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Abstract

First-order logic is the basis for many knowledge repre-
sentation formalisms and methods. Providing technological
support for learning to write first-order formulas for natu-
ral language specifications requires methods to test formulas
for (non-)equivalence and to provide explanations for non-
equivalence. We propose such methods based on both theo-
retical insights and existing tools, implement them, and report
on experiments testing their effectiveness on a large educa-
tional data set with > 100.000 pairs of first-order formulas.

1 Introduction

First-order logic is central for multiple areas of computer
science. It is the basis of formal languages for represent-
ing knowledge and reasoning, of specification languages for
formal verification, and of query languages for databases,
among others. In knowledge representation and reasoning
it is used in many subdisciplines, including argumentation
(e.g. to formalize arguments and their relationships), belief
change, logic programming, and reasoning about knowledge
and belief. Also, many other knowledge representation for-
malisms are based on (fragments of) first-order logic, e.g.
description logics, modal logics, and non-monotonic logics.
Basics of first-order logic — modelling, normal forms,
and reasoning — are therefore often included in mandatory
courses in Bachelor Computer Science programmes; for in-
stance, guidelines of the German Association for Computer
Science (GI) recommend to include such basics in computer
science study programmes (Gesellschaft fiir Informatik e. V.
2016). Figure 1 sketches a typical exercise of such a course
which students learn to solve by (1) designing a suitable
first-order vocabulary (i.e., which relation, function, and
constant symbols to use), (2) describing the scenario by first-
order formulas, (3) transforming formulas into a suitable
normal form (e.g. prenex or Skolem form), and (4) inferring
knowledge using an inference mechanism (e.g. resolution).
In this paper we continue a line of research aimed at sup-
porting educational tasks (1) — (4) for learning first-order
logic in educational support systems. While basic support
for all four tasks is provided by state-of-the-art systems such
as the Iltis system (Schmellenkamp, Vehlken, and Zeume
2024; Kneisel, Vehlken, and Zeume 2025), not much work
has been done on providing advanced feedback, even though
individual, timely feedback is essential for learning success.
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In this work we focus on advanced feedback mechanisms for
writing first-order formulas, i.e. for educational task (2).
Writing first-order formulas is a challenge for students
and prone to many errors (Schmellenkamp, Schmalstieg,
and Zeume 2025). Besides stating that a student attempt is
incorrect and providing counter examples, feedback ideally
pinpoints conceptual mistakes. For instance, when asked to
write a first-order formula for the natural language statement

“System libraries depend only on system libraries.”
with solution
vavty((S(x) A D(x,y)) = S(y)),

we envision that students receive individual conceptual feed-
back depending on their attempt, for instance:

(a) Hints at quantification mistakes:

— Student: VmEIy((S(x) A D(z,y)) — S(y))

— Feedback: It might help to double check the quantifier
structure of your formula.

(b) Hints at guarding mistakes:

- Student: VaVy(D(z,y) — S(y))

— Feedback: It seems that you need to ensure that the
variable z ranges only over some domain elements.

(c) Hints at missing parts or symbols of a formula:

— Student: VaVy(S(xz) = S(y))

— Feedback: The statement includes a dependency be-
tween libraries, but your formula does not use the re-
lation symbol D that models such dependencies.

Algorithmically providing feedback faces two obstacles.
First, providing feedback for first-order formulas is an in-
herently hard algorithmic problem. Already determining
the correctness of student attempts requires checking logical
equivalence of first-order formulas, often modulo a back-
ground theory for knowledge implicit in the given scenario.
While this algorithmic problem is undecidable in general,
one approach is to use a standard reduction to the satis-
fiability problem for first-order logic and to apply a theo-
rem prover such as Vampire (Kovacs and Voronkov 2013;
Bartek et al. 2025). A natural question is whether this suf-
fices and also whether small, meaningful counter examples
can be computed this way for non-equivalent formulas.
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* RQI1: Can the correctness of student attempts be deter-
mined in practice for first-order logic modelling tasks?

* RQ2: In case of an incorrect attempt, can a counter exam-
ple witnessing incorrectness be provided?

Second, no approaches for providing higher level expla-
nations (such as explanations of types (a) — (c) from above)
for explaining why an attempt is wrong or, in other words,
why two first-order formulas are non-equivalent, have been
explored in prior work. In particular, no algorithmic meth-
ods for finding such explanations exist so far.

* RQ3: In case of an incorrect attempt, how can highlevel
explanations be computed in practice?

Contributions

We address research questions RQ1, RQ2, and RQ3 by
(1) designing algorithmic methods for explaining non-
equivalence of first-order formulas and (2) evaluating equiv-
alence testing, finding counter models, and the methods for
explaining non-equivalence from (1) on large educational
data sets with > 100.000 pairs of first-order formulas.

