graph GT,+ may contain strictly fewer edges,
reflecting the fact that only selected compositions of paths
are enforced.

Definition 5.3 (Cycle coverage). Let G = (V,E) be a di-
rected graph, T ⊆ V ×V ×V , and C be a directed cycle in
G. The set T covers the cycle C if there exist distinct vertices
u, v ∈ C such that (u, v) ∈ ET,+ and (v, u) ∈ ET,+.

This notion says that the restricted closure GT,+ is still
strong enough to witness the cyclicity of C via mutual reach-
ability of some vertex pair on the cycle. When T covers
C, any satisfying assignment of the corresponding transitiv-
ity constraints must encode a directed 2-cycle for that pair,
which conflicts with acyclicity in the symmetry-reduced rep-
resentation.

We now establish the soundness and completeness of
our generalized transitive-closure constraints when they are
combined with an arbitrary formula Φ that selects a directed
graph via the dependency atoms. Intuitively, ΦT,+(G) acts
as a cycle detector over the underlying graph induced by a
model: if T covers all directed cycles of G, then any cyclic
choice of dependency edges would force a pair of opposite
reachability literals to become true in the restricted closure,
which is impossible under the symmetry-reduced represen-
tation. Consequently, adding ΦT,+(G) does not rule out any
acyclic solution allowed by Φ (completeness), but it elimi-
nates every cyclic solution of Φ (soundness).

Lemma 5.1. For a directed graph G = (V,E) and a set
T ⊆ V ×V ×V , consider a model M of Φ∧ΦT,+(G) with
underlying graph GM . Denote by GT,+

M the T -transitive clo-
sure of GM . If (u, v) ∈ ET,+

M , then M |= e∗u,v .

Proof. We prove the claim by induction on the construction
of GT,+

M as defined in Definition 5.2. For the base case,
suppose that (u, v) ∈ ET,+

M holds due to (u, v) ∈ EM .
Then trivially M |= e∗u,v . For the inductive step, suppose
(u, v) ∈ ET,+

M holds because there exists a vertex w ∈ V

and a triple (u,w, v) ∈ T such that (u,w) ∈ ET,+
M and

(w, v) ∈ ET,+
M . By the induction hypothesis, we have

M |= e∗u,w and M |= e∗w,v . Since (u,w, v) ∈ T , the cor-
responding transitivity clause ¬e∗u,w ∨¬e∗w,v ∨ e∗u,v appears
in ΦT,+(G). Because M satisfies this clause and both e∗u,w
and e∗w,v are true under M , we have M |= e∗u,v . Thus, in all
cases, (u, v) ∈ ET,+

M implies M |= e∗u,v .

Theorem 5.1 (Correctness of generalized transitive closure
encoding). Let G = (V,E) be a directed graph, Φ be

a propositional formula whose atoms include dependency
atoms dep(u, v), and let T ⊆ V × V × V . Assume that T
covers every directed cycle of G. Then the following hold:

(i) If Φ has a model M whose underlying graph GM is
acyclic, then Φ ∧ ΦT,+(G) is satisfiable by an extension
of M .

(ii) If Φ ∧ ΦT,+(G) is satisfiable by a model M , and N is
the restriction of M to the atoms occurring in Φ, then the
underlying graph GN is acyclic.

Proof. (i) Assume that Φ has a model M such that its un-
derlying graph GM is acyclic. Let ≺ be a topological order
of GM . We extend M to a model M ′ of ΦT,+(G) by set-
ting, for all distinct p, q ∈ V , M ′ |= e∗p,q iff p ≺ q.
By construction, M ′ agrees with M on all atoms of Φ,
and hence M ′ |= Φ. Consider any transitivity clause of
ΦT,+(G) corresponding to a triple (p, q, r) ∈ T , namely
¬e∗p,q ∨ ¬e∗q,r ∨ e∗p,r. If M ′ |= e∗p,q and M ′ |= e∗q,r, then
p ≺ q and q ≺ r, and by transitivity of ≺ we obtain p ≺ r,
hence M ′ |= e∗p,r. Thus all clauses of ΦT,+(G) are satisfied,
and M ′ |= Φ ∧ ΦT,+(G).

