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Abstract

Constraint-based causal discovery is brittle in finite-sample
regimes because erroneous conditional-independence (CI) de-
cisions can cascade into substantial structural errors. We
propose Quantitative Argumentation for Causal Discovery
(QACD), a semantics-driven framework that represents CI out-
comes as graded, defeasible arguments rather than irreversible
constraints. QACD maps statistical test outcomes to argu-
ment strengths and aggregates conflicting evidence through
connectivity-mediated witness propagation, producing a fixed-
point acceptability labeling over candidate adjacencies. Ex-
periments on standard benchmark Bayesian networks suggest
that QACD improves structural coherence and interventional
reliability in several noisy or inconsistent CI regimes, while
remaining competitive with classical constraint-based, hybrid,
and prior argumentation-based baselines.

1 Introduction

Causal discovery, the task of inferring causal structure from
observational data, is a central problem in Artificial Intel-
ligence, as it enables reasoning systems to move beyond
statistical association toward interventional and counterfac-
tual reasoning (Neuberg 2003; Yang et al. 2025). The ob-
jective is to reconstruct the underlying Directed Acyclic
Graph (DAG), or more practically its Markov equivalence
class—typically represented as a Completed Partially Di-
rected Acyclic Graph (CPDAG)—from independent and iden-
tically distributed (i.i.d.) samples drawn from an unknown
joint distribution. Such causal models underpin applications
ranging from gene regulatory network analysis (Sachs et al.
2005) to economic and social policy evaluation (Athey and
Imbens 2017).

Two paradigms dominate the literature. Score-based
methods search for a graph maximizing a penalized
likelihood score (Chickering 2002; Zheng et al. 2018),
while constraint-based methods infer structure by testing
conditional-independence (CI) relations (Spirtes, Glymour,
and Scheines 2000; Colombo, Maathuis, and others 2014).
Within the latter family, the Peter—Clark (PC) algorithm re-
mains a canonical reference due to its efficiency and asymp-
totic guarantees: under standard assumptions, PC is sound
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and consistent when CI queries are answered by an oracle.

In practice, however, CI evidence obtained from statisti-
cal testing is inherently uncertain. Finite samples, measure-
ment error, and mismatches between test assumptions and
data routinely produce both false independences and false
dependences. Constraint-based pipelines nevertheless treat
accepted CI statements monotonically: once an edge is re-
moved or a separating set is fixed, later evidence cannot over-
turn that commitment. Under finite samples, such monotonic
reasoning is brittle, as early CI errors can accumulate into
globally inconsistent commitments (Ling et al. 2024) and cas-
cade through subsequent orientation steps (Ding et al. 2024;
Uhler et al. 2013).

We argue that this brittleness stems from a fundamental
conceptual mismatch: uncertain statistical inferences are
treated as hard logical constraints rather than defeasible evi-
dence (Uhler et al. 2013). Consequently, causal discovery
should be reframed as a problem of defeasible reasoning
rather than pure constraint satisfaction.

This motivates an argumentation-theoretic perspective, in
which CI outcomes are represented as graded pieces of evi-
dence whose conflicts must be resolved dialectically (Dung
1995; Pollock 1987; Wang and Shen 2025). Existing uses
of argumentation in causal discovery, however, have mostly
focused on later stages such as edge orientation or on qualita-
tive rather than quantitative evidence (Russo, Rapberger, and
Toni 2024). What therefore remains largely unexplored is
how to integrate graded statistical evidence directly into the
skeleton discovery stage through an explicit argumentation
semantics.

To address this gap, we propose Quantitative Argumen-
tation for Causal Discovery (QACD), which evaluates can-
didate adjacencies by dialectically aggregating uncertain CI
evidence. Its main contributions are:

* A quantitative argumentation formalization of CI-
based causal discovery. CI outcomes are interpreted as
graded, defeasible arguments rather than irreversible con-
straints, enabling reasoning under inconsistent statistical
evidence.

¢ Connectivity-mediated propagated attenuation. We in-
troduce a structure-dependent conflict mechanism through
which global graph context modulates the strength of local
CI claims.
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* A fixed-point dialectical semantics for skeleton revi-
sion. Edge acceptability is revised through finite-horizon
or convergent updates, yielding a stable skeleton that re-
flects aggregated evidential conflicts rather than greedy
deletions.

The remainder of this paper is organised as follows. Sec-
tion 2 reviews causal graphs and background on quantitative
argumentation. Section 3 presents QACD and its dialecti-
cal semantics. Section 4 evaluates the approach empirically,
followed by related work and conclusions.

A long version of this paper, including supplementary
material and additional implementation details, can be found
in (Wei, Chen, and Liao 2026).

2 Preliminaries

This section reviews the causal-graphical and argumentation-
theoretic notions used throughout the paper and fixes nota-
tions.

2.1 Causal Graphs

We assume that the underlying causal structure over observed
variables can be represented by a DAG (Pearl 1988). Let
G = (V,E) be a DAG, where V = {V1,...,V, } is a set of
random variables and E C V x V is a set of directed edges.
An edge X — Y indicates that X is a (direct) cause of Y in
G.

For anode X € V, a (possibly non-simple) path between
two nodes is a sequence of adjacent nodes, where edge direc-
tions are ignored. A node M on a path is a collider on that
path if the two incident edges are oriented X — M + Y;
otherwise M is a non-collider.

Definition 1 (d-separation). Let XY € V and Z C
V\ {X,Y}. A path p between X and Y is active (or d-
connecting) given Z if:

1. every non-collider on p is not in Z; and
2. every collider on p is in Z or has a descendant in Z.

If there exists no active path between X and Y given Z, then
X and Y are d-separated by Z in G, denoted X Ul oY | Z.

Graphical separation is linked to probabilistic conditional
independence through standard assumptions.

Definition 2 (Causal Markov Assumption). Let P be the
joint probability distribution over V and G be a causal DAG.
The distribution P satisfies the Causal Markov Assumption
with respect to GG if every d-separation relation in G implies
a conditional independence in P. That is, for all disjoint sets
of variables X, Y e VandZ C V\ {X,Y}:

XUcY|Z = X UpY|Z ()

While the Markov assumption allows us to read indepen-
dencies from the graph, we also require the converse to infer
the graph structure from observed independencies.

