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Abstract

Argumentation theory provides a formal framework to rep-
resent and analyse debates where participants propose ar-
guments that attack or support others and assign scores ex-
pressing their opinions. Quantitative bipolar argumentation
frameworks (OQBAF's) model such debates by assigning initial
weights to arguments and using semantics to compute final
acceptability degree that reflect attackers’ and supporters’ in-
fluence. One of the major challenges is setting appropriate
initial weights when debaters’ opinions are uncertain.

In this paper, we introduce a formal approach to uncertainty
propagation in QBAF's by representing initial weights as mass
functions over a discretized unit interval. We introduce two
new propagation models: (i) an exact model that computes
final mass functions by combining focal elements of initial
weights with parent arguments via bipolar gradual seman-
tics; (ii) a practical approximation that projects the exact mass
onto a user-specified partition and reconstructs masses using
the Mobius inverse. We prove mathematical properties of the
projection and show that the baseline, while computationally
efficient, can be overconfident by failing to preserve expecta-
tions. Our approximation reduces the exponential complex-
ity of the exact model while satisfying Epistemic Cautious-
ness, yielding acceptability intervals that contain true theo-
retical expectations and balancing tractability with theoretical
soundness.

1 Introduction

Online deliberation platforms allow large number of users
to exchange arguments on a given topic, as well as vote
(or like) to express agreement or disagreement over spe-
cific statements (Shortall et al., 2022; Goldberg et al., 2024).
Such systems are typically modelled as argumentation sys-
tems, whose exact features may vary depending on the ex-
pressivity allowed on the considered platform (Rago and
Toni, 2017; Bikakis et al., 2025). One prominent example
is given by quantitative bipolar argumentation frameworks
(OBAFs) (Potyka, 2019; Baroni, Rago, and Toni, 2019),
which match quite precisely the Kialo platform (https:/
www.kialo.com/), for instance.

These platforms raise a number of opportunities and chal-
lenges (Shortall et al., 2022). Combining votes and argu-
ments allows for instance to select coherent sets of argu-
ments (extensions) which are representative of the collec-
tive, a key feature for massive deliberation (Bernreiter et al.,
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2024; Rossie et al., 2024). Taking a more gradual perspec-
tive (Amgoud and Ben-Naim, 2018b), the central question
of providing principled methods for computing acceptability
degrees of arguments has motivated many different propos-
als of so-called gradual semantics (Amgoud and Ben-Naim,
2018a). While the motivation of online deliberation plat-
forms provide a compelling justification to assign different
initial weights to arguments —as votes may reflect different
degrees of approval, see e.g. Leite and Martins (2011)—, a
well-known challenge in this context is that voting is typi-
cally very sparse (Goldberg et al., 2024). This means that
these methods should account for the inherent uncertainty
of the available input. This raises in turn a computational
challenge since the propagation of initial uncertain weights
can turn out to be expensive. A recent proposal (Thieyre
et al., 2025) makes some first steps in addressing this is-
sue: an interval-based representation of uncertainty is put
forward, together with a computationally efficient propaga-
tion method. However, as we shall see later, it is a rather
crude representation of uncertainty which may violate some
desirable property.

In this paper we propose an alternative method for han-
dling uncertainty in QBAFs based on belief functions (Sec-
tion 3), which provides a more expressive and principled-
approach to handle uncertainty. We support this claim by
showing that the method of Thieyre et al. (2025) does not
satisfy the property of Epistemic Cautiousness in the sense
that it offers no guarantee regarding its final acceptabil-
ity degrees when compared to the true values (Section 4).
While computing exactly the final acceptability degree is
computationally very demanding, we propose an approx-
imate method which limits the computational complexity,
while preserving the theoretical properties. We finally run
(Section 5) an extensive experimental campaign to evaluate
(i) whether the theoretical computational gains are indeed
observed in practice, and (ii) how the methods compare in
terms of precision of the results, beyond their theoretical
guarantees. Interestingly, we show that the conclusions vary
depending on the semantics considered, drawing a nuanced
picture which justifies the need for a careful assessment of
these methods. We focus on acyclic graphs for both the-
oretical and practical reasons. From a theoretical perspec-
tive, most existing bipolar gradual semantics are formulated
for acyclic graphs and do not guarantee convergence in the
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presence of cycles. From a practical standpoint, our goal
is to model debates on online platforms and, to the best of
our knowledge, such platforms are typically designed so that
their underlying argument graphs remain acyclic.

Full code and data are available on our Git' repository.

2 Background

Dung’s abstract argumentation framework (Dung, 1995)
provides a general formalism for reasoning with interact-
ing arguments. In this setting, arguments are represented
as nodes of a directed graph, and directed edges encode at-
tack relations. The framework deliberately abstracts away
from the internal structure of arguments and focuses solely
on their interaction patterns. A substantial body of work has
extended this model by explicitly representing supportive re-
lations alongside attacks, giving rise to bipolar argumenta-
tion frameworks (Cohen et al., 2014, 2015; Yu et al., 2023).

2.1 Quantitative Bipolar Argumentation
Frameworks

Quantitative bipolar argumentation frameworks (OBAFs) re-
fine bipolar argumentation by attaching numerical values to
arguments. In addition to attack and support relations, each
argument is associated with an initial weight in the unit in-
terval [0, 1]. This value may capture prior confidence in the
argument, an initial bias towards its acceptability, or an ag-
gregation of external evaluations such as user votes, inde-
pendently of the argument’s interactions with others.