(ii) Assume that Φ ∧ ΦT,+(G) is satisfiable and let M
be a model of it. Let N be the restriction of M to the
atoms of Φ. Suppose, for a contradiction, that the under-
lying graph GN contains a directed cycle C. Since M ex-
tends N , the same cycle exists in GM . Because T cov-
ers every directed cycle of G, it also covers C. By Defi-
nition 5.3, there exist distinct vertices u, v ∈ C such that
(u, v) ∈ ET,+

M and (v, u) ∈ ET,+
M , where GT,+

M denotes
the T -transitive closure of GM . By Lemma 5.1, this implies
M |= e∗u,v and M |= e∗v,u. Since u ̸= v, the symmetry-
reduced definition of e∗ makes these literals negations of
each other, contradicting that M |= ΦT,+(G). Hence, GN

must be acyclic.

Encoding Size. The formula ΦT,+(G) contains exactly |T |
transitivity clauses from (9), for a total of |E|+ |T | clauses.
The variables are the dependency variables dep(a, b) for un-
ordered pairs {a, b} that occur in E or in some triple of T .
This is O(|V |2) variables. In practice, however, the number
of introduced variables can be considerably smaller as some
instantiations of our framework restrict T to a small subset
of V × V × V . In the next section, we show how the size of
the resulting encodings can be bounded in terms of structural
measures of the graph G.

6 Instantiating the Framework
We now describe several concrete instantiations of the gen-
eralized transitive closure framework obtained by different
choices of the transitivity triple set T . In each case, we
briefly argue correctness by verifying cycle coverage with
respect to the T -transitive closure GT,+, and analyze the size
of the resulting encoding.

6.1 Full Transitive Closure
For the naive instantiation corresponding to the full transi-
tive closure, we set T = V × V × V . This enforces transi-
tivity for all vertex triples and thus corresponds to explicitly
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encoding the full transitive closure. Cycle coverage is im-
mediate as every possible triple is included and hence GT,+

coincides with the classical transitive closure G+. The en-
coding introduced O(|V |2) variables and O(|V |3) clauses,
which can be prohibitively large.

6.2 Alternative Transitive Closure Encoding
A more compact instantiation (Cussens et al. 2017) restricts
transitivity to triples T = {(v, w, u) | v, w ∈ V, (w, u) ∈
E}. Here, transitivity is enforced only when the first edge
is an arbitrary reachability edge and the second is an orig-
inal edge. Cycle coverage holds because the resulting T -
transitive closure GT,+ is identical to the classical transitive
closure G+. The number of clauses is O(|V ||E|) and vari-
able O(|V |2). This encoding is asymptotically smaller than
the full transitive closure but still potentially large.

6.3 Ordered Transitive Closure Encoding
This instantiation further reduces the number of enforced
transitivity constraints by fixing a vertex ordering α and
restricting transitivity to triples T = {(v, w, u) | v, w ∈
V, (w, u) ∈ E, α(v) < α(w), α(v) < α(u)}. Thus, tran-
sitivity is enforced only when path composition respects the
given ordering. Cycle coverage is achieved by letting x be
the smallest vertex on a directed cycle C under α, for every
other vertex y on C we have (x, y) ∈ ET,+. In particular,
if y is the in-neighbor of x on C, both (x, y) and (y, x) be-
long to ET,+. Compared to the alternative transitive closure
encoding, this instantiation reduces the number of transitiv-
ity clauses by roughly a factor of two, still using O(|V |2)
variables.

6.4 Feedback Vertex Set–Based Encoding
A further refined instantiation employs a given feedback
vertex set F ⊆ V together with a vertex ordering α. In
this instantiation, transitivity is restricted to triples T =
{(v, w, u) | v ∈ F, (w, u) ∈ E, α(v) < α(w) if w ∈ F}.
Thus, transitivity is enforced only for compositions rooted at
vertices in the feedback vertex set, with ordering constraints
applied among vertices of F . Cycle coverage holds because
every directed cycle intersects F . Letting x be the vertex of
minimum α on a cycle within F , for any other vertex y on
the same cycle we obtain (x, y) ∈ ET,+, and in particular
for the predecessor y of x on the cycle both (y, x) and (x, y)
belong to ET,+. As a result, the T -transitive closure graph
GT,+ contains the necessary mutual reachability to detect
cycles. The size of the encoding depends on |F |: the num-
ber of transitivity clauses is O(|F ||E|), and the number of
variables is O(|F ||V |), yielding a substantially more com-
pact encoding when F is small.