Definition 3 (Faithfulness Assumption). The distribution
P is said to be faithful to the DAG G if every conditional
independence relation in P implies a d-separation in G. That
is, for all distinct variables X, Y € Vandall Z C V \
{X,Y}:

X1UpY|Z = X UgY|Z )
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While we assume faithfulness as a background idealiza-
tion, our framework is explicitly designed to operate under
finite-sample regimes where CI test outcomes may violate
faithfulness due to statistical error.

Definition 4 (Markov Equivalence). Two DAGs G and G»
over V are Markov equivalent if they entail the same set
of d-separation relations. A necessary and sufficient condi-
tion for Markov equivalence is that G; and G5 possess the
same skeleton (adjacency structure ignoring direction) and
the same set of v-structures (unshielded colliders of the form
X — Z < Y where X and Y are not adjacent). The set
of all DAGs Markov equivalent to a graph G constitutes its
Markov Equivalence Class (MEC), denoted by [G].

Since observational data (under the Markov and Faithful-
ness assumptions) only allows us to identify the MEC rather
than a unique DAG, we utilise a graphical object to represent
the entire class.

Definition 5 (Completed Partially Directed Acyclic Graph).
A Markov equivalence class [G] can be uniquely represented
by a CPDAG G*, which has the same skeleton as any DAG
in [G], and whose edges are directed if and only if they are
compelled across the class.

Our goal is to recover the target CPDAG G* from finite
samples (Anand et al. 2025). Constraint-based methods use
CI tests to remove adjacencies and separating sets to ori-
ent edges; under finite samples, CI errors motivate the non-
monotonic treatment developed in the next section.

Orientation Rules (Meek). Given an undirected skeleton
and a collection of separating sets, standard constraint-based
causal discovery procedures apply a set of sound graphical
orientation rules, known as Meek rules (Meek 1995), to orient
all compelled edges and obtain the unique CPDAG represent-
ing the corresponding MEC. These rules are deterministic,
purely graphical, and do not introduce additional statistical
assumptions.

Conditional Independence Tests and p-values. Through-
out this paper, CI relations are assessed using standard statis-
tical tests, each returning a p-value. We interpret the p-value
not as a hard decision criterion, but as a graded indicator of ev-
idential strength for a CI claim: larger p-values correspond to
stronger statistical support for conditional independence (Jab-
bari et al. 2017).

2.2 Quantitative Argumentation Frameworks

To situate our method more clearly within formal argumen-
tation, we briefly recall the attack-only quantitative setting
used in this paper. We require only a minimal set of notions:
arguments, attacks, weights, and gradual acceptability.

Definition 6 (Quantitative Argumentation Framework). In
this paper, we use a lightweight attack-only quantitative ar-
gumentation framework (QAF) of the form

Q= (A,R,w,p},

where A is a finite set of arguments, R C A x A is an
attack relation, w : A — [0, 1] assigns intrinsic strengths to
arguments, and p : R — [0, 1] assigns strengths to attacks. If
(a,b) € R, then a attacks b with strength p(a, b).
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Definition 7 (Gradual Semantics). Let Q = (A, R, w, p) be
a QAF. A gradual semantics assigns to each argument a € A
an acceptability degree s(a) € [0, 1], rather than a binary
status such as accepted or rejected. Such a semantics may be
specified by an operator I : [0, 1]I41 — [0, 1]14], whose iter-
ates determine the acceptability degrees of arguments under
the influence of weighted attacks. Intuitively, an argument re-
mains acceptable to the extent that it withstands the strength
of its attackers.

The framework proposed in this paper instantiates this
attack-only and gradual setting for causal discovery. Sec-
tion 3 treats CI statements as graded attackers of adjacency
hypotheses and defines a state-dependent acceptability up-
date over candidate edges. In particular, the effective attack
strengths in QACD may depend on the current graph state
through witness-based propagation.

3 Methodology

We now present QACD, which learns causal skeletons by
dialectically aggregating uncertain CI evidence. As shown in
Figure 1, Phase I constructs a permissive candidate graph and
collects CI evidence, while Phase II iteratively revises edge
acceptability under direct and witness-propagated attacks
before thresholding and orientation. Algorithm 1 implements
the QACD semantics.

3.1 Problem Setup and Notation

Let V be a finite set of observed variables generated by an
unknown causal DAG G* satisfying the Causal Markov and
Faithfulness assumptions. Given i.i.d. samples, a CI testing
procedure returns a statistic (e.g., a p-value) for statements
of the form X 1l Y | Z.

Our goal is to recover the MEC of G*, represented as a
CPDAG, while avoiding brittle monotonic decisions caused
by finite-sample CI errors.

Argumentative Representation. We write X —Y for an
undirected adjacency and X — Y for a directed edge. QACD
maintains a symmetric acceptability matrix S € [0, 1]VI*IVI,
where Sxy denotes how acceptable the hypothesis “X is
adjacent to Y currently is. Values close to 1 indicate strong
support; values near 0 indicate rejection. We refer to Sxy
simply as the acceptability of the edge hypothesis e xy .

QACD can be viewed as a two-sorted quantitative argu-
mentative system whose state space consists of edge hypothe-
ses and representative CI-derived independence arguments.
Edge hypotheses e xy are the claims whose acceptability is it-
eratively updated, whereas CI arguments 7xy carry fixed ini-
tial strengths oo (7xy ) and act as graded attackers. Witness-
based propagation is not introduced as a separate argument
node, but as a state-dependent operator that modulates how
Cl-derived attack pressure extends to adjacent edge hypothe-
ses through the current graph structure. We distinguish three
classes of argumentative objects:

1. Edge Hypotheses (e xy): The target claims to be justified
or defeated.
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2. Independence Arguments (7): Statistical findings that
attack edge hypotheses. An independence argument 7xy
is a tuple defined by a conditioning set Z, C V' \ {X,Y}
and a test outcome asserting X 1l Y | Z,. We assign
each 7xy a base strength oo(Txy) € [0,1] derived from
its test statistic, treating it as a defeasible reason to reject
eExXy.