Definition 1. A Quantitative Bipolar Argumentation Frame-
work (QBAF) is a tuple (A, R~, R, w) where: (i) Ais a
finite set of arguments; (ii) R~ < A x Ais an acyclic attack
relation; (iii) RT™ < A x A is an acyclic support relation;
(iv)w : A — [0, 1] assigns to each argument a an initial
weight w,.

For an argument a € A, the sets R, and R} denote its
direct attackers and direct supporters, respectively.

2.2 Bipolar Gradual Semantics

Bipolar gradual semantics specify how to compute a final
acceptability degree for each argument in a OBAF. The re-
sulting value, denoted d,, is obtained by combining the ar-
gument’s initial weight with the final acceptability degrees
of its attackers and supporters.

Definition 2 (Bipolar Gradual Semantics). A bipolar grad-
ual semantics s is a function such that, for every argument
a,

do = s (wm (db)beRZ’ (dC)CERI) '

where (dp)yer— (resp. (de) . +) denotes the tuple of final
acceptability degrees of attackers (resp. supporters) of a.
In this work, we focus on four well-established bipo-

lar gradual semantics: Quantitative Argumentation Debate
(QuAD) (Baroni et al., 2015), Discontinuity-Free QuAD

"https://gitlab.com/jthieyre/belief-function-propagtion-in-
gbafs
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(DF-QuAD) (Rago et al., 2016), the Exponent-based se-
mantics (Exb) (Amgoud and Ben-Naim, 2018a), and the
Quadratic Energy Model (QuEM) (Potyka, 2018). Since
the argumentation graphs considered here are acyclic, final
acceptability degrees can be computed by evaluating argu-
ments in a topological order.

The QuAD semantics was introduced to assess the relative

strength of competing alternatives in Issue-Based Informa-
tion System (IBIS) style debates. It computes the final ac-
ceptability degree of an argument by aggregating its initial
weight with the influence exerted by its attackers and sup-
porters.
Definition 3 (QuAD). Let F = (A, R™,RT,w) be a
OBAF. Let nil represent an ineffective sequence i.e. it is
empty or it contains only zeros. The final acceptability de-
gree of a is defined as:

fo if (dp)per- # nil A (de) er+ = nil,
d. — fo if<db)bg7z; = nil A (dc)cenj # nil,
@ Wq if (db)yer- = nil A (de) jeq+ = nil,
fo 1 ;
e otherwise,
where
fo=wa [[ (=), fI=1-(-ws) [ (1-d).
beR, beRS

The DF-QuAD was proposed to address the sensitivity of
QuAD to weak attacks, which may otherwise cause dispro-
portionate decreases in acceptability.

Definition 4 (DF-QuAD). Let F = (A,R~,R*,w) be a
OBAF. The final acceptability degree of a is given by:

g = Jwa—walfd = fo| iffo = fi,
‘ wy + (1 —wo)|fi — fo| otherwise,
where
fo=1-J]a=d), fif=1-]]Q—d).
beRy beR Y

The Exponent-based semantics was introduced to over-
come the discontinuity of QuAD and to mitigate both sat-
uration effects and large amplification effects observed in
earlier semantics.

Definition 5 (Exb). Let F = (A, R™,R*,w) be a QBAF.
The final acceptability degree of a is:

2
dy =1— ﬁ’
14+ wy2Fa
where
Eo= Y de— Y dy
ceRt beR,

While Exb avoids the artifacts identified for QuAD and
DF-QuAD, it does not treat attack and support relations sym-
metrically.

The Quadratic Energy Model (QuEM) formulates argu-
ment evaluation as a continuous dynamical system in which
argument strengths are updated in parallel until convergence.
For acyclic frameworks, the resulting equilibrium is unique
and can be computed efficiently via a discrete iteration
scheme, in linear time.
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Definition 6 (QuEM). Let h : R — [0, 1] be defined as

_ max(e,0)?
hle) = 1 4+ max(e,0)?

The final acceptability degree of an argument a is:

{wa + (1 —we)WM(E,) ifEq >0,

d, =
wq — wg h(—E,) otherwise,

where E, is the same as for Exb.

2.3 Belief Functions

Representing vote uncertainty requires both to model vari-
ability (in the votes), and various quantities of knowledge as
the number of votes differ across arguments?. It has been ar-
gued (Walley, 1991, Ch.5.) that precise probabilities alone
cannot really capture these two aspects. One of those ar-
guments is that the representation of ignorance, the uniform
distribution, is not invariant under non-linear transformation
of a variable, and that a representation of ignorance should
have such a property. Other can be found in (Walley, 1991,
Ch.5.). Within possible representations solving this issue,
belief functions (Shafer, 1976) are one of the simplest mod-
els that encompass probabilities and sets under a common
umbrella.

Given a space € of possible values (in our case, the unit
interval [0, 1] or a partition of it), a belief measure Bel :
2% — [0, 1] and its dual plausibility measure P! are derived

from a mass function m : 2 — [0, 1] using the following
formulas:

Bel(A) = ). m(X) inf I({z € A}), (1)
X<
PI(A) = 1 - Bel(A%) = > m(X)supI({z € A}), (2

XcQ zeX
with I(E) the indicator function of an event E, and A° the
complement of A. Bel(A) therefore measures how many
elements of evidence implies A, and PI(A) how many are
consistent with A. Sets are captured by the model m(X) =
1, and probabilities by having m(X) = 0 for all X with
|X| # 1. Note that we will only consider mass functions
that are positive on a finite number of intervals or elements.

Belief and plausibility functions can define a set of prob-
abilities P,, = {P : P(A) > Bel(A)VA < Q}, in
which case a common inferential tool is to consider func-
tions f : 2 — R and to compute lower/upper expectations
of f over P,, defined as:

E(f)= Y, m(X) inf f(x); E(f) =

XcQ

ST m(X) sup f(a).

