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Abstract

Logical argumentation uses calculi to generate arguments and
counter-arguments to capture defeasible reasoning. In this pa-
per, we introduce modular proof-search procedures for a large
class of such argument calculi developed to capture two core
forms of defeasible reasoning: normative reasoning, formal-
ized via input/output logics, and doxastic reasoning, formal-
ized via normal default logic. Our approach relies on modu-
lar, rule-based, and terminating decomposition trees via step-
by-step decomposition of norms and defaults. When success-
ful, a terminated decomposition tree certifies derivability of a
given argument in its corresponding calculus, including argu-
ments for obligations and beliefs, as well as defeating argu-
ments concluding inapplicability of norms and defaults. We
show how rule-based decomposition of norms and defaults is
used to determine nonmonotonic inference for credulous rea-
soning with maximal consistent sets of norms and defaults as
well as stable sets of arguments in formal argumentation.

1 Introduction

Everyday reasoning is inherently defeasible: for agents to
plan, decide, comply, and, in general, move around in this
world, provisional inferences need to be made under incom-
plete, uncertain, and often inconsistent information (Pollock
1987; Toulmin 1958). Two types of reasoning stand out:
normative and doxastic reasoning. The former addresses
agents needing to comply with conflict-sensitive norm sys-
tems, whereas the latter serves agents updating their beliefs
under, possibly, conflicting information. To deal with de-
feasible reasoning in computer science, a wide variety of
nonmonotonic (nm) logics has been developed (see (Strasser
2025) for an overview). In particular, input/output logics
(Makinson and van der Torre 2001) and default logic (Reiter
1980) are paradigmatic formal approaches to defeasible nor-
mative, respectively, doxastic reasoning using maximal con-
sistent sets. Over the past decades, logical argumentation
(Dung 1995) rose to prominence as a unifying framework
for nm logics (Arieli et al. 2021), opening the door to com-
parative studies of nm logics and more modular approaches
by combining formalisms. Various results have been ob-
tained for input/output and default style logics (van Berkel
and Straer 2022; van Berkel, Strafler, and Zhou 2024,
Liao et al. 2018; StraBer and Pardo 2021).

The use of sequent-style calculi for logical argumentation
is particularly promising for defeasible reasoning, as it pro-
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vides context of how arguments are derived, yields Toulmin-
style arguments, and introduces nuances in attack and de-
feat relations between arguments (Arieli and Straler 2019;
Arieli and Straler 2015). Logical argumentation approaches
instantiate argumentation frameworks with arguments de-
rived from a knowledge base using a calculus. However,
actual derivation methods are often missing: (i) the relevant
arguments are assumed to be given for the construction of
argumentation frameworks, and (ii) since these calculi lack
proof-search methods, they cannot be harnessed to check for
nm inference. These are strong assumptions that we aim to
loosen, by giving proof-search methods for these calculi.
Contributions  This paper seeks to combine and har-
ness the benefits of various approaches: logical argumen-
tation, nonmonotonic reasoning through maximal consistent
sets, and proof-theory. We do this by defining decomposition
trees for a large class of argument calculi defined for norma-
tive and doxastic reasoning (van Berkel and Straler 2022;
van Berkel, Straer, and Zhou 2024). Such trees decompose
the norms/defaults of a given argument, whose derivability
is checked, until the argument is reduced to elementary base
logic inferences. As a consequence, decomposition trees en-
joy (a generalized version of) the subformula property. This
yields finite terminating proof-search procedures. Our de-
composition approach is highly modular, which means that
proof-search methods can be straightforwardly obtained for
a large class of nm logics. Key contributions are as follows:

* We obtain terminating proof-search methods for argu-
ments and counterarguments (attackers) of argument cal-
culi for normative and doxastic reasoning (van Berkel and
StraBBer 2022; van Berkel, Straller, and Zhou 2024);

* Decomposition trees determine membership of norms and
defaults, in maximal consistent set construction for con-
straint input/output logics (Makinson and van der Torre
2001), respectively normal default logic (Reiter 1980);

» Terminating heuristics apply decomposition trees to cap-
ture credulous reasoning, establishing a close relation to
semantics in logical argumentation (Dung 1995).

Outline  Sect. 2 recalls argument calculi and we embed
this approach in logical argumentation in Sect. 3. Section 4
is devoted to decomposition trees and Sect. 5 presents our
decision procedure. Related work is discussed in Sect. 6.
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2 Argument Calculi

We first define argument calculi. Since our methods hold
for normative and doxastic reasoning, we use a general lan-
guage referring to ‘input’ () and ‘output’ (o), through appli-
cation of ‘rules’ (r), instead of facts, obligations, and norms
for normative reasoning, and beliefs and defaults for doxas-
tic reasoning. We use ‘constraints’ (c) to control the output.

Let £ be a propositional language and x € {i, 0, ¢} be a set
of labels. We define a labelled language £” = {¢” | ¢ € L}
and say L', £°, and L€ are the input, output, respectively
constraint language. Let L" = {($,¢) | ¢, " € L*} be
the language of rules and £” = {~(¢,?) | (¢,9) € L™} of
inapplicable rules. In a normative context, we read (¢, ) as
“if ¢, then v is obligatory” and, within a doxastic context,
as “if ¢, then ® is believed.” A formula -(¢,)) states that
the rule (¢,) is inapplicable. The complete language £%°
is defined as L' U LC UL UL UL, Weuse A, T, --- c Lo
for arbitrary finite sets and write A* ¢ L* for x € {i,0,¢,7}.

We work with knowledge bases of the type K = (Z, R, C)
where Z ¢ L', R ¢ L", and C ¢ L. The idea behind
input/output-style reasoning (Makinson and van der Torre
2001) is that input triggers rules from which output is de-
tached, where the output is restricted by a set of constraints.
Variations on input/output style logics are due to conditions
on how rules are triggered, output is detached, and con-
straints are enforced. Normal default logic can be seen as
an input/output style formalism with logical consistency as
the only constraint (Horty 2012; Reiter 1980).

An Argument Calculus (AC for short) (van Berkel and
Straler 2022) is a sequent-style proof system in which ar-
guments, called sequents, are derived through the applica-
tion of rules. An argument is of the form A = I" where A
constitute the reasons for concluding I'. We are interested in
two types of argument. The first type contains arguments of

the form 4
@' (9, 9) = ¢°

providing input ¢ and rules (¢,) as reasons for conclud-
ing output 1)°. The second type of argument, such as

¢z7 _‘wc = _‘(¢7¢)

expresses the defeasibility of arguments of the first type by
giving reasons, i.e., ¢* and —¢¢, for the inapplicability of
rules, that is, applying (¢,v) would yield the constraint-
inconsistent output °. Different Argument Calculi en-
able the construction of complex arguments of both types.
The results in this paper extend to all calculi under a clas-
sical base logic defined in (van Berkel and Strafer 2022;
van Berkel, StraBler, and Zhou 2024), which characterize all
constraint input/output logics and a class of normal default
logics (Proposition 1). Argument calculi are sets of deriva-
tion rules, stipulating the conditions under which arguments
can be derived from other arguments.