6.5 Vertex Elimination Encoding
The next instantiation is based on the vertex elimination pro-
cess induced by a fixed ordering α (Rankooh and Janhunen
2022). Let G∗

α be the vertex elimination graph obtained by
cumulatively adding fill-in edges during elimination, and for
each vertex w let F (w) denote the set of fill-in edges intro-
duced when w is eliminated. We restrict transitivity to the

set T = {(v, w, u) | (v, u) ∈ F (w)}, that is, transitivity
is enforced only along reachability shortcuts explicitly cre-
ated by the elimination process. Intuitively, each fill-in edge
represents a valid shortcut created by vertex elimination, and
restricting transitivity in this way makes the T -transitive clo-
sure graph GT,+ reflect exactly these shortcuts. To see why
cycle coverage holds, let C be a directed cycle in G, and
let x and y be the last two vertices of C under the order-
ing α. During vertex elimination, all other vertices of C
are eliminated before x and y, and the connectivity of C
is successively bypassed through fill-in edges. As a result,
the current elimination graph contains both edges (x, y) and
(y, x). Because each such shortcut arises from a fill-in step
and is encoded by a triple in T , both edges belong to the
T -transitive closure graph GT,+, forming a directed 2-cycle.
Hence, GT,+ captures mutual reachability for every directed
cycle of G. The number of transitivity clauses equals the
number of fill-in edges, which is O(δ2α(G)|V |) (Rankooh
and Rintanen 2022), where δα(G) is the elimination width,
and the total number of variables is O(|E| + δα(G)|V |).
This yields the standard vertex-elimination-based encoding
of acyclicity, modified by symmetry-reducing variables.

6.6 Cycle Elimination Encoding

Finally, we detail an instantiation based on the cycle elimi-
nation process induced by a fixed ordering α. Let G+

α be the
cycle elimination graph obtained by cumulatively collecting
the cycle elimination fill-in during the process, and let Xv

denote the node of the cycle elimination decomposition tree
at which vertex v is eliminated. We restrict transitivity to the
set T = {(v, w, u) | w, u ∈ Xv, w ̸= u}, that is, transitiv-
ity is enforced only among vertices that coexist in the same
cycle elimination component at the moment v is eliminated.
Intuitively, each such component represents a strongly con-
nected subgraph whose internal reachability is relevant for
detecting cycles, and restricting transitivity to these sets en-
sures that GT,+ reflects exactly the reachability information
exposed by cycle elimination. To see why cycle coverage
holds, let C be a directed cycle in G, and let x be the first
vertex of C under the ordering α. By the definition of the
cycle elimination decomposition tree, all other vertices of
C remain in the same strongly connected component at the
moment x is eliminated, and hence all vertices of C \ {x}
are members of Xx. In particular, if y is the predecessor of x
on the cycle C, then both (x, y) and (y, x) belong to the T -
transitive closure graph GT,+, yielding a directed 2-cycle.
Thus GT,+ captures mutual reachability for every directed
cycle of G. The size of the encoding can be analyzed level
by level using the cycle elimination decomposition tree. At
each level, the total number of transitivity triples added to T
is at most |E|, since each level corresponds to a decomposi-
tion into strongly connected components of a subgraph of G.
Likewise, the number of dependency variables introduced
per level is at most |V |. Summing over all levels yields a
total of O(rα(G)|E|) transitivity clauses and O(rα(G)|V |)
variables, where rα(G) is the ordered cycle rank. This yields
a cycle-elimination-based acyclicity encoding whose size is
parameterized by the ordered cycle rank of G.
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7 Empirical Evaluation
We report on an extensive empirical evaluation of the per-
formance of SAT and MaxSAT solvers on the (Max)SAT
encodings of typical ASP benchmarks using the various
acyclicity encodings against the current state-of-the-art na-
tive ASP solvers. We emphasize that modern MaxSAT
solvers for ASP optimization have not been thoroughly eval-
uated to-date to the best of our knowledge.

As the tool chain, we first use the tools lp2acyc,
lp2normal2, and lp2sat from the ASPTOOLS library (Jan-
hunen 2018) for instrumentation, normalization, and trans-
lation to SAT modulo graphs, respectively. Our implemen-
tations of the acyclicity encoding then translate the result-
ing SAT modulo graph instances to SAT (in case of decision
problems) or MaxSAT (for optimization problems). The im-
plemented translators are available at https://bitbucket.org/
coreo-group/aspbymaxsat.