Our explanations for non-equivalence of two formulas v
and ¢ come in two flavours. A blocker is a syntactic prop-
erty of one of them that prevents equivalence; examples are
different numbers of free variables or missing vocabulary
symbols. A bugfixing modification is a small modification
of one of the formulas that makes it equivalent to the other;
examples are bugfixes that modify a quantifier, a guarding
attempt or small careless mistakes. For computing explana-
tions, we exploit several techniques:

* We use consequences of characterizations of Beth defin-
ability (Hodges 1993, Theorem 6.6.4) to computationally
discover vocabulary symbols that must be used for ex-
pressing some property.

* We use specifically designed profiling information for
quantifier patterns of atoms and (attempted) guards to
compute candidates for bugfixing modifications, whose
correctness is then tested by applying them and testing
equivalence to the resulting formula.

* We use a naive Erdos-Rényi-style random model gener-
ator to generate counter examples to supplement built-in
finite model building algorithms of Vampire.

We evaluate all methods — equivalence testing, finding
counter models, methods for explaining non-equivalence
— on an educational data set collected anonymously with
an educational support system in mandatory Bachelor-level
courses at several large universities. At the time of data
collection, only feedback indicating whether the input was
correct, possibly augmented by a counter example, was pro-
vided (with the possibility of receiving feedback that the sys-
tem was not able to determine the correctness of the input).

In total, the data set contains 125,970 pairs of formulas
(distinct: 37,159), of which 27,655 pairs are equivalent (dis-
tinct: 3,019) and 98,315 pairs are non-equivalent (distinct:
34,140). Each pair consists of a first-order formula mod-
elling a natural language statement and a formula by a stu-
dent attempting to model the same statement. In total, there
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Exercise: From modelling to inference

Julia is investigating a collection of software packages. Each
software package has exactly one maintainer, and software
packages may depend on other software packages. She has
identified the following dependencies:

(a) No software package is both a program library and a sys-
tem library.

(b) System libraries depend only on system libraries.

(c) Program libraries may only depend on system libraries
which are not maintained by the same maintainer.

(d) Every software package that must be explicitly installed by

the user depends on at least one program library directly.
She concludes that there is no system library that must be ex-
plicitly installed by the user. Can you confirm her conclusion
using methods you learned for first-order logic?

Figure 1: A first-order logic modelling exercise in which students
have to choose a first-order vocabulary, write first-order formu-
las for natural language specifications in this vocabulary, and infer
knowledge with an inference mechanism such as resolution.

are pairs for 62 statements spread over 14 scenarios, 11 of
them with a background theory of implicit knowledge.

For an evaluation summary we refer to Figure 2. We an-
swer research questions RQ1 and RQ2 affirmatively. For
all 125,970 pairs of formulas, equivalence is determined by
the Vampire theorem prover. For 98.48% of non-equivalent
pairs of formulas a counter example is found either by Vam-
pire’s finite model builder (93.34%, exclusively 17.68%)
or our naive random model generator (80.80%, exclusively
5.14%). Towards answering research question RQ3, our
computational strategies for computing explanations yield at
least one explanation for 52.14% of all non-equivalent pairs.
Strategies based on missing symbols, quantifiers, and guard-
ing each explain > 20% of non-equivalent pairs.

These results lay the foundation for conceptual feedback
for first-order modelling in educational support systems.
They also quantitatively confirm conceptual challenges en-
countered by students in first-order modelling tasks, includ-
ing the use of quantifiers and guarding, and thus can be the
basis for both fine-grained analysis and intervention design
from a CS education research perspective.

Related work

How to explain student mistakes and how to provide ad-
equate feedback has also been explored for educational
modelling tasks in other subfields of formal foundations
of computer science including propositional logic (Schmel-
lenkamp, Latys, and Zeume 2023), temporal logics (Green-
man et al. 2023), regular languages (D’ Antoni et al. 2015),
and context-free languages (Schmellenkamp et al. 2025).

Outline

After formalizing the setting and recalling methods for de-
termining (non-)equivalence of formulas and finding counter
examples in Section 2, we discuss methods for explaining
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non-equivalence in Section 3. All methods are evaluated in
Section 4. We discuss impact and future work in Section 5.

An extended version of this paper with an appendix con-
taining details on the evaluations and sample exercises is
available on arXiv (Vehlken et al. 2026).

2 Setting, Equivalence, Counter Examples

In educational tasks that ask to write first-order formulas for
natural language statements, typically students are given a
natural language description of a scenario together with the
statement to be modelled. For writing the formula, a first-
order vocabulary o with a description of the intended mean-
ing of its symbols is provided by instructors or designed
by students in preliminary educational tasks. An instructor
specifies a first-order formula i) over o that correctly mod-
els the statement as well as additional first-order constraints
I' over o that model constraints implicit in the scenario de-
scription. The first-order constraints I' induce a first-order
background theory Th(T') = {S | S = T'}. For checking
whether a first-order formula ¢ over o written by a student
correctly describes the statement to be modelled, one checks
whether 1) and ¢ agree for all o-structures S € Th(T).