Definition 1 (Argument Calculi). Let L be classical logic
Sor L% (x € {i,0,c}) and | be derivability in L. We define
A = T as an AC-argument if A € L is a regular finite set
and T € L is restricted to at most one formula from L.
The minimal system ACgy is defined by the rules Ax,

BDet, and Cut, (Fig. 1). We write ACi§ for the input/output
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CLAT = TF AX forze {i,o,c} = (r,7) Taut
i (aan oo bbet  —— TP
¢ (9. 9) = =
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AA=T M R gz ot
A (¢, 9) = . DL1
Ao o) 102 ¢ = =(6,0)

Figure 1: Rules for constructing ACk (Def. 1). The upper level
contains initial rules, the lower logical, structural and defeasibility
rules. Condition (a) denotes A n L" # @ if TP ¢ S; (b) that
ANL" +@and A'nL" + @, when TP ¢ S; (c) indicates ¢ € L.

style extension of ACy with {Taut,101,102} c S c
{Taut, 101,102, TP,SDet,Cases } and ACf’SI for the default
style extension of ACyx with DLI and S = {TP, SDet}.

An ACk-derivation (1 € {io,dI}) of A = T is a tree whose
leaves are initial sequents of /-\Cfg, whose rootis A = T, and
whose rule-applications are instances of the rules of ACfS.
We write v's A =T if A=Tis ACk-derivable.

We briefly discuss the AC-rules of Figure 1. The rule Ax
introduces initial arguments that express tautologies in the
base logic for input, output, and constraints. Taut ensures
that tautologies are included among input and output. BDet
expresses the basic notion of detachment: i.e., from input
¢" and rule (¢,1)) detach output 1»°. TP ensures that all
input will be considered among the output. SDet captures
successive detachment where the detached output from one
rule may serve as input for detaching output from another.
Cut is the usual structural rule for sequent-style calculi.

The following rules capture defeasibility: 101 and 102
together capture defeasibility in input/output style reason-
ing. The former tells us that if A gives reasons for output
¢°, then A is inconsistent with the constraint —¢°. 102 tells
us that from an inconsistent left-hand side (lhs), we conclude
that at least one of its rules is inapplicable (¢, ¢). The rule
DL1 captures defeasibility in default style reasoning: if —¢)°
is among the detached output, and (¢, ) can be triggered
(by ¢' and possibly ¢° since SDet € S of AC%'), then the
rule is inapplicable —(¢,v). DL1 yields a more restricted
form of I01 and I02. Example 1 shows their difference.
Example 1. Let K; = (Z,R,C), T = {r'},R = {(T,p),
(7,9), (p,~q)}, C = @ and ACES with SDet € S and | €
{io,dl}. We adopt an abstract example to cover both nor-
mative and doxastic reasoning but refer, e.g., to (van Berkel,
Strafler, and Zhou 2024) for concrete scenarios. Using
BDet we can derive the arguments a = T°,(T,q) = ¢°
and b = T',(T,p) = p°. Using SDet ¢ S (and appli-
cations of Cut), we derive ¢ = T',(T,p), (p,~q) = —¢°,
and d = 1',(T,p),(T,q), (p,~q) = and, when TP € S,
we have h = r* = r°. Applying 101 and 102 for ACY,
we derive arguments for rule inapplicability, expressing a
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threefold conflict: e = T (T,p), (p, -q) = -(T,q), f =
T’La (T7p)7 (T7 q) . _'(pa _'Q)’ and g= Tz’ (Ta Q)) (pa _‘q) =
-(T,p). Arguments e and | are also /—\C?;' derivable us-
ing DL1 and Cut, but g is not. Note for this that (p,—q)
is not triggered by the input and detachable output from
(T,q). In default logic only rules that are triggered may
serve as reasons, this is not the case for input/output logic.
See (van Berkel and Strafier 2022) for example derivations.

3 Logical Argumentation and Properties

The two types of AC-derivable arguments reflect the two
mechanisms of defeasible reasoning: logical inference and
defeasibility. Arguments of the second type express attacks,
where A = —(¢, 1)) attacks all ' = X that use (¢, 1) € " as
a reason. Interaction between these argument types is fully
harnessed when argumentation frameworks are constructed
from AC-derivable arguments to characterize conflicts be-
tween arguments derivable from a knowledge base K.

Definition 2 (Argumentation Frameworks). Let ACfs be a
calculus and K = (I,R,C) a knowledge base. An ACk-
induced argumentation framework AF5(K) = (arg,att)
consists of arguments arg and an attack relation att defined:
carg={r5s A=>T|AcZUuRUC};

o att={(a,b) | a=A = =(¢,v),b=(¢,v), I = X € arg}.

In short, AF%(K) captures the conflict interaction be-
tween all K-based ACfg-arguments. Procedures, called se-
mantics, are then defined for selecting sets of conflict-free
arguments from AF’(K), which can be justified as defen-
sible (Baroni, Caminada, and Giacomin 2011; Dung 1995).
Definition 3 (Semantics and nonmonotonic inference). Let
AFL(K)=(arg, att), and € € arg:

* & is conflict-free whenever for each a,b € €, (a,b) ¢ att;

» & is stable if £ is conflict-free and for each a € arg \ &,
there is a b € £ with (b,a) € att.

Credulous ( HSC) and skeptical inference ( HSS) are defined.:
« KN o® iff a € UStable witha = A = ¢°;
* K Hésdf’ iff there is an a € (\ Stable with a = A = ¢°.

Example 2. Fig. 2 shows the A]—"fs (K1)s for Ex. 1, where (i)
and (ii) contain the frameworks for 1 = io with S = {SDet},
respectively, | = dl (the frameworks are partial for the sake
of illustration). These frameworks yield different stable ex-
tensions (some of which are shaded grey): For Fig 2-(i), we
have Stable = {{g,a},{e,b,c},{f,a,b}}, and for Fig 2-
(ii) we get Stable = {{a,b, f,h},{b,c,e,h}}. We have
Ki o g%, —q°,p° but Ki F5° (¢ A ~q A p)° in Fig 2-
(i). We have K, }Vg,chV —-q°,p°, and K, }vg’sp" but Ky %2’5
q°,—q° in Fig 2-(ii).