XcO zeX

One can see that equations (1) and (2) are instances of those
equations when f is the indicator of an event A. Assum-
ing that X are sub-intervals of the unit intervals (as will
be the case later on), choosing f(x) = x corresponds to
lower/upper expectation of the unknown numerical quantity.
In the same vein, using I({z < 7}) gives us the upper and
lower quantiles for the value 7.

2Those two aspects are often distinguished as aleatoric versus
epistemic uncertainty.
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3 Models

We consider QBAF's in which each argument a € A is as-
sociated with an uncertain initial weight w, taking values in
the unit interval [0, 1]. To represent this uncertainty, we use
mass functions defined over a finite discretisation of [0, 1].
Let Q = [0, L[, [+, 2[,...,[%%,1] denote a partition of
the unit interval into L subintervals of equal length. For
each argument a, the uncertainty on its initial weight w,
is modelled by a mass function m? : 2% — [0, 1], satis-
fying Y ycqmi(X) = 1. Intuitively, this mass function
encodes our knowledge about the possible values of wy:
for any subset X < €, the quantity m’ (X) represents the
mass assigned to the event w, € X. Each such subset X is
called a focal element and correspond to sets of intervals in
which the initial weight may lie, allowing the model to cap-
ture both imprecision (through intervals) and partial knowl-
edge (through mass assignments to sets of intervals). Given
a bipolar gradual semantics s, which combines the initial
weight of an argument with the final acceptability degrees
of its attackers and supporters, our objective is to propagate
these initial mass functions through the argumentation graph
S0 as to obtain, for each argument a, a mass function over its
final acceptability degree. The following subsections intro-
duce three propagation models that differ in how uncertainty
is handled during this process.

3.1 Baseline Model

The baseline model follows the interval-based propagation
scheme introduced in Thieyre et al. (2025). Its purpose is
to provide a simple and computationally efficient reference
for handling uncertainty in QBAF's. The key idea is to sum-
marize the uncertainty associated with each argument by an
interval of expected values, and to propagate these expecta-
tions through the argumentation graph using a bipolar grad-
ual semantics.

For each argument ¢ € A, uncertainty on the initial
weight is captured by the interval of expectations E(w,) =
[E(w,), E(wg)], defined as

E(wo) = Y mh(X) inf o s B(w,) =
XcQ

Z m! (X)sup
XcQ zeX
These bounds provide a coarse summary of the belief held
over the initial weight of a.

The propagation of uncertainty is then performed directly
at the level of these expectations. For each argument a,
the final acceptability degree in the baseline model is repre-

sented by an interval DF = [df, dZ], obtained by applying

the bipolar gradual semantics s to extremal configurations
of attackers and supporters:

ﬁ =S5 (E(wa)v (@)beR;7 (ﬁ)cenz) )

_ <E(wa)7 (d8)perz s (@)CER?{) _

dB =s
The lower (resp. upper) bound of D is thus obtained un-
der a pessimistic (resp. optimistic) configuration, where a’s
initial weight takes its minimal (resp. maximal) expected
value, attackers take their maximal (resp. minimal) values,
and supporters take their minimal (resp. maximal) values.
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Example 1. Consider a QBAF composed of two arguments
a and b, where b attacks a. The initial weights of the ar-
guments are represented by mass functions defined over 2
with L = 5 as follows (due to space restriction, only fo-
cal elements of the mass functions of the initial weights with
non-zero masses are reported i.e. not all elements of 2%):

X [2,4] [4,6] [6,.8 [81] [0,1]
mé (X) 14 29 29 .28
mi(X) 125 375 .25 25

Table 1: Initial mass functions of arguments a and b

The expected initial weight of a is given by:

E(w,) =4 x .14+ .6 x .29+ .8 x .29 +0 x .28 ~ .46,
E(w,

(W) =.6%x.14+.8%x.29+1x.29+1x .28 ~ .89.

Similarly, E(wyp) = [.325,.725].

Using the QuEM semantics, the baseline interval for the
final acceptability degree of: (i) b is the same as the ini-
tial weight, since b has no attacker or supporter; (ii) a is
computed by propagating pessimistic and optimistic config-
urations. Since a has no supporters, we obtain:

;dB = 5(.89,(.325), )
.80

ar =

a

d, =s (.46, (.725), @)
~ .30 ~

Let C(s) denote the algorithmic complexity of comput-
ing the final acceptability degrees of an argument a using
semantics s. Let F = (A, R™,RT,w) be a QBAF. From
Thieyre et al. (2025), we know that computing the final ac-
ceptability degree of all the arguments in F using the base-
line model is in the complexity of O (|.A|C(s)).

This baseline model is appealing due to its low compu-
tational cost and ease of implementation, and it serves as
a natural point of comparison for more refined uncertainty
propagation methods. However, because it propagates ex-
pectations rather than full mass functions, it does not pre-
serve expectations under non-linear gradual semantics, i.e.
when the output of s is not a linear combination of its inputs,
the image of the expected values generally differs from the
expected value of the image. As a consequence, aggregating
uncertainty before propagation is not equivalent to propagat-
ing uncertainty before aggregation, which may lead the re-
sulting interval Df to under-estimate, over-estimate, or only
partially overlap with the expected final acceptability degree
produced by the exact model, depending on the chosen se-
mantics, the configuration of attackers and supporters, and
the initial weights. Moreover, by reducing uncertainty to in-
tervals of expected values, the baseline model discards much
of the information contained in the underlying belief distri-
bution, thereby preventing more expressive forms of epis-
temic analysis, such as reasoning about distributional shape,
medians or quantiles, or expectation bounds associated with
alternative utility functions.
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3.2 Exact Model