In our implementation of the encodings, for the vertex
elimination based encoding (VE) we compute the elimina-
tion ordering using the minimum-degree heuristic, i.e., it-
eratively eliminating a vertex with the smallest degree at
each step. For the cycle elimination based encoding (CE),
we use a simple elimination ordering based on maximum
degree, with the aim of efficiently breaking strongly con-
nected components. For the feedback vertex set based en-
coding (FVS), vertices with maximum degree are iteratively
added to the set until a feedback vertex set is obtained. For
the ordered transitive closure encoding (TC-ord), we use the
vertex ordering directly from the atom numbering provided
by lp2sat. These heuristic methods are intentionally simple,
and it is likely that employing more sophisticated strategies
could further improve the compactness of the encodings and
thereby solver performance. The full transitive closure en-
coding (TC) and the alternative transitive closure encoding
(TC-2) are used as defined earlier.

For decision problems, we use Kissat (Biere et al.
2020) 4.0.2 as the SAT solver on the SAT encodings.
For optimization, we mainly focus on the results ob-
tained using the solution-improving search style MaxSAT
solver Pacose (Paxian, Reimer, and Becker 2018) (ver-
sion MSE2024). We also provide a separate comparison
of the runtime performance resulting from using differ-
ent MaxSAT solvers, representing different algorithmic ap-
proaches to MaxSAT: the implicit hitting set based MaxSAT
solver MaxHS (Davies and Bacchus 2011) 5.0.0, the core-
guided OLL-based MaxSAT solver UWrMaxSAT (Piotrów
2020) 1.7.0, and the clause-learning branch-and-bound
MaxSAT solver WMaxCDCL (Coll et al. 2025) (version
MSE2024). All solvers were run in their default settings
without parameter tuning.

We compare to the state-of-the-art native ASP solvers
Clingo (Gebser et al. 2019) 5.7.1 and WASP (Alviano et
al. 2015) 2.0 both on decision and optimization problems.
For Clingo, on optimization problems, we consider both its
default branch-and-bound (BB) algorithm and the alterna-
tive core-guided OLL optimization algorithm (USC) (An-
dres et al. 2012) Clingo offers. We note that both the earlier
native solvers Smodels and DLV, and the earlier-proposed
SAT-based approaches a la ASSAT and Cmodels using loop

formulas (as the approach can introduce a prohibitive num-
ber of loop formulas on non-tight programs (Giunchiglia,
Lierler, and Maratea 2006; Janhunen 2006)) are known not
to be competitive with Clingo and WASP.

We focus on non-tight ASP benchmarks, since tight pro-
grams can be translated through Clark’s completion directly
to SAT/MaxSAT without need for the acyclicity encodings
and are as such uninteresting for the evaluation. The op-
timization benchmark sets (with their corresponding ASP
Competition year in parentheses) are Bayesian Network
Learning (Bayes) (2017), Connected Maximum-Density Still
Life (Connect) (2015), Markov Network Learning (Markov)
(2017), Traveling Salesman Problem (TSP) (2017), and
Valves Location Optimization (Valves) (2015). The deci-
sion benchmark sets are Combined Configuration (Comb)
(2015), Knight Tour With Holes (Knight) (2015), Labyrinth
(Lab) (2015), Maze Generation (Maze) (2011), and Random
NonTight (Rand) (2007), We additionally include a set of
300 Hamiltonian cycle (Ham) benchmarks using encoding
from (Niemelä 1999b), derived from 30 randomly generated
planar graphs with 60, 70, . . . , 150 vertices.

The experiments were run under Linux on computing
nodes with 2.40-GHz Intel Xeon Gold 6148 CPUs and 381-
GB memory, using a per-instance time limit of 1200 seconds
(following the ASP Competitions) and a memory limit of 16
GB. All solvers were executed using a single thread.

Overviews of the results are shown in Tables 1–2 and
Figure 3. Tables 1–2 show the number of solved instances
on decision and optimization problems, respectively, for the
various (Max)SAT encodings, with a comparison to Clingo
and Wasp. Overall, we observe that especially the CE encod-
ing yields very competitive results compared to the state-of-
the-art native ASP solvers. CE results in the greatest number
of instances solved for both decision and optimization prob-
lems. All encodings apart from TC-2 result in the (Max)SAT
solver outperforming Clingo and Wasp on the entire bench-
mark set. The relative performance of the (Max)SAT solver
compared to Clingo and Wasp depends on the problem do-
main, with somewhat complementary performance. The
SAT solver outperforms the ASP solvers most noticeably on
Ham, and the MaxSAT solver very significantly on Connect.
Figure 3 provides an alternative view to the results, showing
the number of solved instances over per-instance time, over
30 randomly sampled instances per benchmark domain to
balance the impact of individual domains1. Figure 3(b) in
particular shows that the MaxSAT solver outshines the ASP
solvers overall.