Example 3. Let Ky be Ky with the constraint set C =
{=(r A q)}. Clearly, this constraint will only play a role for
systems /—\Cfg with | = io and TP € S, where r is considered
among the output. Using BDet, Ax, 101, 102, and Cut, we
derivei = =(rnq)¢,r" = —(T,q). Argument i expresses that
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Figure 2: Partial argumentation framework for Ex. 1 and 3. Figure
(i) corresponds to AF ¥ (K1) with S = {SDet}, (ii) to AFE (K1),
and (iii) to AF % (Kz) with S = {TP,SDet}. Arrows denote at-
tacks and some stable extensions are shaded grey.

the rule (T, q) should not be applied in light of this new con-
straint. The resulting argumentation framework is presented
in Fig. 2-(iii) and it has due to the unassailable argument

i, only one extension: {b,c,e, h,i}. Hence, credulous and

skeptical inference colapse and we have Ko H(S)’Spo, 7%, =q°.

3.1 Some Properties of Argument Calculi

In the next section, we provide proof-search methods for ar-
gument calculi by means of decomposition trees but, first,
we show some useful properties of AC. For instance, re-
call that the ACfg-instantiated argumentation frameworks in-
troduced in this section characterize the entire class of con-
straint input/output logics and normal default logic (Prop. 1).

Proposition 1 (Soundness and Completeness (van Berkel
and StraBer 2022; van Berkel, StraBer, and Zhou 2024)).
Let AFS(K) be ACs-induced argumentation framework
based on K. Then, £ < arg is a stable extension iff
{(¢,0) | (6,¢) € A for A =T € E} is a maximal consis-
tent set (MCS) in the corresponding input/output or normal
default logic.

We recall for ACS and prove for AijgI that we can reduce

attacking arguments A = (¢, ) in AClS to obligation con-
cluding arguments A" = ¢°. The upshot of this result is that
we only need proof-search for the latter type of argument,
making our approach more unified.

Proposition 2 (Lem. 6.3 in (van Berkel 2023)). If |—i§ A=
_'(¢71/))’ then s A7 (¢7’(/)) =

Proposition 3 (Lem. 6.7 in (van Berkel 2023)). If |—i§ A =,

then 3 AN L = ¢° such that A0 L e —¢°.

Corollary 1. +2 A = (¢, ) iff -2 T'\ LC, (¢, 1)) = 6°

and An L° FpLe —-0°.

Proposition 4. =& A = ~(¢,v) iff F4 A = (¢ A —)°.
We conclude this section with some useful properties of

AC's, which will be used in subsequent sections.

Lemma 1. Let € {io,dlI}. (i) If 5 A = 0 and 6 € L% (x €
{c,i}), then A € L® and A+ 0. Ifl =dl, v5 A =T
and (AuT)N L # @, then A, T € L%and A+ T. (ii) If
Fo A= 0, AcLiU{(T,T)}, 0 €L and TP¢ S, v 6.
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ACE ‘ i/o logic H ACE ‘ i/o logic
S = {Taut} outy S = {Taut, Cases} outs
S = {Taut,SDet} outs S = {Taut,SDet,Cases } outy

Table 1: Correspondence of argument calculi ACS and in-
put/output logics, with out] for i € {1,2,3,4} when adding TP.

Lemma 2. LetT' € L%, z € {i,0} and y € {o,c} and let
h(w) be the height of a derivation T defined as the number
of nodes in the longest branch of . If there exists an ACfg-
proof w of @Y, T = 0% with h(w) < n and | ¢, there exists
an ACs-proof p of T' = 6% with h(p) < n.

Lemma 3. Let T' # @ and T° # @. If +5 T T° = ¢°,
=L Qb

Lemmad. Let T € L7 UL and A" # @. If there is a ACS-
derivation T of ¥°, T, A" = ¢° with h(r) < n, there is an
ACZ2-derivation p of %', T, A" = ¢° with h(p) < n.

4 Decomposition Trees

The central idea underlying all these decomposition meth-
ods is that we take an arbitrary argument s = A = T" and
begin decomposing its norms or defaults (¢,9) € An L",
carefully distinguishing the roles of the antecedent ¢ and
the consequent ). Henceforth, for readability, we will just
refer to (¢),%) as norms. By splitting such norms, the de-
composition produces a tree-like structure. This process
continues until all norms have been fully decomposed, re-
sulting in a number of leaves containing only propositional
formulas with mixed input ‘i’ and output ‘o’ labels. We
then check each leaf for propositional derivability. Different
input/output-style systems come with their own decomposi-
tion rules.

In this section, we prove the correspondence between
ACfg derivability and decomposition trees. We know the
sound and complete correspondence between ACfg and in-
put/output systems (Prop. 1). Table 1 recalls the relationship
between the specific argument calculi and these input/output
systems. In what follows, we name these decomposition
procedures after the state of the art input/output logics for
which ACY are sound and complete. We begin the presen-
tation of our proof-search method by examining decomposi-
tion for input/output logic outs (cf. Table 1). We then show
how the method extends to out} and all other input/output
logics. We provide intuitions and examples as we go. We
note that the only difference between out3 and default logic
is how attackers are generated. Since we know from Propo-
sition 4 that attacking arguments can be reduced to argu-
ments concluding obligation, we also obtain decomposition
procedures for default logic.

4.1 outs-Decomposition Trees

Our first method simply decomposes each norm. Intu-
itively, we check whether the antecedent of the norm follows
from the information present in the argument (left branch in
Def. 4) and whether its consequent contributes to deriving
the conclusion of the argument (right branch in Def. 4).
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Definition 4 (Decomposition trees for outs). Let x ¢
{i,0}. We generate a terminated outs-decomposition tree
for T", T, T'" = 6% by applying the following procedure,
starting from I'j) =T'":
1. ifT; =07, (¢,v) and O" #+ @, apply the rule
AL, 07, (¢, ) = £°
Ai71—[o7@r:>¢i wm’Ai’Ho’Gr:gm

and take 'l , = O";

2. T = {(d,v)}, apply one of the following rules:

ALTIO, (¢,0) = & AT, (¢, 0) = £°
Al = $t PLALIE = &6 A= ¢l O, 1% = £°

and take 1", | = @.

We say that a terminated outz-decomposition for I'*, T" =
0% is successful whenever any leaf 1I* = &% is such that
IT . &, and unsuccessful otherwise.

Example 4. The following is a terminated outs-
decomposition tree for p*, (p,q), (p Aq,1) = (r A q)°:
P (p.a). (pAgr) = (rrg)°
P (p,a) = (pra) .0 (p,a) = (rrg)’
pr=p phd = (prg) pr=pt %= (rag)’
Example S. The following are terminated outs-
decomposition trees for p*, (p A q,7), (r,q) = ¢°:

P, (prg,r), (r,q) = q° .
P (pAgr) =1’ q°,p',(prg,r) = q°
pi:pAqi pizp/\qi q°=q°

phrt =1t

1)17 (])Aq7 "')7(7‘7 q) = qo 1
P, (rq) =prg %' (r,q) = ¢°
pt =t ¢t = pAag r%,q° =q°

Example 4 displays a successful outsz-decomposition tree
for p, (p,q),(p A q,7) = (r A q)°, whereas Example 5
shows (the only) two unsuccessful outz-decomposition trees
forp*, (pAq,7), (r,q) = ¢°.