For determining correctness and certifying incorrectness,
the following algorithmic problem needs to be solved:

Problem: FO-EQUIVALENCE-MODULO-THEORY
Input: First-order formulas ¢, ¢ and a set I' of first-

order formulas over o.

Are 1 and ¢ equivalent modulo Th(T') (de-

noted by ¢ =ty ), that is, does S |= ¢

iff S = ¢ hold for all § € Th(I")? If not,

which § € Th(I") is a counter example?

Question:

We explain existing algorithmic approaches for this prob-
lem, as they are the basis for more advanced explanations
(see Section 3) and because their performance on educa-
tional data sets is evaluated later on (see Section 4).

The decision version of the problem above can be easily
reduced to first-order (un-)satisfiability as follows:

Y =r) o = /\F — (1 4> @) is a tautology
— /\ ' A =(3) <> () is unsatisfiable.

Thus, it can be solved by invoking a theorem prover such as
Vampire (Kovacs and Voronkov 2013; Bartek et al. 2025).

For providing counter examples for non-equivalent for-
mulas, one can use Vampire’s finite model building imple-
mentation (Reger, Suda, and Voronkov 2016). Since initial
experiments indicated that this does not produce counter ex-
amples for all pairs judged to be non-equivalent by Vampire,
we also use a naive random model generator approach. We
compare both approaches in Section 4.

The naive random model approach uses an Erdds-Rényi-
style construction (see e.g. (Libkin 2004)). Given a uni-
verse size n and a probability p, construct a structure S with
universe A = {1,...,n}. For each k-ary relation symbol
R € 0, each tuple in A* will be added to RS independently
with probability p. For k-ary function symbols f € o, the
image under fS of each tuple in A* is chosen randomly,
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each element in A having probability % to be picked. The
universe sizes, probability, and a number of models to be
generated for each universe size are parameters.

To find counter examples, one generates random struc-
tures in ascending size and checks if they are a model of
AT A =(¢ + ¢). If so, it is a counter example certifying
¥ Zrnr) @ By checking AT A4 and AT A ¢ separately,
additionally feedback as to whether a student attempt ¢ is
too restrictive or too permissive can be provided.

Our implementation allows to randomly generate struc-
tures satisfying I" in a preprocessing step, and only to subse-
quently test against ¢ and . This is helpful in cases where
I" severely restricts permissible models. In such cases, this
preprocessing speeds-up the counter example search.

3 Explanations for Non-Equivalence

Our conceptual explanations for non-equivalence are moti-
vated from our educational application scenario. A recent
interview study on errors and misconceptions in first-order
logic modelling (Schmellenkamp, Schmalstieg, and Zeume
2025) confirmed the common perception among instruc-
tors that when writing first-order formulas, students strug-
gle with the use of (i) quantifiers, (ii) guarding, and (iii) free
variables. Additionally, students often (iv) forget to model
parts of statements, or (v) do careless syntactical mistakes
including wrong use of Boolean operators. Our goal is to
explain non-equivalences of first-order formulas that occur
because of mistakes due to (i) — (V).

In this section we always assume non-equivalence of the
two first-order formulas 1) and ¢. Our explanations for non-
equivalence are directional in the sense that they try to ex-
plain why ¢ is not equivalent to ¢ from (’s perspective. This
allows to derive appropriate feedback for student attempts
from computed explanations.

Roughly speaking, our explanations come in two flavours:
blockers and bugfixing modifications. A blocker is a syntac-
tic property of ¢ that no formula equivalent to ¢ (modulo
Th(T)) can have. An example is that ¢ uses a relation sym-
bol R and no equivalent formula without R exists; thus if ¢
does not use R, this explains non-equivalence of ¢ and . A
bugfixing modification is a small modification of ¢ such that
applying it to ¢ leads to a formula equivalent to 1.

We next describe algorithmic strategies to discover expla-
nations for non-equivalence. A challenge is efficiency: for
finding bugfixing explanations, our algorithms enumerate
promissing candidate modifications for ¢ and test whether
they transform ¢ into ¢’ such that " =y, 1. Thus, each
candidate requires a computationally expensive equivalence
test (e.g. via Vampire). Our strategies are designed to mini-
mize equivalence tests and to find good candidates.

Table 1 provides an overview of our computational strate-
gies as well as examples for their application.

3.1 Preprocessing

In a preprocessing step, we compute information that pro-
files (i) use of quantifier in ¢ and ¥, (ii) use of guards in ¢
and ¢, and (iii) necessary vocabulary symbols in ).
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Strategy
Solution formula 1)

Example

Explanation
Student attempt ¢

Strategies for Symbols

S-1 Missing symbol names

vz (Q(z) — P(z))

Vz P(x) Relation symbol ) does not occur

in ¢, but is required

S-2 Permuted arguments of a symbol VxIy R(z,y) Vz3Iy R(y, =) Wrong quantification pattern due to
permutation
S-3 Different relation symbol names Jz P(x) Iz Q(x) Wrong relation symbol used
S-4 Different terms Iz P(f(x)) Jz P(x) Terms in P(-) differ
Strategies for Quantifiers