We now formalize the exact propagation of mass functions.
Let mJ denote the mass function associated with the final
acceptability degree of argument a. We assume that the
initial mass functions of all arguments are mutually inde-
pendent. This assumption yields a key tractability advan-
tage: focal elements of final acceptability degree mass func-
tions can be generated without joint dependencies, thereby
avoiding an exponential blow-up. Under this assumption,
the focal elements of m/ are obtained by combining the fo-
cal elements of a’s attackers, supporters, and its own ini-
tial weight through a Cartesian product. While this indepen-
dence hypothesis is reasonable in settings where the sources
of votes or evidence are unknown or heterogeneous (e.g. on-
line platforms), it restricts the model by ignoring potential
correlations between arguments. Relaxing it is in principle
feasible by introducing joint mass functions over sets of ar-
guments, but this would require modeling and propagating
multivariate dependencies, significantly increasing compu-
tational complexity (Fetz and Oberguggenberger, 2004).

For each a € A, let ®, denote the set of focal elements
of the final mass function m/. Each focal element F' € ®,
represents a possible interval in which the final acceptability
degree of a may lie, obtained by propagating the uncertainty
from a’s initial weight together with the final acceptability
degrees of its attackers and supporters.

The construction of ®,, proceeds by considering all possi-
ble combinations of input focal elements. To characterize all
possible intervals for the final acceptability degree of a, we
consider every combination consisting of: (i) a focal element
X < Q for a’s initial weight, (i) a tuple F'~ € X - Py
of focal elements for the attackers’ final acceptability de-
grees, and (iii) a tuple F* € X cer+ Pc for the supporters.
Each such combination defines a Cartesian product of inter-
vals, whose image through the bipolar gradual semantics s
yields a candidate interval for the final acceptability degree
of a. Since the inputs of s are intervals, this image is it-
self an interval. Its bounds are obtained by evaluating s on
extremal (pessimistic and optimistic) configurations of the
inputs. This construction relies on Lemma 1 of Thieyre et
al. (2025), which ensures that, for the considered semantics
s, the extrema of the image of a Cartesian product of inter-
vals are attained at the extrema of the input intervals. This
property follows from the monotonicity of s with respect to
the initial weight, attackers, and supporters.

Formally, for each combination of input focal elements,
the resulting focal element F' € @, is defined as:

P (T B s (X T

where, for X € Q, X = infeex 2 and X = sup,.y 2.
For F~ € X - @ and Ftex cer+ P, the tuples F—

and F* (resp. F~ and F) collect the lower (resp. up-
per) bounds of the corresponding focal elements. A detailed
application is illustrated in Example 2.

The exact mass assigned to an output interval F' € &,
is obtained by combining the masses of all input focal ele-
ments that produce F'. Under the independence assumption,
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the mass of a given combination (7, J, K) is the product of
the corresponding input masses. Since distinct combinations
may yield the same output interval, the total mass assigned
to F' is obtained by summing over all such combinations:

mi(F) =" > mu() [T mi() [T ml(Ko).
I1,J,K beR L ceR}
s(I,J,K)—>F

Here, J; (resp. K .) denotes the focal element of J (resp.
K) associated with argument b (resp. ¢). The summation
aggregates the masses of all combinations of input focal
elements whose image under s coincides with F' (denoted
s(I,J,K) — F), which is necessary since s is commu-
tative with respect to attackers and supporters (considered
separately).

Finally, from the exact mass function mé, we de-
rive an interval of expected final acceptability degree,
DE = [E(dE),E(dF)], such that:

E@) = Y mf(F)infa; B@) = Y mf(F)supa
Fed, e Fed, zel!

The interval DZ thus represents the exact expectation range
induced by the propagated mass function, and serves as a
reference against which approximate propagation schemes
can be evaluated.

Example 2. Following Example 1 and Table 1, we compute
the exact propagation of the mass functions for the same
configuration using the QuEM semantics. Since b has no at-
tackers or supporters, its final mass function coincides with

its initial one, i.e., m{: = m} (see Table 1). Therefore,
P, = Q.

The focal elements of m{ are obtained by considering all
combinations of focal elements from m, and m{: . Each com-
bination (X, Xp) corresponds to a pair of intervals repre-
senting possible values for the initial weight of a and the
final acceptability degree of its attacker b. For each such
pair, we compute the image of the corresponding Cartesian
product through the semantics s (here, QuUEM), which yields
an interval for the final acceptability degree of a. Because
QuEM satisfies the conditions of Lemma 1 in Thieyre et al.
(2025), this image is fully characterized by evaluating s on
extremal configurations of the inputs.

Concretely, for a pair of input focal elements X, and X,
we define:

F = [S(&, (Yb)ag)v S(Xi(lv (&)7®)] ’

where & denotes the empty tuple of supporters of a.

As a running example, consider the combination X, =
[.4,.6] and X, = [.2,.4[. The pessimistic configuration
(lowest a, highest attacker b) gives

5(Xa, (X3p),0) = s(4,.4,0) = .34,

while the optimistic configuration (highest a, lowest attacker
b) gives

5(Xa, (X), @) = s(.6,.2,0) = .58.
Hence, this pair of input focal elements induces the focal
element F' = [.34, .58].
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Under the independence assumption, the mass associated
with this focal element is obtained by multiplying the masses
of the corresponding input focal elements:

mi ([.34, .58]) = mk([.4,.6]) - mj([.2,.4]).
Using the numerical values from Table 1, we obtain
mi ([.34,.58[) = .14 x .125 = .0175.