We state a number of preliminary lemmas, which under-
pin our main result (Thm. 1): there exists a successful outs-
decomposition trees for a sequent I'*, I'" = £° exactly when
this sequent is derivable in AC, with S = {SDet}. The lem-
mas are needed in order to show how outz-decomposition
trees can be composed so as to internalize Cut applications.

Lemma 5. Let A" = (¢1,%1), ..., (dm, ¥m ), withm > 1.

(i) If there exists a successful outs-decomposition tree
for T, A" = ¢, there exists a successful outsz-
decomposition tree for II', T*, A™ = ¢ for any II°.

(i) If T +L ¢ and there exists a successful outs-
decomposition tree for ¢', A, AT = 0%, there exists a
successful outz-decomposition tree for T*, A', A = §*.

2
p =

(iii) If there exists a successful outs-decomposition tree for
I, A" = ¢ and 1, ..., Y, FL 1, there exists a suc-
cessful outz-decomposition tree for I'*, AT = ",

Lemma 6. Let T # @.
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(i) If there exists a successful outs-decomposition tree for
I, I°I'™ = ¢° then there exists a successful outs-
decomposition tree for I, T° I = ¢'.

(ii) If there exists a successful outs-decomposition tree
for T T" = ¢° then there exists a successful outs-
decomposition tree for 1°, I, " = 1)°.

(iii) If there exists a successful outs-decomposition tree for
AT = @' and ¢, A v 1), then there exists a successful
outs-decomposition tree for A*, T'" = ",

Lemma 7. Let A # @ and A} # @.

(i) If there are successful outs-decomposition trees for
I AT = ¢ and ¢, T, AL = 1%, then there is a suc-
cessful outz-decomposition tree for T, AT, AL = 1.

(ii) If there are successful outs-decomposition trees for
' A" = ¢' and ¢*, T, A°, AL = 1%, there is a success-
ful outz-decomposition tree for I'*) A° AT, AL = )"

(iii) If there are successful outs-decomposition trees for
A" = ¢ and ¢' , T, A°, A} = 1°, there is a success-
ful outs-decomposition tree for I'') A° AT, AL = ¢°.

We now prove the main theorem.

Theorem 1. Let I # @ and S = {SDet}. Then +-3
I, I'" = ¢° iff there exists (at least) one successful outs-
decomposition tree for I, I'" = ¢°.

Proof. (=) If s T4, T" = ¢°, there exists (at least) one
ACZ2-derivation 7 of I'*, " = ¢°: we reason by induction
on the height of 7. If h(7) = 1, the last rule applied is BDet
and the conclusion is immediate. If A(7) > 1, the last rule
applied is Cut: we reason by cases over the Cut formula. If
the latter is 6%, we distinguish the three cases (a) x = 1, (b)
x =oand (¢) x = ¢ as follows.

a The ACE’—derivation 7 has the following form:

AL T =6 0', 1", T3 = ¢°
- Cut
I''\I'" = ¢°
By Lem. 11-(7), I'f = @ and A +_ 6. By inductive
hypothesis, there exists a successful outs-decomposition
tree for 6°, 11°,T% = ¢°. Lem. 5-(ii) ensures the

existence of a successful outz-decomposition tree for
AV I TS = ¢°, and thus for I'*, '™ = ¢°.

b The ACS-derivation 7 has the following form:

AL T = 6° 6°, 11", T = ¢°
Fi,f‘r = ¢°

If T = @, we leverage Lem. 11-(4¢) to infer that + 6.
Lem. 2 ensures the existence of an ACg-derivation of
I, T = ¢° whose height does not surpass the height
of the ACgs-derivation of §°, 11", T% = ¢°. We apply
the inductive hypothesis to infer the existence of a suc-
cessful outz-decomposition tree for IT°, T, = ¢°. By
Lem. 5-(4), this yields the existence of a successful outs-
decomposition tree for A*, II',T; = ¢°, and thus for
[ T" = ¢°.

If T'7 # @, we apply the inductive hypothesis to infer
the existence of a successful outz-decomposition tree for
A" TT = 6°. Lem. 5-(i) ensures there is a successful
outs-decomposition tree 7 for I',I'7 = §°. We reason
by cases over I';, and IT* to reach the conclusion.
If 5 = @ and II* = @, then s 6° = ¢°: Lem. 1-(4)
ensures that 6 | ¢. Lem. 5-(74¢) entails the existence of
a successful outz-decomposition tree for I'".,T" = ¢°. On
the other hand, if I'} = @ and IT* # @&, Lem. 3 guarantees
that - ¢: hence, Lem. 5-(%i7) ensures the conclusion as
in the previous subcase.
If I # @ and 7 is the ACg-proof of 6,1, T =
¢°, Lem. 4 guarantees the existence of an ACg-proof p
of 6", TI',T% = ¢° with h(p) < h(r): the inductive
hypothesis ensures the existence of a successful outs-
decomposition tree for *,1I*, I}, = ¢°. We distinguish
two subcases:
() If T3 = {(v,&)}, the existence of a successful
outz-decomposition tree for 92", Hi‘, I'; = ¢° entails that
0", II" +_ ¢*, and thus that *, 1" +_ ¢*. By Lem. 6-
(i), the existence of a successful outz-decomposition
tree for ['',T] = 6° ensures the existence of a suc-
cessful outs-decomposition tree for I, I'T = 6*. By
Lem. 6-(iii), this entails the existence of a successful outs-
decomposition tree U for T, T} = ¢". On the other
hand, Lem. 6-(ii) guarantees the existence of a successful
outz-decomposition tree Us for £°, 1%, T = £°. If we
plug Uy and U into a single outs-decomposition tree, we
obtain a successful decomposition tree for I'*, I'" = £°:
since £° L ¢°, Lem. 5—(iii) ensures the existence of a
successful decomposition tree for I'', ™ = ¢° — as de-
sired.
(2) Suppose that T'5 = {(¢1,61),..., (¥m,0m)} with
m > 1, and (without loss of generality) that the enu-
meration of the rules in I'’, mirrors the order of decom-
position in a successful outs-decomposition tree for the
sequent 6°, 11°, (¢1,01),..., (¥m,0m) = &°. Hence,
there exists a successful outs-decomposition tree for
0, 11, (¢2,02), ..., (¥m,0m) = ¢}. By Lem. 5-(i),
this entails the existence a successful outs-decomposition
tree for the sequent 6°,T7 (¢2,02),...,(¥m,0m) =
1}. On the other hand, Lem. 6(i) ensures the ex-
istence of a successful outsz-decomposition tree for
rLry = 6 Lem. 7(i) guarantees the exis-
tence of a successful outs-decomposition tree Uf; for
Flv {’(¢2792)’--~7(¢m79m) = ¢i By Lem. 5-
(), the existence of a successful outs-decomposition
tree for 69,0", 11", (¢2,02),...,(¥m,0m) = ¢° en-
tails the existence of a successful outs-decomposition
tree for the sequent 69,67, T'%, (2,02), ..., (Ym,0m) =
¢°: hence, Lem. 7-(iii) ensures the existence of a
successful outsz-decomposition tree Uy for the sequent
4T (W2,02), ..., (Ym, 0m) = ¢°. To complete the
proof, we plug U; and Us into a single, successful outs-
decomposition tree for ['*, " = ¢°.