Q-1 Different quantifier prefixes
Q-2 Different order of quantifiers

VaIy(P(z) — G(z,y))

Va(S(z) — JyvVz R(x, vy, 2))

VeVy(P(z) = G(z,y))
Vz3Iy3z(S(z) — R(z,y, 2))

Wrong quantifier prefix

Wrong quantification pattern for
R(z,y,z)

Q-3 Different free variables Vo P(x) P(z)  is free only in ¢
Strategies for Guarding
G-1 Different guards Vz (P(z) = Q(z)) Vz Q(x) Missing universal guard for ©
Jz Q(x) Jz (P(z) A Q(z)) Superfluous existential guard for
G-2 Wrong guarding operators Vo (P(z) = Q(z)) Vo (P(z) A Q(z)) A is the wrong guard operator for

universally quantified

Strategies for Boolean Operators™

B-1 Different negation patterns
B-2 Swapping Implication

Va P(z)
Vz (P(z) = Q(x))

Va —P(x)
Vo (Q(z) = P(x))

Wrong negation prefix for P(x)
Implication in wrong direction

Table 1: Overview of strategies for explaining non-equivalence of first-order formulas. Only most successful strategies for Boolean operators

are listed (%).

Profiling the Use of Quantifiers. We precompute quanti-
fier profiles of atoms occuring in v and .

A first-order formula is in prenex normal form, if it is of
the form Q121 . .. Qrxy p for quantifiers Q; € {3,V} and
quantifier-free formula p. We call Q11 . . . Qxx) quantifier
prefix and Q1Q)3 . .. Qy quantifier prefix type. Denote by
" the negation normal form obtained from ¢ by “moving
all negations inwards” using De Morgans law.

The quantifier prefix of an atom A = R(xy,...,x1)
in formula ¢ captures how variables in the atom are quan-
tified and in which order. Formally, it is the sequence
Q1y1 - - - Qeye where Q); are quantifiers and y; variables with

c dyr, - yet U{z1, .o zm )t = {2, ..
are free variables of ¢, and

., 2k}, where z;

* y1,...,y¢ are bound by Q1y1, ...,y in this order in
the syntax tree of ¢ (if y; is quantified multiple times,
the sequence contains the quantification closest to .4).

The quantifier prefix type of A captures how and in which
order positions of A are quantified. Formally, it is the se-
quence Q1Py,...,Q¢P; where P, = {j | z; = yi}.
The address of an atom .4 in a formula ¢ is a path 74
from the root of the syntax tree of ¢ to A. The profile
profile(p, A, m4) of an atom A =  R(zy,...,x)) with
address w4 in ¢ is the tuple (R,v,q) where the valence
v is v = + if no negation is in front of A in ¢~ and
v = — otherwise, and ¢ is the quantifier prefix type of

A in . The profile profile(¢) of a formula ¢ is the set
{profile(p, A, m4) | A is an atom with address 7 4 in ¢}.

Example 1. Consider the first-order formula
v = 3y(S(y) AVaVy(T(z,y,2) V S(y)))-

The quantifier prefix of the atom T'(z,y, x) is Yx3y, and its
quantifier prefix type is ¥{1,3}3{2}. The profile of ¢ is

{(Sa +7 3{1})? (57 ) 3{1})v (Ta R V{la 3}3{2})}

For the sake of readability, we introduced a simplified no-
tion of profiles that only talks about variables. In our imple-
mentation, profiles contain information about terms occur-
ing in atoms and about the quantifier structure of variables
occuring in those terms.

In a preprocessing step for ¢ and v, our procedure com-
putes profile(¢), profile(), and prefix(¢) and prefix () (if
, ¥ are in prenex form).

Profiling the Use of Guards. The use of a variable z in an
atom .A(@) within a formula 1) is guarded by an atom G(7),
if z = yy in the quantifier prefix Q11 . .. Qry, of G(w) and
there is a subformula of the formula ¢ of the form

* G — p(w) and A(w) occurs in p(w) if Q, =V, and
* G A p(w) and A(w) occurs in p(w) if Q, = 3.

It is wrongly guarded if the conditions are replaced by
* G A p(w) and A(7) occurs in p(w) if Q, =V, and
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* G — p(w) and A(w) occurs in p(w) if Q; = 3.

As an example,  in the atom R(z, y, z) within Vy3z (S (x)A
3zR(x,y,z)) is guarded by S(x), while it is wrongly
guarded within Vy3z(S(x) — 3zR(x,y, 2)).

Let guards(y) be the set that contains all pairs
(PROFILE(G), PROFILE(A)) of profiles of atoms G and A
such that there is a variable z in A guarded by G within ).
Similarly, let wrong-guards()) contain all such pairs where
z is wrongly guarded.

In a preprocessing step for ¢ and 1, our procedure
computes guards(v), guards(p), wrong-guards(¢)), and
wrong-guards ().