In other words, if the initial weight of a lies in [.4, .6[ with
mass .14 and the final acceptability degree of b lies in [ .2, 4]
with mass 125, then the final acceptability degree of a lies
in [.34, .58[ with mass .0175.

Repeating this procedure for all combinations of focal el-
ements yields the full set ®, of possible output intervals,
reported in Table 2. The corresponding masses, obtained by
multiplying the masses of each input pair, are given in Ta-
ble 3 (only non-zero masses are reported due to space con-
straints).

X\Xp | [2,4]  [4,.6] [6,.8[ [0,1]
[4,.6] | [.34,.58] [.29,.52] [.24,.44] [.2,.6]
[6,8] | [.52,.77] [44,.69] [.37,.59] [.3,.8]
[8,1] | [.69,.96] [.59,.86] [49,.73[ [4,1]
[0,1] | [0,.96] [0,.86]  [0,.73[  [0,1]

Table 2: Exact focal elements ®, obtained by combining the focal
elements of my, and m;, using QuEM semantics

X\X | [2,4] [4,6] [6,8] [0,1]
[4,6] | .0175 0525 035  .035
[6,.8] | .03625 .10875 .0725 .0725
[8,1] | .03625 .10875 .0725 .0725
[0,1] | 035 105 .07 .07

Table 3: Exact final masses of m{ obtained by multiplying the
masses of my, and m;, for each input pair

Proposition 1. Let F = (A, R ,R",w) be a OBAF.
Computing the final acceptability degree of all the argu-
ments in F using the exact model is in the complexity of

O (2HAIF1C(s)).

Proof. Letv € Ndenote the level of an argument in a QBAF.
An argument a is of level v(a) = 0 if it is not attacked nor
supported. Otherwise, the level is v(a) = 1 + max{v(b)|b e
R~ (a) U R (a)}. Let ngne(a) be the number of ancestors
of a. Let Q(v) be the following proposition: the number of
calls to the semantics s to compute the mass function of the
final acceptability degree of an argument a of level v(a) is at
most 25(ane(@)+1)+1 T et ys prove now by induction that,
Vv eN, Q(v) is true.

Base : Let a € A be an argument of level v(a) = 0. Fol-
lowing the procedure described above, we call the seman-
tics s twice for each focal element in ®,, so we first need to
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bound |®,|. We know that:

|Ba| <29 x X @ x X D,
beR, ceRT

Since @ has neither attacker nor supporter i.e. ngp.(a) = 0,
we have:
[@a] <[27] = |®a] < 2"

Thus, the number of calls to s is at most 2 x 2L = 2L+1,
which, because 74y,.(a) = 0, is equal to 2L(Panc(@)+1)+1,
Hence Q(0) is true.

Step : Let us suppose that Va € A, if v(a) < vy, then
Q(v(a)) is true and let us prove that for any a € A such that
v(a) = vy + 1, then Q(vp + 1) is true. We still have:

|Ba| <29 x X @ x X D,
beR L ceRT

By induction hypothesis, Vb € R, U R}, v(b) < vg and so
Q(v(b)) is true. Thus:

‘q)a| < 2L H QL(nanc(b)+1) n 2L(’nanc(6)+1)

beR ceRY

= |8l < L (14D (ane®HDHT, 1 (mane(€) +1))
= [P,| < 9L(nanc(a)+1))

For each focal element, we need to call s twice, so the total
number of calls is at most 2-("anc(@)+1)+1 Hence Q(1+1)
is true.

Conclusion : Vv € N, Q(v) is true.

Thus, the total number of calls to the semantics s on the
entire graph is:

Z 2L(nanc(a)+1)+1
aeA

This sum is asymptotically dominated by the term corre-
sponding to the central argument, i.e. 2EMI+1, Finally, the
complexity of the exact model is then O (2L141+1¢(s)). O

3.3 Approximate Model

Since the cardinality of ®, grows exponentially with the
number of ancestors, we introduce an approximation method
that projects the exact mass function onto a fixed target par-

1t 1 1 2 np—1 ..
tition H = {[0, n—p[, [n—p7 er[’ N E 1]} consmtmg. of
n, subintervals of equal length. The exact mass function
m{ is approximated by a simplified mass function 7 de-
fined over II.

The approximation proceeds in two steps. First, we com-

pute an approximate belief function E\é/li obtained by pro-
jecting the exact mass function onto the partition II. Then,
we recover the corresponding mass function ] using the
Mobius inverse. This approximated mass function is sub-
sequently used as input for the propagation to the children
of a. By projecting the mass function onto the fixed par-
tition 11, the approximation constrains the growth of focal
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elements and prevents the combinatorial explosion observed
in the exact model.

This construction is motivated by the duality between
belief functions and mass functions. While the projection
onto II naturally yields an outer-approximated belief func-

tion B\gli, the propagation mechanism i.e. bipolar gradual
semantics, operates on mass functions. The Mdbius inver-
sion provides the transformation between these two repre-
sentations on the discretized space, ensuring that m/ is a
valid mass function consistent with the approximated belief
function.

First, for any interval I < II, we calculate the belief ac-
cumulated in I from the exact mass function:

BelL() = ) mi(F)
Fed,
FcrI

Finally, the approximated mass 7/ (I) is recovered follow-
ing the Mobius inverse:

Wl (1) = 3 (~)l'-PIBe, (B)
BcI

We then extract from the approximated mass function 77
a summary interval of expected final acceptability degrees,
in the same spirit as for the exact model. This interval cap-
tures the expectation range induced by the approximated
mass function defined on the fixed partition II.