¢ We argue as in the case where x = 1.

If the Cut formula is (T,T), we leverage the inductive
hypothesis to infer the existence of a successful outs-
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decomposition tree of I'',I"", (T,T) = ¢° where the first
decomposed rule is (T,T) (easy to verify). The imme-
diate subtree with root T°, """ = ¢° is a successful
outs-decomposition tree: if we remove T from each of its
nodes, we obtain a successful outs-decomposition tree for
I, T" = ¢° — as desired.

(<) We reason by induction over the height of the
successful outz-decomposition tree for I'*,T" = ¢°.
The base case is immediate. Suppose that I =
{(¥1,601),. ., (Ym,0m)} with m > 1, and (without loss
of generality) that the enumeration of the rules in I'"
mirrors the order of decomposition in a successful outs-
decomposition tree for I, (¢1,61), ..., (¥m,0m) = ¢°.
Such decomposition tree has a leaf of the form I'* = 1}, and
one like I', §? = 1 _,: hence, we can take the following
derivation 7,,,_1, and label 7, its immediate subderivation
on the left.

BDet

Fiv ejn = "/)qifn,—l 1/)'7;‘77,—17 (wmflvemfl) = 9;7,171

: Fi7efn,('ll)m,179m,1) = efn—l
- SDet
5 0,05, (o ) = Oy

- u
F17 (wmv gm)y (1/)m71, emﬁl) = 0;7”—1
with ¢:

I =4, v (U, Om) = Oy

I, (. 0m) = 07,

Moreover, the decomposition tree has a leaf of the form
I, 0%, 1,05, =t . Itis easy to infer there exists a ACg-
proof p,—o of %00 1,0%  (tm-2,0m-2) = 02,_5: a Cut
application between m,,, and p,,_2, followed by a Cut appli-

cation with ,,_1, yields an ACg-proof m,,_ of the sequent

Fiv (%n, Gm)a (¢m—17 9m—1)7 (¢m—27 ‘9m—2) = efn_Q

Since the decomposition tree has leaves of the form
I,e.,...,0,, = v;_, foreach 2 < k < m -1, we can
iterate the procedure presented to generate an ACg-proof 7y,
of T, (Y, Om); - - -, (Y, 0n) = 65 foreach m -3 < h <
(m—(m-1)) (via Cut applications). On the other hand, our

decomposition tree has a leaf of the form 6y,,...,07 = ¢
we apply Cut to plug the proofs m,,..., 7 into an ACS-
proof of I'*, T = ¢° — as desired. O

4.2 outj-Decomposition Trees

The difference between outs and out3 lies in the fact that
the latter includes all inputs among its outputs (cf. TP). In-
tuitively, this means that, in order to characterize this logic,
i-labeled formulas can be treated as o-labeled formulas. The
following definition formalizes this idea.

Definition 5 (Decomposition trees for outj). Let x ¢
{i,0}. We generate a terminated out}-decomposition tree
for T". T° T" = 0% by applying the following procedure,
starting from T =1":
1. ifT}, =07, (¢,¢) and O # @, apply the rule
AL, 07, (4,9) = €7
Ai,HO,@T:>¢i d}x’Ai’Ho’@rjgr
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and take 'l ; = O";
2. if T ={(¢,%)}, apply the following rule:
AT, (¢,9) = £°
A S G AT = €
and take 1", | = @.

We say that a terminated outs-decomposition for I'*, T" =
07 is successful whenever any leaf 11" = &% is such that
IT . &, and unsuccessful otherwise.

We gather useful lemmas as preliminary steps towards the
adequacy result of this subsection, i.e., Thm. 2. The role of
these lemmas is to ensure that out}-decomposition trees can
be composed so as to internalize Cut applications.

Lemma 8. Let A" = (¢1,%1), ..., (dm, ¥m ), withm > 1.
(i) If there exists a successful outs-decomposition tree
for T, A" = ¢% there exists a successful out}-

decomposition tree for A*, AU T = ¢ for any A
) If ' . ¢ and there exists a successful out}-

decomposition tree for ¢',A*, AT = 0%, there exists a

successful outz-decomposition tree for T*, A', A" = §*.
(iii) If there exists a successful outs-decomposition tree for

I, A" = ¢” and 1, ...,Ym FL W, there exists a suc-

cessful out}-decomposition tree for T, AT = )",
Lemma 9. Let A" # @. The following statements hold:

(i) If there exists a successful out}-decomposition tree
for T*, A" = @¢°, then there exists a successful out}-
decomposition tree for I'', A" = ¢'.

(ii) If there exists a successful out}-decomposition tree T
for T*, A" = ¢°, then there exists a successful out}-
decomposition tree T' for °, T, AT = 1)°.

(iii) If there exists a successful out}-decomposition tree for
I, A" = ¢' and ¢,T" | 1, then there exists a successful
out}-decomposition tree for AT = o),

Lemma 10. Ler AT # @ and AL # @.

(i) If there are successful out}-decomposition trees for
' AT = ¢ and ¢*, T A = W, there is a successful
out-decomposition tree for T, A7, AL = ",

(ii) If there are successful out}-decomposition trees for
', A" = ¢ and ¢*,T%, A°, A} = 1)°, there is a success-
ful out]-decomposition tree for I'*, A° AT, A = ¢°.

(iii) If there are successful out}-decomposition trees for
', A" = ¢' and ¢*, T, A°, A = 9°, there is a success-
ful out3-decomposition tree for T'*, A° A7, AL = ¢°.

Theorem 2. Let I'" # @ and S = {SDet, TP}. Then +%2

I, T" = ¢° iff there exists (at least) one successful out}-

decomposition tree for T T" = ¢°.