Profiling Necessary Symbols. If 3 and ¢ are non-
equivalent and ¢ does not use a symbol R used by 1), one
possible explanation for the non-equivalence is that R is nec-
essary for expressing the property expressed by ).

Formally, let 7 be a first-order formula over o that ex-
presses a property P modulo a theory Th(I'). A symbol
R € o is necessary to express P modulo Th(I"), if there is
no ¢ over o \ { R} that is equivalent to 1.

Whether a symbol is necessary can be inferred using the
projective Beth definability theorem, see for instance (ten
Cate and Comer 2025). The following theorem rephrases
the formulation from (Hodges 1993, Theorem 6.6.4):

Theorem 1. Let 0,0’ be vocabularies with o C o', let 1)(T)
be a first-order formula over o', and let M be a non-empty
set of o’ -structures. Then the following are equivalent:

(i) There exist two o’ -structures A and B in M such that
» Alo = Blo and
e thereis a tuple a of A: A |=y(a) < B |~ y(a).
(ii) There exists no first-order formula o(Z) over o that is
equivalent to 1 (T) on M.

Theorem 1 immediately helps in our application. For de-
termining whether symbols ¢’ \ o are necessary in a solution
formula ¢ and background theory M = Th(T"), we employ
Padoa’s method (see e.g. (ten Cate and Comer 2025)) to test
whether structures A and B and a tuple @ as in part (i) of the
theorem exist. If so, the symbols in ¢’ \ o are necessary in
any student attempt formula .

We reduce the testing of part (i) of Theorem 1, i.e. whether
structures A and B exist, to the satisfiability problem for
first-order logic and apply a theorem prover like Vampire.
Such structures exist if and only if the following existential
second-order (ESO) formula y is satisfiable:

JR3IfIT 39T 39" 3z
((‘pﬁ/f’, 3/31(&) < P 5/5m(7))
N g9 N, 5/@”1)
where

« 3R 3? quantifies a structure over o,
« 37’37 and 37" 37" quantify structures over ¢’ \ o, and

* t1s/5] denotes the formula obtained from 1) by replacing
every occurrence of S by S’.
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The ESO formula Y is satisfiable if and only if the follow-
ing first-order logic formula is satisfiable:

<(9"[T/Tﬁ 5/71@) & P17, 573 (@)

N g5 N, m"])

We note that in (Hodges 1993), all first-order vocabular-
ies contain equality. Therefore, in Theorem 1, if o’ contains
equality, then o also contains equality. However, in our ap-
plication, we also want to determine whether the equality
symbol is necessary to express the property expressed by
on Th(T"). To accommodate this, we rephrase the question
of whether equality is necessary as a question of whether a
congruence relation, i.e. an equivalence relation compatible
with all other symbols, is necessary. This can be tested us-
ing Theorem 1. We rely on the fact that factoring a structure
with a congruence by that congruence collapses this relation
into the equality relation.

We reuse notation from (Ebbinghaus et al. 1994, Exer-
cise 11.6.11) and state the following lemma. For a first-
order formula v (with equality) over o, we denote by ¢*
the first-order formula over o U {E'}, for a fresh binary re-
lation symbol FE, obtained by replacing all atoms ¢; = t5 in
¥ by E(t1,t2), where t1,t2 are terms. Furthermore, let 0
be a first-order formula axiomatizing that E is a congruence
with respect to all symbols in o. For a set I' of first-order
formulas we denote T'* = {¢* | p € T'}.

Lemma 1. Let ) be a first-order formula and T a finite set
of first-order formulas over a vocabulary o (with equality).
Then the following are equivalent:

(i) There exists a formula @ over o (without equality) such
that ’(/) ETh(F) ®.

(ii) There exists a formula p over o (without E) such that

Y EThTU{sp}) M-

Thus, whether equality is needed in v reduces to testing
whether the symbol E is necessary in ¢*.

Proof (of Lemma 1). We use the following fact, see
(Ebbinghaus et al. 1994). For all formulas ), all models
S, all binary relations £ with (S, ES) |= 6 it holds that
(S,ES) = o* iff S/E® = 1), where S/E® denotes the
factor structure of S by E¥.

Using this fact, one can easily show that ¢ =y, ¢ iff
" =1preuisg)) " for any two formulas v, ¢ and set I
of formulas. Direction (i) = (ii) follows, since ¢ does
not use equality by assumption, and therefore ¢* does not
use E. Thus, p* = ¢ is a valid choice for u.

For (ii) = (i), we observe that in the proof of the pro-
jective Beth definability theorem in (ten Cate and Comer
2025), the constructed formula that explicitly defines the
symbol in question (in this case, F) in terms of ¢ does not
use equality, if the background theory does not use equal-
ity, which Th(I'™* U {dg}) does not. Therefore, if 1 as in
(ii) exists, there also exists a formula u’ equivalent to u on
Th(I'™* U {dg}) that uses neither equality nor E. Thus, ' is
a valid choice for ¢ in (i).