Finally, we consider the relative performance of different
state-of-the-art MaxSAT solvers on the optimization prob-
lems (Table 3) using the well-performing CE encoding. As
Clasp can also be used directly as a MaxSAT solver, we also
include it (column “Clasp (MaxSAT)”) in its default settings
in this comparison. The results highlight how the variety
of MaxSAT solvers available today, implementing different
types of SAT-based algorithms, have the potential of signif-

1We confirmed by repeating the sampling 10 times that the so
obtained median runtimes exhibit similar trends as the data pre-
sented in Figure 3)
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Benchmark Acyclicity Encoding + Kissat Clingo Wasp
VE CE FVS TC-ord TC-2 TC

Comb 68 62 56 56 48 34 67 19
Ham 294 300 299 296 300 265 217 286
Knight 27 30 28 29 29 7 40 40
Lab 216 217 212 211 214 113 223 195
Maz 50 50 46 50 39 0 50 50
Rand 14 14 14 14 14 14 14 14
Total 669 673 655 656 644 433 611 604

Table 1: Decision problems: Number of instances solved within 1200 s.

Benchmark Acyclicity Encoding + Pacose Clingo Wasp
VE CE FVS TC-ord TC-2 TC BB USC

Bayes 50 50 50 45 46 16 44 32 33
Connect 109 111 110 106 106 101 18 73 79
Markov 33 30 7 20 8 0 34 0 0
TSP 0 0 0 0 0 0 0 0 0
Valve 12 13 12 12 11 12 58 23 47
Total 204 204 179 183 171 129 154 128 159

Table 2: Optimization problems: Number of instances solved within 1200 s.

Figure 3: Number of instances solved over per-instance time. Left: decision benchmarks, right: optimization benchmarks.

Domain Pacose UWrMaxSat WMaxCDCL MaxHS Clasp (MaxSAT) VBS
Bayes 50 55 58 49 48 58
Connect 111 82 48 78 16 112
Markov 30 16 47 16 57 57
TSP 0 23 9 4 0 23
Valve 13 16 9 12 15 16
Total 204 192 171 159 136 266

Table 3: Number of solved instances by different MaxSAT solvers using the CE encoding.

icantly scaling up ASP optimization on a per-domain basis.
While we focused on Pacose in reporting the earlier compar-
ison, we observe that, e.g., on TSP benchmarks especially
UWrMaxSat excels: it solves 23 TSP benchmarks, whereas
the native ASP solvers cannot solve any (see Table 2). Inter-
estingly, Clasp as a MaxSAT solver excels on Markov, solv-

ing 57 benchmarks against Clingo solving 34 in its default
mode, while neither Clingo using USC nor Wasp can solve
any of the Markov benchmarks. All in all, the diversity of
MaxSAT solvers offers significant advances to the state of
the art in ASP optimization.
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8 Conclusions
A key challenge in making use of recent and on-going ad-
vances in SAT and MaxSAT solving for ASP is developing
effective ways of enforcing acyclicity of the underlying de-
pendence graphs of ASP programs in order to capture the
stable model semantics. We formalized a general framework
for such encodings, capturing various recently-proposed re-
fined structure-based transitive closure encodings of acyclic-
ity as well as novel ones in a unifying way. Instantiating sev-
eral encodings that fit the framework, we showed through
an extensive empirical evaluation that by employing the
encodings—such as on based on cycle elimination—state-
of-the-art SAT and MaxSAT solvers in particular turn out
to be competitive and even outperform state-of-the-art na-
tive ASP solvers. Developing further encodings as instanti-
ation of the framework; making use of future improvements
in SAT and MaxSAT and tuning them specifically for ASP;
employing the various alternative encoding either within a
parallel and/or portfolio solving approach; and foundations
research towards developing an in-depth understanding on
which types of MaxSAT algorithms work best when are ex-
amples of interesting directions for future work.
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