Proof. As for Thm. 1, leveraging Lem. 8, 9 and 10. O

Corollary 2. Let T" # @. Then v T'.T" = ¢° iff there
exists (at least) one successful out-decomposition tree for
r,rm=¢°.

Proof. Straightforward from Thm. 2, given that & =
{SDet, TP} for normal default logic. O
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4.3 outs-Decomposition Trees
Logics outgr) and out‘(;r) incorporate disjunctive reasoning
by cases, with and without throughput (cf. Cases). Intu-
itively, this means that we check whether a formula follows
from all “disjunctive reasoning paths,” formalized as maxi-
mal consistent extensions of the input set. In particular, outs
combines disjunctive reasoning with reusability, whereas
out incorporates reasoning by cases without reusability: we
use (+) to denote ‘with or without throughtput.’

An outy-decomposition tree of T'*) A% TI" = ¢ uses
disjunctive normal form to represent those paths, that is,
the disjunctive normal form whose disjuncts are maximal
consistent sets of the literals obtained from the atoms in
I'*, A° II". As a matter of fact, such disjuncts form finite
bases for maximal consistent extensions.

Definition 6 (Bases for maximal consistent extensions). Let
x € {i,o} and T be T stripped from its labels. For any
sequent T, A° TI" = ¢, we take N\ D1V ---v A\ D,, to be
the full disjunctive normal form of \NT" generated from the
atoms in T, A° 11",

Definition 7 (Decomposition trees for outy). Let x € {i,0}
and k be any sequence of indices starting with 0. We gener-
ate a terminated outy-decomposition tree for T'*, 1'°, T" =
0" by applying the following procedure, starting from I'], =
Imand g =T°:

1. First, we apply the rule
[, T0, 17 = ¢°
{D},,T°I" = ¢" }1chem
with AN Dy Vv ---v A\ Dy, being as in Definition 6;

2. if T = A", (¢n,%n) and the succedent is an o-labelled
formula, then

(a) if there is no (¢,v) in A" with Dy, v~ ¢, apply the rule
D}, T3, A (s n) = 0°
Di oo, Toul=0
and take 'y, = @, T'xp = T, Pps
(b) if there exists (at least) one ($,1) in A” with Dy + ¢,
apply the rule
D}, T, A, (s ) = 0°
DT A" =6, DpLp g, A = 6°
taking 'y, = A" and L'y, = T, ¢
3. i T = A" (dn,n) and the succedent is an i-labelled
formula, then
(a) if there is no (¢,) in A" with Dy, T + ¢, apply the
rule

D} T3, A7, (¢ns9hn) = 6
D;.Ty=¢,  Dj, T, =6
and take T, = &, Ty, = T, s

(b) if there exists (at least) one (¢,v) in A" such that
Dy, T +L &, apply the rule

Dj, T3, A", (¢n, ¥n) = 6
;I’FE’AT:>¢;L ;”F(LQZ};”AT:)HZ
taking 'y, = A" and Ty, = Iy, ¢y,.
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We say that a terminated outy-decomposition tree for
I, I = 07 is successful whenever any leaf TI* = £% is
such that 11 +| € — and unsuccessful otherwise.

Example 6. A
for p v ¢',(p,q),(q,p)

terminated outs-decomposition tree
= (p A q)° has immedi-
ate subtrees Ti,T2,T3, whose roots are labelled by
p'.q',(p.a),(¢,p) = (pAq)° p'\=q",(p.q),(q,p) =
pAq°andq',-p',(p,q),(q,p) = (pAq)° respectively. Ty
has the following form:

', (p.q), (¢,p) = (P A q)° .
r',q' (¢,p) = p' " a°,0',q',(¢,p) = (pAq)°
pd=q p.d=>p pgd=q¢  ap°={®rg°
T> has the following form:

p',~d', (p,9),(¢,p) = (A q)° "
¢, (pa)=¢ ) - () = (pre)®
Poq = Podd = q 3a @

P =p "= (prg)?
Lastly, T3 has the following form:

- ¢, (p.9), (a.p) = (P 0)° "
q'-p',(g,p) = p' 4°,q,-p" (¢,p) = (Prg)°
¢-p'=q gt = q,-p'=q¢  a"p"=(prg)°
Example 7. In a terminated outs-decomposition
tree for p v ¢',(p,7),(q,r) = 1° the sequents
P4, 9" (p.r), (q,r) = r° p',=q", 0", (p,7), (q,7) = 1°
and q',-p',¢', (p,r),(q,r) = 71° label the immediate
children of the root — with ¢* being r* or —r'. The trees T1 2
having the sequents p',q*,¢', (p,r), (q,7) = 7° at the root
have the following form:

2a

v, ¢ (p,r), (g,r) = °
¢ 0 (o) = ¢ ©

L () =
pLd ¢ =p  rpd. e =d T pdgisp 0=t

2b

2a

The trees Tsa displaying the sequents =", @',
(p,7), (g,7) = r° at the root have the following form:

pz7 _‘ql7 ¢l7 (p7 T)7 (q7’l“) =r°

p-g,¢'=p =

We say that (¢, 1)) is triggerable in a sequent of the form

ALTIO, X" = 9° (resp. AL I, X7 = o)) if A - ¢ (resp.
A,TI +| ¢). It is easy to verify that the outs-decomposition
trees displayed in Examples 6 and 7 are successful, and that
each rule in the sequent labelling the root is triggerable in
the sequent labelling some node of the tree. This is no coin-
cidence, as the following result shows.

Proposition 5. Let x € {i,0} and T be a terminated outs-
decomposition tree for a sequent I'', T°, I = ¢*. Each
rule in T'" is triggerable in some sequent occurring in T .

We first introduce some terminology and then state a num-
ber of preliminary lemmas (Lem. 11-14), which underpin
the main proof of this subsection (Thm. 3).

Definition 8 (Extended bases for mce’s). Let x € {i,0}. For
any sequent I'*, A° 11" = ¢”, we take NE1V -V \ E,, to
be the full disjunctive normal form of A1 generated from a
set of atoms A extending the set of atoms in T, A° TI".

Definition 9 (Pseudo-decomposition trees for outs). Let
x € {i,0}. For any terminated outs-decomposition tree
T for T*T° I = 0% the set of T-based terminated
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outy-pseudo-decomposition trees for I''. T°. T = 6% is the
smallest set containing T and any tree T' obtained from
T by replacing Dq,...,D,, with Ev,...,E,, extending
Dy,...,Dy"

For any T -based outy-pseudo-decomposition tree T' and
T, if the sets of i-labelled literals occurring in the sequents
labelling the immediate children of the root of T and T are
E\,...,E, and Fy,...,E,.», respectively, T" extends T'
whenever F, ..., Fprextend 1, ..., Ep,.