3. Structural Modifiers: Context-dependent modifiers in-
duced by the evolving graph structure, specifically by wit-
ness paths. These modifiers do not constitute separate
argument nodes; instead, they modulate how CI-derived
attack pressure is propagated to structurally implicated
edge hypotheses when independence evidence conflicts
with strong local connectivity.

In the subsequent methodology, we detail how specific
arguments are instantiated (Phase I) and dialectically aggre-
gated (Phase II).

3.2 Phase I: Candidate Graph Generation

Phase I constructs a permissive candidate skeleton to avoid
premature deletions.
For each pair { X, Y}, we compute

Pxy = p(X LY |Z), 3)

min
ZCV\{X,Y},|Z|I<K

where K is the maximum conditioning-set size used in Phase
I, and include X —Y in the candidate graph G¢,,g Whenever
p§i§ < dcand (candidate threshold). This rule is intentionally
conservative: if any conditioning set suggests dependence,
the edge is retained as a viable hypothesis.

Each variable pair additionally yields a single represen-
tative CI statement 7xy, corresponding to the conditioning
set that provides the strongest empirical support for inde-
pendence, as quantified by the largest associated p-value.
In Phase II, 7xy is treated as an independence argument,
whose evidential strength is determined by the value of its
corresponding test statistic.

For each unordered pair (X,Y"), QACD retains a single
representative CI argument, namely the statement associated
with the largest observed p-value among the tested condi-
tioning sets. Accordingly, the global CI pool is denoted by
T = {7xv : X < Y}. Thus, the update uses one representa-
tive independence argument per unordered pair.

3.3 Phase II: Dialectical Aggregation via
Quantitative Argumentation

Having constructed the candidate skeleton, we now resolve
conflicts among edges by instantiating a state-dependent QAF.
In this framework, the set of arguments is fixed, but the
effective attack relations depend on the evolving acceptability
state of the graph. Consequently, the influence of evidence is
inherently context-sensitive: the same CI statement may have
different effects depending on the surrounding structure.

Phase IT uses a gradual semantics in which edge hypotheses
are revised under weighted CI attacks and context-dependent
witness-based propagated attenuation.

Figure 2 illustrates this interaction between adjacency hy-
potheses, CI-based rebuttals, and witness-induced propagated
attenuation.
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Figure 1: Overview of QACD. Phase I builds a permissive candidate graph. Phase II aggregates CI evidence via quantitative argumentation
with direct attacks and witness-based propagation, iteratively updating edge acceptability before thresholding and orientation.
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Figure 2: A representative CI argument 7xy directly attenuates
the target edge exy and, when a witness connection X —W —Y
with W ¢ Z. is present, also propagates attenuation to the bridging
edges exw and ewy in proportion to the witness connectivity cyy .

Example 1 (Running example). Suppose the current candi-
date graph contains the triangle X —Y, X —W,and W -Y.
Assume that Phase I retains a representative CI statement
Txy : X 1L Y | Z. with a large p-value, and that W ¢ Z..
Then Txy provides strong direct pressure against the target
edge hypothesis e xy. If the current acceptability scores of
exw and ey y are still high, W becomes an eligible wit-
ness, so part of the same pressure is propagated to the two
bridging edges. In this way, QACD does not only revise the
disputed edge X —Y in isolation; it also weakens the local
configuration that sustains the conflicting pattern.

Let 7xy denote the representative CI statement retained
for (X,Y), with base strength o¢(7xy) € [0, 1]. This rep-
resentative independence statement is treated as an attack
argument against e xy, weakening its acceptability. Beyond
this direct attack, QACD introduces witness-based propa-
gated attenuation (formalized in Definition 8), which allows
strong independence evidence to weaken structurally impli-
cated bridging edges under inconsistent CI evidence.

Formally, the graded semantics is computed via an iterative
dialectical update:

g(t+1)

= s®g A(S(t)) : )

where © is elementwise multiplication, S® denotes the cur-
rent acceptability and A(S®) € [0,1]VI*IVI is an atten-
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uation matrix determined by (i) direct attacks induced by
independence arguments and (ii) connectivity-mediated prop-
agated attenuation triggered by short witness connections.
We stop after T}, iterations or when ||S¢HD — S®) || is
below a small tolerance. That is, an edge hypothesis retains
its current acceptability unless it is weakened by an appli-
cable defeasible influence. The iteration continues until the
acceptability state stabilizes up to the prescribed stopping
criterion.

We now describe the quantitative argumentation semantics
used to revise S in the presence of conflicting CI evidence.

For any fixed acceptability state S € [0, 1]IVI*IVI QACD
induces a state-dependent QAF

Q(S) = (A, Rs,w, ps),

where A=EUT,E={exy : X <Y} and T = {rxvy :
X < Y}. Here exy is the edge-hypothesis argument for
the adjacency claim between X and Y, and 7xy is the rep-
resentative CI-derived independence argument for the same
unordered pair retained in Phase I. The weight function is
defined by w(exy) = Sg?g, and w(Txy) = 0o(Txv).

The attack relation Rg contains each direct attack
(Txy,exy). Moreover, whenever W ¢ Z. is an eligible wit-
ness for (X,Y) at state S, Rg also contains the propagated
attacks (7xv,exw) and (Txy,ewy ). The corresponding
effective attack strengths are

ps(Txy,exy) = Aoo(Txy)

for direct attacks, and

A
ps(Txy,exw) = ps(Txy,ewy) = §UO(TXY)SXWSWY

for propagated attacks.

Independence arguments and direct attacks. FEach inde-
pendence argument 7xy provides a weighted direct attack
on the edge hypothesis exy . In the current implementation,
its Cl-test p-value is mapped to a base strength

0,
p(rxy)—a
11—« ’

P (TXY) < a,

p(Txy) > a, )

o0 (Txvy) = {
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so that only non-rejected CI claims contribute positive in-
dependence strength, and among them larger p-values yield
stronger defeasible support for independence.