The lemma statement follows. O
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In a preprocessing step for 1, all necessary symbols
NECESSARY (%)) of 1) are computed relying on the described
procedure. Note that this requires a first-order satisfiability
test for each symbol and is therefore expensive, but this only
has to be done once for each solution formula .

3.2 Strategies for Explaining Non-equivalence

We now explain computational strategies for explaining
non-equivalence; most using the precomputed information.

Strategies for Symbols. The following strategies identify
missing symbols and candidates for fixing non-equivalence
due to permuted arguments or wrong names of symbols.

S-1 Missing symbol names If a vocabulary symbol (rela-
tion, function, or constant) is necessary in i but does
not occur in ¢, then this is a blocker explaining non-
equivalence.

S-2 Permuted arguments of a symbol If only ¢ has an
atom A, with profile (R, v, g,,) and only ) has an atom
with profile (R, v, ¢y), and permuting arguments of A,
changes g, into gy, then modify ¢ by permuting the ar-
guments. If successful (i.e., if this leads to equivalence to
1)), then this modification explains non-equivalence.

S-3 Different relation symbol names If only ¢ has an
atom A, with profile (R, v, ¢) and only 1) has an atom
with profile (Ry,v,q), then modify ¢ by replacing the
symbol R in A, by S. If successful (i.e., if this leads
to equivalence to 1)), then this modification explains non-
equivalence.

S-4 Different terms Similarly to the previous case but for
terms (relying on extended profiles that incorporate infor-
mation for terms).

Strategies for Quantifiers. The following strategies iden-
tify different quantification patterns and different sets of free
variables.

Q-1 Different quantifier prefixes If both ) and ¢ are in
prenex normal form and their quantifier prefixes differ,
then modify ¢ by replacing its prefix by the prefix of ¢
if this does not introduce additional free variables. If suc-
cessful (i.e., if this leads to equivalence to %)), then this
modification explains non-equivalence.

Q-2 Different order of quantifiers If only ¢ has an atom
A, with profile (R, v,q,) and only ¢ has an atom with
profile (R, v, qy ), then modify ¢ by replacing' the quanti-
fiers corresponding to g, in ¢ by quantifiers correspond-
ing to gy (with suitable renaming of variables). If suc-
cessful (i.e., if this leads to equivalence to 1)), then this
modification explains non-equivalence.

Q-3 Different free variables If the set of free variables of
1 and ¢ differs, then this is a blocker explaining non-
equivalence.

Strategies for Guarding. The following strategies iden-
tify missing and superfluous guards in ¢ as well as wrong
guards.
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G-1 Different guards If ¢ contains an atom A, with an
unguarded argument position ¢ and i contains an atom
A,, with the same profile but position 7 guarded by a guard
G, then modify ¢ by adding a guard G, for position ¢ of
A, (f possible). Symmetrically for ¢/ and ¢ (the modi-
fication then removes guards from (). If successful (i.e.,
if this leads to equivalence to 1), then this modification
explains non-equivalence.

G-2 Wrong guarding operators If ¢ contains a wrongly
guarded atom, then modify ¢ by replacing — by A in the
guard or vice versa.

Strategies for Boolean Operators. Strategies for discov-
ering explanations for non-equivalence for Boolean opera-
tors based on modifications have been studied extensively in
(Schmellenkamp, Latys, and Zeume 2023) and can be re-
used for first-order logic. We only present a strategy for
negations that is specific for first-order logic, and one exem-
plary Boolean strategy concerning implication (chosen be-
cause it explains many non-equivalences in our data set).

B-1 Different negation patterns If only ¢ has an atom A,
with profile (R, v, ¢) and only v has an atom with profile
(R, vy, q) where v, = + iff v, = — (i.e., R is positive
in exactly one of the two formulas) then modify' nega-
tions on the path of the atom with profile (R, v,,q) in
© according to the corresponding path of the atom with
profile (R, vy,q) in v. If successful (i.e. if this leads
to equivalence to /), then this modification explains non-
equivalence.

B-2 Swapping Implication Modify ¢ by swapping the di-
rection of an implication (if one exists). If successful (i.e.
if this leads to equivalence to 1), then this modification
explains non-equivalence.

4 Evaluation

In this section, we evaluate effectiveness and efficiency of
determining (non-)equivalence, finding counter examples,
and computing explanations on a large educational dataset.
We address the research questions stated in the introduction:

* RQI1: Can the correctness of student attempts be deter-
mined in practice for first-order logic modelling tasks?

* RQ2: In case of an incorrect attempt, can a counterexam-
ple witnessing incorrectness be provided?

* RQ3: In case of an incorrect attempt, how can highlevel
explanations be computed in practice?