We thus define D2 = [E(d%), E(d2)] such that:

E(dy) = >, mi(I)infa; E(dg) = », mf(I)supx
IcIl z ICII zel

Example 3. To reduce computational complexity, we project
the exact mass function m{ onto a fixed partition 11
{[0,.2[,[.2, .4[, [ .4, .6[, .6, .8[,[.8,1]}. First, we compute
the approximated belief function for each interval I < 1L
For instance, following Table 2 and 3, if I = [.2, .6], then:

Bei ([.2,.6]) = mi (.34, .58]) + m{ (.29, .52[)
+mi ([.24, .44]) + m{([.2, .6])
+mi ([.37,.59[)
— 0175 + .0525 + .035 x 2 + .0725
— 2125

Once the beliefs have been calculated (see Table 4 below)
for all I < 11, the approximate mass function is then recov-
ered using the Mobius inverse:

ind (1.2, 6]) = (—1)' Bel, (1.2, A]) + (—1)' Bell. (14, 6])

+(—1)°Bel ([2,.6])
=0+0+.2125
= .2125

ot ~ . ;
All the results obtained for Bel,, and mi are listed in the
following Table (due to space restriction, only focal elements
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of the approximate mass and belief functions of a’s final ac-
ceptability degree with non-zero beliefs are reported):

p Bal i
[.2,.6] 2125 2125
(4,8 2175 2175
[6,1] 03625 03625
[0,.6] 2125 0

[0,.2[U[.6,1] 03625 0
[2,.8] 5025 0725
[2,.6[U[.8,1] 2125 0
[2,.4] U[6,1] 03625 0
[4,1] 435 18125
[0, .8[ 5725 .07
[0,.6[U[.8,1] 2125 0
[0,.4] U[.6,1] 03625 0
0,.2[0[4,1] 435 0
[2,1] 72 0
[0,1] 1 21

Table 4: Approximate beliefs E?cl{ and masses M7

Proposition 2. Ler F = (A, R™,R",w) be a QBAF. Let
A~ = maxge4 deg” (a) be the maximum in-degree of F.
Computing the final acceptability degree of all the argu-
ments in F using the approximate model is in the complexity

of O (2L+1np2A_C(s)>.

Proof. Let a € A be an argument. Following the procedure
above, we call the semantics s twice for each focal element
in ®,, so we first need to bound |®,|. We know that:

|Ba| <[22 x X Dy x X d,

beR, ceRE

where &% (resp. ‘50) denote the set of focal elements of ﬁzl’:
(resp. mf). However, Vb € R, Ve € R, |By| = |®.| =
% (see Section 4.1). Then,

|‘I)a|<2L H np(”p"'l) 1_[ np(”p"'l)
2 2

beRy ceRY

IR VRS
— [D,] < 2" (W)

- Rt
np(np+1) ) IRa VRS |
— .

Thus, we need to call s at most 2L+1(

Then, computing Bel£ is done by iterating over all elements
of ®,, and computing ] by iterating over all elements of
I1, so there is no need to make new calls to s. Thus, the total
number of calls to the semantics s on the entire graph is:

R, UR}
22L+1<np(np+1)> ' |
2

aceA
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This sum is asymptotically dominated by the term cor-
responding to the argument with the highest number of

A
attackers and supporters, i.e. 20+! W . Fi-

nally, the complexity of the approximate model is then

@ <2L+1np2A7C(s)>. O

Having introduced the three propagation models, we now
examine their theoretical properties.

4 Properties
4.1 Properties of the Outer-Approximation
In this section, our goal is to study the mathematical prop-

erties of ?eli, the approximation of the initial Bel/ on
the partitioned space II and the corresponding o-algebra.

=1 . - .
Note that as Bel,, is the restriction of Bel! to 2! (ie.,

E/eli(X) = Belf(X) for all X € 2'), we are certain that
this is a belief function, and also that this is the closest ap-
proximation of Bel/ on II. Note also that the partition is to
be fixed by the user, and will directly impact the complexity
of the obtained representation.

Bel, has actually a very nice structure leading to a not too
complex belief function, akin to the one initially considered

by Strat (1984). We first prove that B\/elé is additive over
subsets X that are discontinuous.

Proposition 3. Consider an event X =
{[i L[u[nﬂ,nl[} where k,f,m,n € [[O,np]]4 and

np’ Ny
m = ¢ + 1, then we have
= f —~f k L —~f
Bel, (X) = Bel, ([, —[) + Bel, ([~ =)
np Ny np My
Proof. To state this proof, we need to show that we
do not have focal elements of Belf that is included

in [n—i,n—i[u[nﬂp, :—p[ without being included in either
[ for 2,2 .

In order to prove this, let us consider an initial focal ele-
ment F', and show that

Fell Lo e peft Lorc ™
ny My np Ny n, n, ny’
with @ symbolising the XOR logical operation. To see this,
simply observes that if F'n [ [# @and FA[2, D[z

&, then F' should contain all elements between £ and nﬂ,
P P

np
thus contradicting the fact that F' < [, L[u[=, [ O
p P p P

k£
np’ Np

This proof can then be extended to any number of sub-
intervals and discontinuities following the same argument,

. =7 . -
thus proving that Bel, is additive over sequences of sub-
intervals. This is formalised by the next corollary.

Corollary 1. Consider an event

1 2
n n

X={[n—p,n—p[ul..u[

K—-1 K
n n
1}

Tp

ni+1

i
n—7 [b...u]
ny’ np np
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Then

with n?+l > n2% + 1 for j
—~f K 5= rni pitt
Bel, (X) = >, Bela([ﬁ, o -

We can now proceed to prove our next result, that con-

1,...,K/2

= f ~ .
cern not Bel, but m£ , and essentially shows that the ob-
tained mass function also only bears on sets of sequential
sub-intervals.