This strength is interpreted as a direct rebuttal on the edge
hypothesis exy. Since the current implementation retains
a single representative CI argument for each unordered pair
(X,Y), the direct attenuation term is

Agi,fy =1- /\Uo(Txy).

(6)

The parameter A controls how aggressively defeasible ev-
idence propagates through the structure. Importantly, this
aggregation does not represent a vote or a probability, but
a cumulative weakening of justification. This form yields a
bounded, order-independent attenuation semantics. When
multiple applicable direct or propagated factors affect the
same edge hypothesis, they combine multiplicatively to
weaken its acceptability.

Aggregation rationale. Eq. (6) implements a bounded,
proportional attenuation of the edge hypothesis by its rep-
resentative CI argument. This form preserves acceptability
within [0, 1] and composes naturally with the iterative update
in Eq. (4).

In argumentation theory, a rebuttal directly attacks a claim,
whereas an undercut challenges the applicability of such
an attack without asserting the opposite conclusion (Am-
goud, Maudet, and Parsons 2000). In the causal discovery
setting, strong CI evidence may therefore undercut not the
edge hypothesis itself, but the structural relations that sustain
conflicting connectivity patterns.

Definition 8 (Witness-Based Propagated Attenuation via Wit-
ness Connectivity). Fix an independence argument 7xy with
conditioning set Z, and base strength oo(7xy ). At itera-
tion ¢, anode W € V \ {X,Y} is an eligible witness for
(X,Y) with respect to 7 if (i) it forms a length-2 connection
X —W =Y in the current candidate structure (equivalently,
SS)W > 0 and S‘(,tV)Y > 0), and (ii)) W ¢ Z,. Such a witness
induces a connectivity support for X-Y measured by

W) = Gy - Sty (7)

Intuitively, when a strong witness connection X —W —-Y
remains acceptable, the CI argument 7xy is not interpreted
in isolation. Instead, its influence is allowed to propagate to
the bridging edge hypotheses e xyy and ey y in proportion
to both the argument strength and the current witness connec-
tivity. This state-dependent propagation weakens the local
structural support underlying the competing witness pattern,
as illustrated in Figure 2.

Design Rationale for Witness-Based Propagated At-
tenuation. Restricting witnesses to length-2 connections is
a principled and computationally grounded design choice.
Such paths are the minimal non-trivial connectivity units in
causal graphs and align with the local reasoning patterns
exploited by constraint-based methods, where CI errors can
cascade through short neighborhoods. When strong indepen-
dence evidence conflicts with a strongly supported length-
2 connectivity pattern outside its conditioning set, the in-
consistency can often be resolved by weakening one of the
bridging relations, thereby restoring local coherence under
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Algorithm 1 QACD: Quantitative Argumentation for Causal
Discovery

1: Input: data D over variables V; CI test procedure; max
conditioning size K; candidate threshold dcaq; final
threshold Jp; aggressiveness \; max iterations Tiax;
tolerance ¢ R
Output: estimated CPDAG G*
Phase I: Candidate Generation
Initialize Gana < empty graph
Initialize CI-statement pool 7~ < ()
for all unordered pairs {X,Y} C V do

Compute p'#% using Eq. (3)

I;Tet Z%y € argmaxp(X 1LY | Z) and add 7xy to

9:  if pB < Jeana then

10: Add undirected edge X —Y to Gcana

11:  endif

12: end for

13: Initialize acceptability matrix S(©) from Geang

14: Phase II: Dialectical Aggregation

15: fort =0to Tax — 1 do

16:  Initialize attenuation matrix A(®*) « 1

17:  for all CI statements 7xy in the pool 7 do

18: Compute base strength oo (7xy ) using Eq. (5)

19: Update direct attenuation on (X, Y) using Eq. (6)

20: for all witness nodes W such that X —W-Y in
Geana and W ¢ Z.. do

21: Update propagated attenuation on (X, W) and

(W,Y) using Eq. (8)

22: end for

23:  end for

24:  Update acceptability: St « S®) o A(®)

25 if |SUHD — S®||, < ¢ then

26: break

27:  end if

28: end for

29: Skeleton and CPDAG Recovery

30: Threshold S(T) at & to obtain skeleton Gskel .

31: Apply standard orientation rules to obtain CPDAG G*

32: return G*

inconsistent CI evidence. Longer paths can be viewed as
compositions of length-2 units and are therefore indirectly
captured through iterative propagation; extending propaga-
tion to longer paths is possible but computationally more
expensive.

Although inspired by context-sensitive undercut-style rea-
soning, witness connectivity is used here as a state-dependent
structural modifier that propagates CI-derived attack pres-
sure to adjacent bridging edges. In the present formulation,
witness connectivity serves as a state-dependent propagation
signal: when a strong witness pattern remains acceptable,
part of the influence of the CI-derived attack on exy is redis-
tributed to the adjacent bridging edges.

Propagation operator. The strength of a witness W under

(®

the current acceptability is uy’ (W). The propagated atten-
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uation applied to each bridging edge induced by 7xy and

witness W is defined as
prop
AXW(—TXY (W)

APr op

WY(—TXY

A
=1- 500 (Txvy) (t)(W)

(W)
®)

where the factor % is a symmetric normalization choice that
splits the propagated attenuation equally across the two bridg-
ing edges. It is a simple heuristic design choice that preserves
symmetry between exyw and eyy. We set A € [0, 1] to en-
sure AP (W) € [0, 1]. Direct and propagated attenuation
factors are combined multiplicatively in the attenuation ma-
trix A(S®); if no factor applies to an edge, its attenuation is
setto 1.