Our data set was collected via an educational support sys-
tem over four semesters in courses on “Logic in Computer
Science” at two universities with > 300 students in each
course iteration. The students were tasked with modelling
statements given in natural language with first-logic formu-
las over a given vocabulary, for which an instructor had pro-
vided a solution formula and (if applicable) a background
theory. The data has been collected for 14 scenarios with
in total 62 different statements to be modelled (see extended

"This rough description is made precise in the implementation.
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Evaluation summary overall attempts
# % #dst %dst
all attempts 125970 100.0% 37159 100.0%
equivalent attempts 27655 21.95% 3019 8.12%
non-equivalent attempts 98315 78.05% 34140 91.88%
Equivalence*

27654 99.996% 3018 99.97%

proven by Vampire (vampire, casc, casc-sat combined) ‘

Non-Equivalence**

proven by Vampire (vampire, casc, casc_sat combined) 98315 100.0% 34140 100.0%

counter model found 96820 98.48% 33429 97.92%

via Vampire (finite model building) 91766 93.34% 31465 92.16%

via Random models 79439 80.80% 24694 72.33%

exclusively via Vampire (finite model building) 17381 17.68% 8735 25.59%

exclusively via Random models 5054 5.14% 1964 5.75%
Explanations**

Explanation by strategy

S-1 Missing symbol names 25500 25.94% 8052 23.58%
S-2 Permuted arguments of a symbol 429 0.44% 126 0.37%
S-3 Different relation symbol names 594 0.60% 123 0.36%
S-4 Different terms 1016 1.03% 116 0.34%
Q-1 Different quantifier prefixes 1603 1.63% 357 1.05%
Q-2 Different order of quantifiers 1047 1.06% 300 0.88%
Q-3 Different free variables 10171 10.34% 5375 15.74%
G-1 Different guards 11407 11.60% 2038 5.97%
G-2 Wrong guarding operators 7445 7.57% 1019 2.98%
Q-1 + G-1: Different quantifier prefixes and guards 10469 10.65% 1439 4.21%
B-1 Different negation patterns 582 0.59% 110 0.32%
B-2 Swapped implications 554 0.56% 31 0.09%
> 1 strategy 51269 52.15% 15610 45.72%

Table 2: Summary of the evaluation. In the experiments, each Vampire invocation was given a timeout of 20 seconds. For only one of the
37,159 formula pairs Vampire did not manage to determine equivalence within this time limit (it took 156 seconds).

* Percentages relative to equivalent attempts.
** Percentages relative to non-equivalent attempts.
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Figure 2: Time in milliseconds Vampire needed to determine
whether pairs of formulas are equivalent or non-equivalent (blue)
and time needed for equivalent pairs only (red). The blue and red
lines show the percentiles for decisions made. Only distinct pairs
of formulas are considered here.

version (Vehlken et al. 2026) for an overview as well as an
example scenario).

The data set consists of 125,970 tuples (id, T, ¢, ¢), con-
taining an id, background theory I, solution formula 1), and
student attempt ¢. In our evaluation we measure perfor-
mance with respect to (i) all such tuples, and (ii) tuples with
distinct solution attempts. The number of distinct solution
attempts is 37,159. The data set is summarized in the first
lines of Table 2.

One reason for the high number of attempts, and in par-
ticular incorrect attempts, is likely that the system provides
feedback after every attempt and students have an unlimited
number of attempts per exercise. Because of the large num-
ber of attempts, we used timeouts in our evaluations. Unless
stated otherwise, the experiments were run with a timeout of
20 seconds.

4.1 RQI1: Determining Correctness of Student
Attempts

Setting. For answering whether correctness of student at-
tempts can be determined in practice, we evaluate (1) equiv-
alence for all pairs of formulas ¢ and ¢ modulo I' with
the theorem prover Vampire, and (2) measure how fast
(non-)equivalence can be tested.

This and all other experiments in this paper were run on a
small server (16x 2.4 GHz CPU cores, 48 GB RAM). We use
version 4.8 of Vampire and the three modes vampire, casc,
and casc_sat (Bértek et al. 2025). Preliminary experiments
indicated that no single mode is optimal for all our formula
pairs. Therefore, we start a race between the three different
modes by running them in parallel in independent processes.
As soon as one returns a decisive answer (indicating equiv-
alence or non-equivalence), this answer is returned and all
other processes are terminated.

Results. For all but one of 125,970 formula pairs,
(non-)equivalence was determined within the 20 second
timeout (see Table 2). For the remaining pair, in a post-test,
equivalence was proven by Vampire in 156s. It turns out that
for all except 114 pairs (= 0.3%), (non-)equivalence could
be decided within 200ms, also see Figure 2.
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models found for each size by the random model generator (blue).
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Figure 4: Time needed by Vampire’s finite model builder (blue)
and by the random model generator (red). The blue and red lines
show the percentiles of counter examples found with respect to all
distinct non-equivalent pairs of formulas.

In summary, testing correctness of solution attempts in
first-order modelling tasks is practically feasible in educa-
tional scenarios.

4.2 RQ2: Finding Counter Examples

Setting. For answering whether counter examples wit-
nessing non-equivalence of formulas can be found in prac-
tice, we evaluate (1) for which ratio of pairs Vampire and a
random model generator can find counter example models,
(2) how fast, and (3) how large the generated counter models
are (as a proxy for how useful counter examples are for ex-
plaining non-equivalence). We note that both methods only
build finite models, so it is possible that counter examples
for some of the formula pairs cannot be found this way.