Proposition 4. The mass m] derived from Bel through the
Mobius inverse is such that ] T (X)) is positive 1f and only if
X is of the form [— L[ i.e., has no gap in it.

p

Proof. The proof works by contraposition. Assume that
we have some positive mass function bearing on a set

X = [n—,n—[u[y’f,” [ as in Proposition 3. Then, ob-
viously X & [n%’@[ and X & [ [, so it is

= f
counted nelther in the computation Bel,, ([-£ n@ [) nor the
p

Np )

one Bel ([— ZL[), but is counted in the computation
P

b
p

of Bel ([n , f [U[%, =), which means that we would
P P P P
have
k¢ m n —~f .k L m n
Bl (- V1 2 > Bl ([ )+ Bl (12 2.

thus contradicting Proposition 3 that we know to be true. [

Basically, Propositions 3 and 4 both mean that we are

.. —~f
guaranteed that, at worst, the number of distinct Bel, val-
ues one needs to compute or the number of focal elements
of mS will be of the order 2p(p=1) which clearly limits
the computational burden when compared to generic belief

functions.

4.2 Properties of the Approximate Model

Since the exact model is very difficult to calculate in prac-
tice, a desirable property for an approximation model is to
avoid overconfidence in the final acceptability degree of an
argument, i.e., neither of the two final bounds should lie
within the interval of the exact model. This requirement is
captured by the notion of Epistemic Cautiousness, which en-
sures that the approximation does not yield conclusions that
are more precise than what is warranted by the available un-
certain information. This property is particularly relevant in
our setting, where beliefs are constructed from sparse and
potentially unreliable inputs, and where overly confident es-
timates could lead to misleading conclusions. For this rea-
son, we focus on Epistemic Cautiousness as a key criterion
to assess the reliability of approximation methods.

Property 1 (Epistemic Cautiousness (EC)). An approxima-
tion model satisfies EC iff Df < D, where, in our cases,
D¥ stands for DE or D2

Proposition 5. Approximate model satisfies EC but Baseline
model does not.

Proof for Approximate model. Since ﬁlé is an outer approx-
imation of m then E(dA) E(d?) and E(d?) < E(d2),
and therefore DE c DA O
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Proof for Baseline model. We provide a counter-example
using QuEM semantics. Consider a QBAF composed of
three arguments a, b and‘ ¢, where b attacks a and c¢ sup-
ports a. Suppose that m},([0;.2[) = %, mi([0;1]) = 3,
my([81) = 5. mp([0;1]) = F, mi([8:1[) = 3 and
mi([0;1[) = 2. Given that b and ¢ have neither attackers
nor supporters, then m; = mj and m/ = mf.

Following exact propagation detailed in Section 3.2, we
have:

F o0, [0, [0,.6[ [0,2] [0,1]
mi(F) % 15 is s i
13487
Thus, DE [0, 19890

Followmg baseline model detailed in Section 3.1, we have
E(w,) = [0, %]’ E(wy) = [%7 1] and E(w.) = [0, E]
Then:

ﬁ =S (E(wa)a (E(wb))’ (E(wC))) = S(O’ (1)? (O))
=0,
= s (8w, (B, (Bw0) =5 (3. (55 (1))
92
137
Thus, DZ =

[0, 2], and therefore DZ < DE.

7137 0

These theoretical results clarify the epistemic guarantees
offered by the approximate model and the limitations of the
baseline model. However, they do not inform us about the
practical impact of these limitations, which motivates an em-
pirical comparison of the baseline, exact and approximate
models on real-world argumentation graphs.

5 [Evaluation on a Real-World Dataset

We evaluated the three models on argumentation graphs ex-
tracted from Kialo, an online platform for structured de-
bates. On Kialo, discussions are organized around a cen-
tral claim, to which users add supporting or opposing claims
(“PRO” and “CON”). Contributions are curated by modera-
tors to ensure clarity and consistency, resulting in clean argu-
ment trees with explicit support and attack relations. Users
vote on claims using a discrete scale from O to 4. As in
Thieyre et al. (2025), we transform these votes into mass
functions over initial weights using the Imprecise Dirichlet
Model.

The complete dataset contains 2,959 debates, 377,182
claims, and 590,261 votes. Due to the exponential complex-
ity of the exact model, we restricted the analysis to 13,285
arguments for which exact propagation was computationally
feasible. Among these, we retained 1,632 non-trivial argu-
ments. The excluded cases correspond to arguments with-
out attackers or supporters and whose initial mass is entirely
concentrated on the focal element [0, 1]. In such situations,
the final mass remains on [0, 1] for all three models and all
four semantics, yielding identical results. Excluding these
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trivial cases allows us to focus on configurations where the
differences between models are meaningful. In all experi-
ments, the approximate model was computed using a parti-
tion size n,, = 5.

We investigated the following five empirical criteria, re-
ported in Table 5:

« EC: the baseline model does not satisfy EC;

* B>A: the baseline model is a better or equal outer approx-
imation of the exact model than the approximate model;

* B>A: the baseline model is strictly a better outer approx-
imation of the exact model than the approximate model;

* B>A: the baseline model is closer or equally close (in
absolute value) to the exact model than the approximate
model;

* B>A: the baseline model is strictly closer (in absolute
value) to the exact model than the approximate model.