For clarity, the overall attenuation applied to an edge hy-
pothesis e at iteration ¢ is the product of all direct and propa-
gated factors that apply to that edge:

II

A, (S(t)) _ H Adir
(77W)€7—prop(€)

e’
T€Tair (e)

A2 (W),

with the convention that an empty product equals 1. Here,
Tair(€) denotes the set of representative CI arguments that
directly attenuate e, and 7,0 (e) denotes the set of witness-
indexed propagated attenuation terms that apply to e at iter-
ation t. Equation (4) is therefore understood entrywise as
S — gl Ao (S®) for each edge hypothesis e.

Basic properties of the iterative semantics follow directly
from the form of the attenuation factors.
Theorem 1 (Boundedness). If S(O ¢ [0,1]VI*IVI  then
S® ¢ [0, 1]V*VI for all t > 0.

Proof. By construction, A (S®)) is obtained by multiplying
factors of the form (1 — Ao (7)) and (1 — $00(7)u (t)(W)),
each of which lies in [0, 1] when ), oo (7), u{” (W) € [0, 1].
Equation (4) updates S(**1) by elementwise multiplication of
S® with A(S™®), so every entry remains within [0,1]. [
Theorem 2 (Monotonicity). For every unordered pair
{X,Y} and every ¢t > 0, we have Sgg;l) < Sg)y

Proof. Each entry of A(S®) lies in [0, 1], hence Eq. (4)
: S(t+1) _ S(t) A N OMNPS S(t) ]
gIVES O xy Xy - Axy(S8%) < Sxy.

Theorem 3 (Pointwise convergence). For every unordered
pair {X, Y}, the sequence {Sgé)y}tzo converges to a limit
Sxy €[0.1]

Proof By Theorem 1 and Theorem 2, each scalar sequence

{S Xy}f>0 is bounded below by 0 and monotone non-
increasing, hence it converges in R. Collecting the limits
entrywise yields S™) € [0, 1]VIxIVI, O

Proposition 1 (Fixed-point characterization). Let F

[0, 1]VIXIVI — [0, 1]IVI*IV] be defined by F(S) = S ®
A(S). If witness propagation is evaluated over the fixed set
of length-2 witness triples in the candidate graph, with atten-
uation factor 1 — %O’Q(Txy)SXWswy, then each entry of
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A(S) is a finite product of continuous factors in entries of
S. Hence F is continuous on [0, 1)IV*IVI, By Theorem 3,
S 5 g entrywise, and therefore

SC) = Jim S+ = hm F(SW) = F(§™).

t—o0

Thus the limit state S*) is a fixed point of the QACD revision
operator.

Stability of the Iterative Revision. By Theorem 3 and
Proposition 1, the infinite revision process converges point-
wise to a fixed point of the QACD revision operator under the
chosen initialization. In practice, QACD uses a finite iteration
budget T,,.x and returns the last iterate once the stopping
criterion is met. Thus, the output should be understood as
a finite-horizon stable revision of edge acceptability under
the proposed quantitative argumentation semantics, rather
than as a claim that all evidential conflicts are resolved by a
non-trivial equilibrium.

Unlike greedy constraint-based deletion, this iterative se-
mantics allows the influence of each CI statement to be con-
tinuously re-evaluated as the surrounding graph structure
evolves, enabling non-greedy conflict resolution under incon-
sistent statistical evidence.

Complexity. Let n = |V| denote the number of variables
and let K be the maximum conditioning-set size used in
Phase I. Phase I performs CI tests for each unordered pair
(X,Y) over conditioning sets of size at most K, yielding a

worst-case cost of O (n2 S (Z)) CI tests, as in standard

constraint-based pipelines. In addition, Phase I stores at most
one representative independence statement 7xy per variable
pair, resulting in a Cl-statement pool 7~ of size O(n?).

Phase 1II iterates a fixed number 7}, of dialectical up-
dates. For each 7xy € T, eligible witnesses are common
neighbors of X and Y, at most min{deg(X), deg(Y)} in
Gleand- With adjacency-list intersection, each iteration costs
O (X x -y min{deg(X),deg(Y)}), bounded by O(n?) in
the worst case and close to O(n?d) in sparse graphs, where
d is the average degree of Ganq. Thus, Phase II adds only a
controlled polynomial-time aggregation step.

3.4 Graph Recovery

After T,,,x iterations (or convergence), we threshold the
acceptability matrix to produce a skeleton:
XY € Gy Sﬁf;‘“*) > do.

— ©)

This step converts the graded acceptability semantics into a
crisp adjacency decision, separating highly supported edges
from those dialectically rejected.

We then orient edges by identifying unshielded colliders
using the separating sets obtained during Phase I CI testing.
The resulting partially oriented graph is closed under the
complete set of Meek orientation rules (Meek 1995), yielding
the estimated CPDAG G*. This recovery procedure mirrors
standard constraint-based pipelines, ensuring comparability
with classical methods.
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Category  Dataset 4 €| r
EARTHQUAKE 5 4 10
Small SURVEY 6 6 21
ASIA 8 8 18
CHILD 20 25 230
Medium INSURANCE 27 52 1008
WATER 32 66 10083
Large HAILFINDER 56 66 2656
& WINOSPTS 76 112 574

Table 1: Benchmark dataset statistics. |V'|, |E|, and P denote the
numbers of nodes, edges, and parameters, respectively.

4 Experiments

From an argumentation perspective, the experiments evalu-
ate whether dialectical aggregation of CI evidence improves
structural coherence under finite-sample uncertainty. In par-
ticular, we examine whether treating CI outcomes as de-
feasible arguments mitigates error propagation in skeleton
discovery and leads to more causally valid graphs.

We evaluate QACD on a suite of benchmark Bayesian net-
works to assess (i) skeleton recovery accuracy and (ii) down-
stream causal validity. We compare against representative
constraint-based, hybrid, and argumentation-based baselines.

4.1 Experimental Setup

We evaluate QACD on standard benchmark networks and
compare it against representative causal discovery methods
under a unified experimental protocol.

Datasets. We use eight standard Bayesian networks cate-
gorized by size. Statistics are summarized in Table 1.!