The random model generator was parameterized to gen-
erate models of size 1 to 10, the probability of picking a
tuple was 0.5 (cf. Section 2). For each universe size m,
up to m - 1000 models were generated and tested. Vam-
pire was instructed to use its finite model builder via the flag
——saturation_algorithm fmb.

Results. Counter examples were found for 98.48% of the
pairs of non-equivalent formulas by at least one of the meth-
ods, with Vampire finding counter examples for 93.34% of
all pairs and the random model generator finding counter
examples for 80.8% of all pairs (see Table 2). Thus, Vam-
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Figure 5: Time in seconds needed to run all strategies (sequen-
tially) for each distinct pair of non-equivalent formulas without a
cache (blue) and with a cache (red). The blue and red lines show
the percentiles for decisions made. Note that the # decisions axis
is in logarithmic scale. Individual Vampire calls had a timeout of
30s, but the strategies themselves did not have an explicit timeout.

pire could determine non-equivalence of all non-equivalent
pairs, but not derive counter examples for a fraction of for-
mula pairs. There are 17.68% and 5.14% pairs for which
solely Vampire or the random model generator, respectively,
found a counter example.

For 30,822 out of 34,140 pairs of non-equivalent formulas
(90.3%), counter examples were found within 200ms, also
see Figure 4.

When both approaches found a model for a pair of formu-
las, Vampire’s model was larger by a factor of 4.0 (median)
or 4.5 (average), see also Figure 4.

In summary, counter examples can be found sufficiently
efficiently for most pairs of formulas to provide a first ex-
planation of incorrect student attempts.

4.3 RQ3: Computing Highlevel Explanations

Setting. For answering whether explanations for non-
equivalence can be computed in practice, we evaluate (1)
which ratio of pairs can be explained by our strategies, and
(2) how fast. The expectation, guided by our experience in
grading, is that while a significant fraction will be explain-
able by our strategies, there is also a significant fraction of
non-sensical solution attempts.

We implemented all strategies as well as a testing frame-
work to apply them to the dataset. Each strategy was applied
to every formula pair. In addition to our strategies from
Section 3 we also used a strategy Q-1+G-1 that combines
modifying differing quantifier prefixes and differing guards.
This strategy was added after inspecting pairs that were un-
explained by the other strategies.

For determining efficiency in practical scenarios, we ran
our experiment also with a cache to store equivalence deci-
sions for pairs of first-order formulas. The cache was ini-
tially filled with the equivalence decision of all the 37,159
pairs of formulas. After each Vampire call, the cache was
extended with the resulting decisions.

Individual Vampire calls had a timeout of 30s, but the
strategies themselves did not have an explicit timeout.

Results. Our strategies explain 52.15% of all formula
pairs and 45.72% of distinct pairs. A detailed split for how
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many (total and distinct) pairs are explained by the individ-
ual strategies is provided in Table 2.

For 87% of all pairs, running all strategies sequentially
took less than 10 seconds (see Figure 5, the # decisions axis
is in logarithmic scale). Using a cache significantly reduces
the average runtime from 9.1 seconds without using a cache,
to 0.15 seconds, see Figure 5. With cache, all but 200 pairs
need at most 2 seconds. This indicates that the time needed
to run the strategies is dominated by the time needed to run
Vampire. Thus, in addition to exploit that pairs of formulas
might occur multiple times, a cache is beneficial in practice
as also (different) strategies may test the same pairs of for-
mulas multiple times.

In summary, for more than half of all student attempts,
a conceptual explanation can be found. These explanations
can also be found fast enough to be provided to students
instantly by an educational support system.

We expect that by fine-tuning the current implementa-
tion, the ratio of pairs for which conceptual explanations
can be provided can be further increased (e.g. by adding fur-
ther strategies and also combining strategies). Also the time
needed to compute explanations can likely be decreased by
engineering the used algorithms.

5 Summary, Impact, and Future Work

We designed algorithms for explaining non-equivalence of
first-order formulas and evaluated equivalence testing, find-
ing counter models, and the methods for explaining on large
educational data sets with > 100.000 pairs of first-order for-
mulas.

Our evaluation shows that for educational tasks on first-
order modelling, (1) modern theorem provers like Vampire
can easily determine correctness of modelling attempts, also
in the presence of background theories; (2) counter exam-
ple models can easily be computed for most incorrect mod-
elling attempts by combining Vampire’s finite model builder
and a random model generator; and (3) conceptual explana-
tions for incorrectness can be computed for a large fraction
of modelling attempts (> 50% of attempts in our data set).
All computations for (1) — (3) are fast enough to provide
feedback instantly and to scale to large cohorts.

Our computational strategies for finding explanations are
currently being integrated into a state-of-the-art educational
support system for learning logic used by > 1.000 students
per year. We plan to analyse the educational data from this
integration using our algorithms to better understand how
students learn foundations of logics.
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