Lemma 11 below ensures that outs-decomposition trees
can be composed so as to internalize applications of Cases,
whereas Lemmas 12—14 serve the same purpose for Cut.

Lemma 11. Let I',T'y # @. If there are successful outs-
decomposition trees for ¢*,1'{ = 0° and 1*, 1"y = 0°, there
is a successful outs-decomposition for ¢* v ', I'7, 15 = 6°.
Lemma 12. Let A" = (¢1,91), .-+, (O, ¥m ), with m > 1.

(i) If there exists a successful outs-decomposition tree
for T, A" = ¢% there exists a successful outs-
decomposition tree for II' ) " | AT = ¢* for any I1".

(i) If ' . ¢ and there exists a successful outs-
decomposition tree for ¢',A*, A" = 0%, there exists a
successful outy-decomposition tree for T'", A*) AT = 67,

(iii) If there exists a successful outs-decomposition tree for
I A" = ¢® and )1, . ..,y L Y, there exists a suc-
cessful outg-decomposition tree for T, AT = 1)*.

Lemma 13. Let A" # @.

(i) If there exists a successful outy-decomposition tree for
[ T° A" = ¢° then there exists a successful outs-
decomposition tree for I'*, T°, A" = ¢'.

(ii) If there exists a successful outy-decomposition tree T
for T T" = ¢°, then there exists a successful outs-
decomposition tree T for 4°, ", T = 4°.

(iii) If there exists a successful outy-decomposition tree for
I, A" = ¢" and ¢,T" | 1), then there exists a successful
outs-decomposition tree for T'', AT = ).

Lemma 14. Let AT # @ and AL # @.

(i) If there are successful outy-decomposition trees for
I AT = ¢ and ¢, T, AL = 1%, then there is a suc-
cessful outy-decomposition tree for T AT, AL = 1.

(ii) If there are successful outy-decomposition trees for
' A™ = ¢' and ¢, T, A°, AL = 1%, there is a success-
ful outy-decomposition tree for I, A° AT AL = 1),

(iii) If there are successful outs-decomposition trees for
I A” = ¢ and ¢', T, A°, A, = )°, there is a success-
ful outy-decomposition tree for T, A° AT AL = 1°.

Theorem 3. Let I'" # @ and S = {SDet, Cases}. Then

r—ig.’ [ T7 = ¢° iff there exists (at least) one successful outs-

decomposition tree for T, TT = ¢°.

Proof. (=) We reason by induction over the height of an
ACZ2-derivation 7 of I'",T" = ¢°. If h(m) = 1, the last
'Observe that every rule instance in 7 is preserved in 77,
irrespective of whether the replacement of Dq,..., D, with
FEn, ..., E,, violates the applicability conditions of (2a) or (3a).
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rule applied is BDet: a successful outs-decomposition tree
is obtained by applying the rules (1) and (2a). If h(w) > 1
and the last rule applied is Cases, 7 has the following form:

¢TI = ¢° 6,15, = ¢°
wlvol’ 17]‘—‘;7 {’Fg:(bo

with T% = ¢ v §*. T4 T, and I = I'7,T5. By inductive
hypothesis, there exist successful outs-decomposition trees
for ¢!, T, TT = ¢° and 0°,T%,T% = ¢°: by Lem. 11, this
entails the existence of successful outs-decomposition trees
for 1" v 0, T, T4, '], T = ¢°. If the last rule applied is
Cut, we argue as for Thm. 1, leveraging Lem. 12-14.

(<) Let T be a successful outs-decomposition tree for
I'“,T" = ¢° and T}, be any of its immediate subtrees. For
each T, we proceed as in the proof of right-to-left direction
of Thm. 1, limiting ourselves to consider the rules trigger-
able in T;, —i.e., the rules in some set I'} ¢ I'" (remark that
I'} # @, since T is successful).

For any 7}, if D;L = "/)i,h’ .. ,w;7h, we take the following

/\ D;L = w’i,h D;N F;L = ¢O

ADj, Dy~ {9 .1 = ¢°

AC2-derivation 7p,: ax

Cut

AD§17DIiL N {wi,h,""
AD; T, = ¢°

AX ———————————— .
ADy =Y Vit Th = ¢°

Cut

Next, we consider the following derivation p:
AD T =¢°  ADjTh= ¢ imy

(ADY) v (ADS), T, T = ¢° A D3, = ¢°

(AD}) v (AD3) v (AD3),T7,T5,T% = ¢°

Cases

Cases

w3

T o
=29

Di; ADp, Ty =6
i i T T o Cases
Dl‘h v (/\ Dm)7 Fn’z’ Fm =9

with D, = (A DY)V (A D)V (A D) V- (A Di,_,) and
e o=11,15,1%,..., ', _,. By construction, I'* = D}, v
(AD},) and Prop. 7 ensures I', ,I'7, = I'". Hence, a Cut
O

with T® = D v (A D) completes the proof.

4.4 out;-Decomposition Trees

Here, we simply combine the ideas of out} and out,.
Definition 10 (Decomposition trees for out}). Let = ¢
{i,0}, k be any sequence of indices starting with 0 and
D1, ..., Dy, be sets of literals generated according to Defi-
nition 6. We generate a terminated outs-decomposition tree
for T, T°, I = 0% by applying the following procedure,
starting fromI'g =T and I'§ = T'°:

1. First, we apply the rule
[ roI" = ¢°
{D},,T°,T" = 6" }1<nm

2. if T} = A", (¢n,n) and the succedent is an o-labelled
formula, then

(a) if there exists no (¢, ) in A" such that Dy, + &, apply
the rule
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D;L7FE7 AT (d)na 1%) = §°
D;L:>¢;’,L DZ7FE7’I/}$),:>00
and take T'},, = &, Ty, = Tk, ¥

(b) if there exists (at least) one (¢,) in A" such that
Dy +L ¢, apply the rule

D;,, T}, A, (¢n, ) = 6°
D;L’FE’Arzd); D;L’FEVM)Z’ATDHO
taking Ty, = A" and Ty, = Ty, s

3. Ty = A" (dn,n) and the succedent is an i-labelled
formula, then

(a) if there exists no ($,v) in A" such that Dy, Ty - ¢,
apply the rule

Di T A", (¢, thn) = 0
Dy, U= ¢, Dy, Ty, =0
and take 'y, = @, Uy, = Ty, s

(b) if there exists (at least) one (¢,v) in A" such that
Dy, Ty =L ¢, apply the rule

D;u Iy, A", (¢na wn) = ¢’
Di.Te. A" = ¢, Di T¢ i A" =i
taking 'y, = A" and Iy, = D', ¥p,.
Theorem 4. Let T # @ and S = {SDet, Cases, TP}. Then

}—ig [T = ¢° iff there exists (at least) one successful
outj -decomposition tree for T, T = ¢°.