Baselines. We compare QACD against representa-
tive methods from three families: constraint-based (PC-
stable (Spirtes and Glymour 1991) and MPC (Colombo,
Maathuis, and others 2014)), hybrid (MMHC (Tsamardi-
nos, Brown, and Aliferis 2006)), and argumentation-based
(ABAPC (Russo, Rapberger, and Toni 2024)). ABAPC is
evaluated only on small networks due to runtime constraints.
For the WATER dataset, MMHC is omitted due to determin-
istic relationships in the data.

Protocol. All benchmarks are discrete Bayesian networks.
CI testing uses the Pearson y? test with significance level
a = 0.05. For each network, we sample N = 5000 i.i.d.
observations from the ground-truth model and repeat exper-
iments over 50 random seeds, reporting Mean £ Std. All
methods are evaluated under the same underlying CI-testing
protocol and significance level. The difference is that classi-
cal constraint-based baselines use thresholded CI decisions,
whereas QACD additionally exploits the full p-value output
as graded defeasible evidence; this is part of the modeling
design of QACD rather than a difference in the underlying
statistical test.

QACD Configuration. Unless stated otherwise, QACD
uses fixed hyperparameters across datasets: conditioning-
set bound K = 3, dcang = 0.05,69 = 0.05, A = 0.5, and

"https://www.bnlearn.com/bnrepository/.
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Thax = 20 dialectical iterations. These hyperparameters
are fixed across all datasets and are not tuned separately for
individual networks.

Metrics. We report (1) Skeleton F} score, (2) Normalized
SHD (NSHD), and (3) Normalized SID (NSID) (Peters and
Biihlmann 2015). NSHD and NSID are normalized by the
number of true edges and therefore need not lie in [0, 1].
Lower NSHD and NSID indicate better causal validity.

4.2 Structural Accuracy and Causal Validity
Across Benchmarks

Tables 2 and 3 summarize results across small, medium, and
large networks. Overall, QACD consistently produces struc-
tures with strong causal validity (low NSHD/NSID) while
maintaining competitive skeleton accuracy across datasets of
varying complexity.

QACD shows the greatest efficacy on networks where CI
evidence is noisy or inconsistent. On INSURANCE, QACD
achieves the highest F; and the lowest NSHD while sub-
stantially tightening NSID bounds relative to PC, MPC, and
MMHC. Similar behavior appears on SURVEY and HAIL-
FINDER, where QACD improves NSHD and consistently
reduces NSIDy;g1,.

Across several datasets (e.g., ASIA and CHILD), QACD
exhibits a recurring trade-off between recall and structural co-
herence. While aggressive baselines such as MPC or MMHC
sometimes achieve slightly higher skeleton £}, QACD pro-
duces lower NSHD and tighter NSID bounds, indicating
superior interventional reliability.

On datasets with deterministic relationships (e.g., WA-
TER), QACD remains stable and improves the lower SID
estimate while remaining comparable on the upper SID esti-
mate, even when greedy methods become sensitive to statisti-
cal degeneracy. Because argument strengths are attenuated
rather than globally optimized, the method avoids instability
caused by degenerate sufficient statistics.

On low-complexity networks (e.g., EARTHQUAKE), PC,
MMHC, and QACD all recover the ground-truth structure,
confirming that dialectical aggregation maintains robustness
when CI evidence is already consistent. On WIN9SPTS,
QACD remains competitive but does not dominate, reflecting
the expected trade-off of conservative filtering in regimes
where CI evidence is highly reliable.

Overall, the results indicate that QACD is most beneficial
when CI evidence is noisy or inconsistent. By revising edge
acceptability through connectivity-mediated propagation, di-
alectical aggregation improves global structural coherence
and reduces interventional error, while remaining competitive
in skeleton recovery across datasets of varying sizes.

4.3 Ablation: Effect of Dialectical Aggregation

To isolate the impact of the dialectical aggregation phase, we
compare full QACD with the initial candidate skeleton be-
fore aggregation, i.e., the variant with 77, = 0, as shown in
Table 4. Across datasets, removing the iterative aggregation
phase substantially degrades both skeleton quality and causal
validity. The effect is most pronounced on networks where
short-range witness connectivity provides reliable structural
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NSHD |

NSIDyow |

NSIDhigh \L

0.5750 £ 0.1118
0.3875 4+ 0.0379
0.7500 £ 0.0000
0.6550 4= 0.2825
0.3750 &+ 0.0000

1.5500 £ 0.7984
0.7875 £ 0.7939
1.8250 £ 0.1677
1.4650 £ 0.8488
0.2250 + 0.1630

2.4250 £ 0.7984
1.4050 £ 0.3733
3.0750 £ 0.1677
4.1900 = 0.9900
1.1000 £ 0.1630

0.0000 + 0.0000
0.0050 £ 0.0354
0.0000 + 0.0000
0.1400 £ 0.1450
0.0000 + 0.0000

0.0000 + 0.0000
0.0000 + 0.0000
0.0000 + 0.0000
0.0000 + 0.0000
0.0000 + 0.0000

0.0000 £ 0.0000
0.0000 + 0.0000
0.0000 £ 0.0000

2.3300 £ 1.1350
0.0000 £ 0.0000

Dataset Method Fi 1
PC 0.8724 4+ 0.0341
MPC 0.9340 + 0.0344
ASIA MMHC 0.7487 4+ 0.0459
ABAPC 0.5000 % 0.1800
QACD(ours) 0.9181 4+ 0.0341
PC 1.0000 £ 0.0000
MPC 0.9978 + 0.0157
EARTHQUAKE MMHC 1.0000 £ 0.0000
ABAPC 0.9400 4 0.0600
QACD(ours) 1.0000 £ 0.0000
PC 0.6489 4+ 0.1280
MPC 0.6196 4+ 0.1491
SURVEY MMHC 0.8218 + 0.0488
ABAPC 0.4200 4+ 0.1100
QACD(ours) 0.7588 4+ 0.0604

0.5667 = 0.1491
0.6167 £+ 0.1438
0.9000 £ 0.2236
0.8030 4 0.1830
0.4333 + 0.1491

2.3000 £ 0.0745
2.4500 £ 0.2189
1.3000 £ 0.4314
2.3700 £ 0.6080
1.9333 £ 0.3651

2.3000 £ 0.0745
2.4833 +0.2901
3.2000 £ 0.9531
2.7360 + 0.4610
1.9333 £0.3651

Table 2: Small Networks Results. Comparison of Skeleton Fj, Normalized SHD (NSHD), and Normalized SID (NSID). All values are
reported as Mean + Std. Bold indicates the best performance (higher is better for Fi, lower is better for NSHD/NSID).

cues, confirming the role of dialectical aggregation in stabi-
lizing skeleton discovery under noisy CI evidence.