Proof. Proof analogous to those for Thms. 1,2 and 3. [

4.5 out§+)- and out2+)-Decomposition Trees

The logics out§+) and outg+) do not permit successive de-

tachment (cf. SDet). Hence, the decomposition trees for
and ou

out§+) tfﬁ) can be straightforwardly adapted to outi”
(+)

and out; 7, respectively, by requiring that all rules be de-
composed simultaneously within a single inference step.

Example 8. The following is a successful out;-
decomposition tree for the sequent p',q",(p,r),(q,s) =
PATAS: o
p.q'(p,r),(¢,8) = pAras®
plq" = ¢t = ¢ p°,q°,1°,8° = pArAs°
Example 9. A successful outy-decomposition tree for p v
q¢',(p,7),(q,s) = 1V s° features the sequents {p',I"; =

P hsjea {a, A = ¢'Yicjen, 70 = 7Vs® and s° = rvs° as
leaves, withT% = {q}, T's = {~q} and A} = {p}, AL = {-p}.

AC-derivations and decomposition trees play distinct yet
complementary roles. The former implement forward rea-
soning over arguments, whereas the latter support back-
ward reasoning by providing a local procedure for verify-
ing derivability of individual arguments. The proof-search
space for AC-derivations is readily seen to be infinite, due
to the presence of the Cut rule. By contrast, decomposi-
tion trees can be composed so as to absorb instances of Cut
(cf. Lemmas 6-7 for outs-decomposition trees, Lemmas
9-10 for out}-decomposition trees and Lemmas 13-14 for
outs-decomposition trees). As a result, decomposition trees
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satisfy a generalized form of the subformula property, which
makes them suitable for automated reasoning procedures.

Fact 1 (Generalized subformula property). For any outi(+)-

decomposition tree T for T, T°,T" = 6% with i
{1,2,3,4} and x € {i,0}, each formula occurring in T is
a subformula of some formula occurring in I, I'°, I = 0%
or a literal obtained from the atoms in ", T'°, T" = 6*. For
i = {1, 3}, this statement can be strengthened: each formula
occurring in a decomposition tree T is a subformula of some
formula in T, T°,T" = 6.

5 Credulous Decision Procedures

We provide a finite decision procedure for credulous reason-
ing under stable semantics, using decomposition trees.

Definition 11 (Decision method for credulous reason-
ing). Let K = (Z,R,C) be a knowledge base and

AFL(K) = (arg, att) be an ACs-induced argumentation
framework based on K. For any sequent s of the form

F? (¢17 101)7 ceey (¢m7'l/}m) = 00’ we apply the fOIZOWlng
procedure to decide whether s € |JStable or not.

1. If there exists no successful decomposition tree for s, then
s ¢ UStable.

2. If there exists (at least) one successful decomposition tree
for s, two possible cases arise.

(a) IfC—L = A%y 1y, then s ¢ |UStable.
(b) If C L =~ N2y 4y, then s € | JStable.

Proposition 6. The decision method in Def. 11 gives (i)
credulous inference in the corresponding input/output and
normal default logic and (ii) credulous inference in the
corresponding AC-induced argumentation framework for

JStable.

Proof. Let s = A = ¢° with A ¢ Zu R uC. For (i) we ob-
serve that if there exists one successful decomposition tree
for s, by Thms. 1, 2, 3, 4, Cor. 2 and analogous results for

(+)

out; ; we know that s can be derived using the correspond-

ing ACfS proof-system, which subsequently by Proposition 1
captures detachment of ¢° from A in the corresponding in-
put/output and normal default logic. Then, if (b) in Def. 11
obtains, we know there is a MCS (wrt C) for An L", and we
are done. For (ii) we observe that by Prop. 1 there is a stable
extension in the corresponding AC-induced argumentation
framework for s. O

6 Related and Future Work

We provided proof-search methods for arguments generated
by argument calculi for normative and doxastic reasoning,
using decomposition trees that decompose norms, respec-
tively, defaults step-by-step. As a consequence, we obtained
proof-search for determining maximal consistent set mem-
bership for constrained input/output logic (Makinson and
van der Torre 2001) and normal default logic (Reiter 1980).
Our approach also showed strong links with nonmonotonic
reasoning in logical argumentation (Dung 1995).
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Alternative proof-theoretic methods exist for establish-
ing nonmonotonic inference of input/output and default log-
ics (Bonatti and Olivetti 2002; Lellmann 2021; Ciabattoni
and Rozplokhas 2023; Arieli, van Berkel, and Straer 2024;
Piazza and Sabatini 2025; Piazza and Sabatini 2026). To the
best of our knowledge, our approach is the first to charac-
terize credulous reasoning for all constrained input/output
logics beyond mere logical consistency (unlike (Lellmann
2021; Ciabattoni and Rozplokhas 2023)), while avoiding
explicit underivability statements in the calculus (unlike
(Lellmann 2021; Piazza and Sabatini 2026)). Moreover,
our method readily extends to stable skeptical semantics
under shared arguments due to its correspondence with
grounded semantics in logical argumentation. In future
work, we will prove such correspondence. We conjecture
that the outy- and outj-decomposition procedures can be
further refined to match the complexity bounds established
in (Ciabattoni and Rozplokhas 2023), and that underivabil-
ity statements are in fact necessary to capture full default
logic with justifications (as in (Bonatti and Olivetti 2002;
Piazza and Sabatini 2025)). Last, we note that the gener-
alized subformula property of decomposition trees requires
further investigation.

Due to the modularity of our approach, it is promising
to study proof-search for other nonmonotonic logics, such
as those for reasoning with preferences over norms (Horty
2012; Parent 2011; StraBer and Pardo 2021), disjunctive de-
fault reasoning (Gelfond et al. 1991; Zhou, Strafler, and van
Berkel 2025) and causal reasoning (Bochman 2023).

The fact that decomposition trees also determine the
derivability of arguments expressing attacks opens the door
to formal argumentation methods. Argumentation is promis-
ing for explainable AI (Cyras et al. 2021). Notably, di-
alogue models and argumentative games can be modified
for explanatory purposes (Fan and Toni 2015; Modgil and
Caminada 2009; Bex and Walton 2016; van Berkel and
Straler 2024) using a variety of explanatory notions (Ho
and Schlobach 2025; Bengel and Thimm 2025; Alfano et al.
2024; Saribatur, Wallner, and Woltran 2020). Existing work
typically assumes that all derivable arguments are available
to explainer and explainee. Leveraging proof-search, we
may target the dynamic construction of explanatory dia-
logues where new arguments can be derived throughout the
dialogue, justifications of the (un)derivability of (counter-
)arguments can be queried, and arguments can be retracted
that are shown underivable.
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