4.4 TImpact of Sample Size

We analyze the sensitivity of QACD and PC to sample size on
the INSURANCE network (N € {500, 1000, 2000, 5000};
Figure 3), reporting Mean + Std over 5 runs. Using PC
as the canonical constraint-based baseline isolates the con-
tribution of dialectical aggregation under identical CI in-
puts. QACD outperforms PC at N = 500 (0.5443 £ 0.0172
vs. 0.5114 + 0.0520), N = 1000 (0.6383 £ 0.0275 vs.
0.5414 £+ 0.0536), and N = 2000 (0.6968 £ 0.0388 vs.
0.6420 £ 0.0362); at N = 5000, the gap narrows (0.7361 £
0.0301 vs. 0.7267 4 0.0362). This suggests that dialecti-
cal aggregation is most helpful in low-sample regimes and
becomes less advantageous as CI decisions stabilize with
increasing V.

QACD is intentionally conservative: dialectical aggrega-
tion suppresses weakly supported edges, which can reduce
recall in dense graphs. In settings where CI evidence is al-
ready highly consistent or sample sizes are very large, the
advantage of non-monotonic conflict resolution diminishes.
These cases reflect a design trade-off rather than instability
of the proposed method.

4.5 Discussion

The preceding results reveal a consistent pattern rather than a
uniform dominance claim. The results suggest that QACD
is most beneficial when CI evidence is noisy or mutually
inconsistent. On datasets such as INSURANCE, SURVEY,
and HAILFINDER, dialectical aggregation improves NSHD
and NSID while maintaining competitive skeleton . This
is consistent with treating CI outcomes as defeasible argu-
ments: weak or conflicting CI claims are attenuated through
connectivity-mediated revision, reducing the propagation of
local CI errors into global structural mistakes. As sample size
increases and CI decisions become more stable, the benefit
of dialectical conflict resolution correspondingly diminishes.
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INSURANCE: Sample Size vs F1

- PC
QACD

0.651

F1

0.601

0.554

0.501

0.451

3000 4000 5000

Sample Size

1000 2000

Figure 3: Sample Size Efficiency on INSURANCE. QACD (or-
ange) outperforms PC (blue) in finite-sample regimes and maintains
competitive asymptotic performance as N increases.

Across datasets such as ASTA and CHILD, QACD exhibits
a recurring trade-off between skeleton recall and causal va-
lidity. While aggressive baselines such as MPC or MMHC
sometimes achieve slightly higher F}, QACD often yields
lower NSHD and tighter NSID bounds, indicating improved
structural coherence and interventional reliability. This re-
flects its conservative revision strategy: rather than making
irreversible early commitments, QACD iteratively suppresses
weakly supported adjacencies.

On datasets with deterministic relations, such as WA-
TER, QACD remains stable and improves some intervention-
oriented metrics even when greedy or likelihood-based meth-
ods become sensitive to degeneracy; conversely, when CI
evidence is already highly consistent or informative, as in
EARTHQUAKE or WINOSPTS, dialectical aggregation pro-
vides more limited additional benefit.

Overall, the experiments support the usefulness of viewing
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NSHD |

NSIDyow |

NSIDpigh 4

0.6846 + 0.0617
0.6500 = 0.0211
0.8000 £+ 0.0258
0.5692 + 0.0554

10.8000 £ 0.7295
10.3769 4 0.4361

9.5923 £ 0.2073
8.7462 + 0.4713

10.8154 £ 0.7054
10.3885 £ 0.4496
10.6923 + 0.2159
8.8577 + 0.5437

0.6400 + 0.1020
0.5440 £ 0.0607
0.8400 £ 0.0000
0.4400 + 0.1020

8.3040 £+ 1.0196
7.2080 £ 0.2252
4.2160 + 0.3220
4.2400 £ 0.9104

10.5440 £ 0.9926

9.1520 £ 0.7124
12.4560 £ 0.0358
5.4320 + 1.8156

0.9000 + 0.0275
0.8758 + 0.0127
0.9152 + 0.0380

7.1303 £ 0.5925
6.7091 £+ 0.5812
6.1242 4+ 0.2905

8.1545 + 0.2966
8.2030 £+ 0.3152
8.2818 + 0.5038

1.3788 £ 0.0283
1.4061 £ 0.0392
0.6576 + 0.0136
0.6788 + 0.0984

9.1455 £ 0.6605
9.8788 1+ 0.6359
9.8455 + 0.0166
7.0545 1 1.3054

10.1000 £+ 0.4164
10.8970 £ 0.6722
13.4061 £ 0.0166
9.6333 +2.4174

0.6589 + 0.0487
0.7000 = 0.0436
0.6339 + 0.0089
0.6429 + 0.0296

4.8964 + 0.6593
5.4089 4 0.4750
6.0446 £+ 0.4247
4.7464 + 0.5152

5.7964 + 0.5919
6.3339 £ 0.3662
7.8006 £ 0.2481
6.4054 + 0.3719

Table 3: Medium and Large Networks Results.

Dataset Method Fi 71

PC 0.6664 £ 0.0300

MPC 0.6748 =+ 0.0208

INSURANCE i\ ic 0.6335 + 0.0265

QACD(ours)  0.7361 + 0.0301

PC 0.8445 + 0.0449

MPC 0.9008 + 0.0263

CHILD MMHC 0.8425 + 0.0118

QACD(ours)  0.8861 - 0.0232

PC 0.4550 + 0.0244

WATER MPC 0.4898 + 0.0201

QACD(ours)  0.4931 + 0.0094

PC 0.5489 + 0.0131

MPC 0.5536 + 0.0107

HAILFINDER /e 0.6490 + 0.0091

QACD(ours)  0.7193 + 0.0293

pC 0.6668 - 0.0367

MPC 0.6353 + 0.0311

WINSSPTS MMHC 0.7147 + 0.0136

QACD(ours)  0.6870 + 0.0321

QACD (Tynax = 20) | Ablation (Tiax = 0)

Dataset F NSIDiow F NSIDjow
ASIA 09181 0.2250 |0.7733  2.2500
EARTHQUAKE [ 1.0000 0.0000 |0.8756  0.0000
SURVEY 0.7588 1.9333 |0.5127  2.4667

Table 4: Ablation Study. Comparison of the full dialectical aggre-
gation model (Tmax = 20) against the initial candidate skeleton
before aggregation (Tinax = 0).

finite-sample causal discovery as reasoning over conflicting
statistical arguments. In the evaluated noisy or inconsistent
CI regimes, dialectical aggregation often improves global
coherence and reduces interventional error while remaining
competitive in skeleton recovery.

5 Related Work

This work relates to both causal discovery and computational
argumentation, especially methods for handling uncertainty
and conflict in structure learning.

5.1 Causal Discovery from Observational Data

Constraint-based approaches, exemplified by the PC al-
gorithm (Spirtes, Glymour, and Scheines 2000) and Fast
Causal Inference (Spirtes, Meek, and Richardson 1995), in-
fer causal structure by testing CI relations and compiling
accepted independences into graph edits. Under the Markov
and Faithfulness assumptions, these methods are asymptoti-
cally consistent, but in finite-sample regimes they are sensi-
tive to CI errors: a single false independence or dependence
may trigger incorrect edge deletions and propagate to later
orientation steps (Uhler et al. 2013). Variants such as PC-
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stable reduce order dependence (Colombo, Maathuis, and
others 2014), and multiple-testing corrections can improve
statistical robustness, but most constraint-based pipelines still
rely on hard CI decisions that become irreversible once in-
corporated into the graph. QACD instead delays irreversible
commitments by aggregating CI outcomes as graded defeasi-
ble evidence through an iterative acceptability semantics.

Score-based methods, such as Greedy Equivalence Search
and its extensions (Chickering 2002; Ramsey et al. 2017),
formulate causal discovery as search over graph structures
using penalized likelihood criteria. Recent continuous opti-
mization approaches, including NOTEARS and subsequent
variants (Zheng et al. 2018; Ng, Huang, and Zhang 2024),
further cast structure learning as differentiable optimization
with acyclicity constraints. These methods provide important
alternatives to purely constraint-based discovery, but they do
not explicitly model conflicts among CI outcomes as argu-
mentative interactions. QACD occupies a complementary
position: it preserves the local efficiency of CI testing while
introducing a quantitative argumentation layer for resolving
evidential conflicts during skeleton discovery.

5.2 Argumentation in Artificial Intelligence

Abstract and quantitative argumentation. Since Dung’s
seminal formulation of AFs (Dung 1995), argumentation
has become a foundational paradigm for non-monotonic
reasoning under inconsistency (Li, Liao, and Chen 2025;
Liao and van der Torre 2024). QAFs extend this setting by
assigning intrinsic strengths to arguments and defining se-
mantics based on graded acceptability (Chi and Liao 2022;
Rago et al. 2016). Unlike (Amgoud and Ben-Naim 2018),
which models arguments in a bipolar framework, QACD
treats conditional independence tests as defeasible evidence.
This distinction allows QACD to better handle noisy or un-
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certain data, providing a more robust framework for causal
discovery.

Argumentation for causal inquiry. The use of argumen-
tation in causal reasoning is a growing but still relatively spe-
cialized area. Early work primarily focused on explanation,
employing argumentative structures to justify or communi-
cate causal claims to users (Cyras et al. 2021). More recent
studies have explored argumentation-based mechanisms for
causal discovery and conflict handling (Russo, Rapberger,
and Toni 2024; Li et al. 2026). Related probabilistic ap-
proaches connect uncertainty over arguments with graded
acceptability (Hunter and Thimm 2017).

The work most closely related to ours is ABAPC (Russo,
Rapberger, and Toni 2024), which augments PC with argu-
mentation mechanisms mainly for resolving orientation-level
conflicts such as competing v-structures. In contrast, QACD
integrates quantitative argumentation directly into skeleton
discovery. By treating CI statements as graded attackers
of adjacency hypotheses and propagating their influence
through witness-based structural context, QACD enables non-
monotonic revision of edge hypotheses before the orientation
phase.

6 Conclusion

We presented QACD, a QAF for causal discovery that treats
CI outcomes as defeasible evidence and aggregates them un-
der structural context. Rather than compiling finite-sample
CI decisions into irreversible constraints, QACD revises edge
acceptability through direct CI attacks and witness-based
propagated attenuation. This provides an iterative, semantics-
driven mechanism for resolving conflicting statistical evi-
dence during skeleton discovery.

Empirically, QACD yields more coherent structures and
improved interventional validity in several regimes where CI
evidence is noisy or inconsistent, while remaining competi-
tive in skeleton recovery. These results support the view that
finite-sample causal discovery can be fruitfully formulated as
reasoning over graded and potentially conflicting statistical
arguments.

Several directions remain open. First, while this paper fo-
cuses on the causally sufficient setting, the framework could
be extended to latent confounding by introducing arguments
for bi-directed edges in ancestral graphs. Second, the itera-
tive update could be accelerated for very large graphs using
approximate message-passing or sparsity-aware implemen-
tations. Third, although we expect finite-sample conflicts to
diminish under standard Markov and faithfulness assump-
tions with consistent CI testing, a complete oracle-level con-
sistency analysis for QACD remains future work. Finally,
interventional data could be incorporated as a new class of
intervention arguments, enabling argumentation-based dis-
covery from mixed observational and experimental evidence.
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