Here, “closer in absolute value” means that the lower
bound of DE is closer (in absolute difference) to the lower
bound of D¥ than the lower bound of D2, and similarly
for the upper bounds. A “better or equal outer approxima-
tion” additionally requires that DF < DZ < D4, while a
“stjgictly better outer approximation” requires DX < DB <
D

a

OuAD DF-QuAD  Exb  QuEM
187 2 206 39
EC 1159 01%  126%  2.4%
poa 1344 1403 457 1447
ZA893%  86.0%  28.0% 88.7%
goa 20 46 7 185
1.2% 2.8% 4.7% 11.3%
BoA 1503 1616 544 1559
A 921%  99.0%  33.3%  95.5%
Boa 124 165 157 224
7.6% 101%  9.6% 13.7%

Table 5: Empirical comparison between models

As expected from the theoretical analysis, the baseline
model violates EC in a non-negligible number of cases, par-
ticularly under QuAD and Exb. However, the frequency of
violations varies considerably across semantics, being al-
most negligible under DF-QuAD and relatively limited un-
der QuEM. This confirms that epistemic overconfidence is
sensitive to the aggregation behavior induced by the under-
lying semantics.

When considering outer-approximation quality, the re-
sults show that under QuAD, DF-QuAD, and QuEM, the
baseline model is a better or equal outer approximation than
the approximate model in a large majority of cases (between
82.3% and 88.7%). In contrast, under Exb, this holds in
only 28.0% of the cases. Strict improvements (B>A) re-
main relatively rare overall, but are more frequent under
QuEM. These results indicate that, although the approximate
model is guaranteed to satisfy EC, it does not systematically
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yield tighter outer approximations than the baseline model
in practice.

A similar pattern emerges when considering numerical
closeness to the exact model. For QuAD, DF-QuAD, and
QuEM, the baseline model is closer or equally close to the
exact interval in at least 92.1% of the non-trivial cases.
This suggests that, despite its theoretical limitations, the
baseline model often provides a numerically accurate ap-
proximation of expected final acceptability degrees under
these semantics. One possible explanation is that, for
many argumentation configurations encountered in practice,
these semantics exhibit near-linear behavior, thereby miti-
gating the discrepancy between summarize-then-propagate
and propagate-then-summarize strategies.

This behavior does not extend to Exb, for which both the
outer-approximation and closeness criteria show markedly
weaker performance of the baseline model. The stronger
non-linear and asymmetric effects induced by this seman-
tics appear to amplify the information loss caused by early
summarization of uncertainty.

Overall, the results reveal a clear trade-off. The ap-
proximate model provides principled epistemic guarantees
through EC, while the baseline model often delivers com-
petitive or even superior approximations in practice under
several widely used semantics. The choice between models
should therefore depend on whether epistemic soundness or
empirical tightness of approximation is the primary objec-
tive.

6 Related Work and Conclusion

There exists a significant body of work at the interface
of uncertainty and argumentation, in particular probabilis-
tic (Hunter et al., 2021), fuzzy (Janssen, Vermeir, and De
Cock, 2008), and epistemic (Hunter and Thimm, 2014) ap-
proaches.

Among these approaches, probabilistic argumentation has
received particular attention. Early and subsequent works
focus on modeling uncertainty either over the structure
of the argument graph or over the acceptance of argu-
ments themselves, often assuming precise probability values
(Dung, 1995; Hunter et al., 2021). However, in many real-
world applications, probabilities originate from heteroge-
neous sources, expert judgments, or incomplete data, mak-
ing it difficult to justify precise numerical assignments. This
limitation has motivated the development of frameworks
based on imprecise probabilities, which allow uncertainty
to be represented by sets of probability distributions rather
than a single one.

Several works have explored the use of imprecise proba-
bilistic reasoning within abstract argumentation frameworks
(Baroni, Giacomin, and Vicig, 2014; Thimm et al., 2018).
These approaches relax the assumption of precise proba-
bilities and provide more robust epistemic interpretations,
sometimes in combination with probabilistic logic to en-
hance expressive power (Hunter and Potyka, 2023). Never-
theless, these contributions are typically confined to Dung-
style abstract argumentation frameworks and extension-
based semantics, and do not address gradual acceptability
or bipolar interactions.
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It is also possible to combine abstract argumentation for
attack relations with credal networks for modeling sup-
ports, as proposed by Morveli-Espinoza, Nieves, and Tacla
(2023b) in their credal bipolar argumentation framework.
In this approach, each argument is associated with a credal
set (i.e., a set of probability distributions), and support rela-
tions are explicitly interpreted as causal dependencies mod-
eled via credal networks, yielding conditional credal sets
that depend on the presence of supporting arguments. Un-
certainty is thus propagated through the argument graph by
computing lower and upper bounds over these sets, allowing
one to capture epistemic imprecision arising from multiple
sources without committing to a single probability distribu-
tion. However, reasoning remains tied to extension-based
semantics, where the uncertainty of extensions is derived
from aggregating the credal information of their constituent
arguments. The same authors later introduced a gradual
semantics grounded in credal network theory (Morveli Es-
pinoza, Nieves, and Tacla, 2023a), specifically designed for
support argumentation frameworks.

In contrast to these works, the present paper focuses on
uncertainty propagation in quantitative bipolar argumenta-
tion frameworks under gradual semantics, using belief func-
tions to represent imprecise information about argument
weights. We investigate how uncertainty can be propagated
through existing bipolar gradual semantics and analyse the
theoretical and empirical properties of different propaga-
tion strategies. In particular, we compare three propaga-
tion models and formalize the Epistemic Cautiousness prop-
erty, showing that while the approximate model satisfies this
property by construction, the baseline model does not in
general. More broadly, our work highlights the trade-offs
between epistemic guarantees and practical approximation
quality.

Beyond this theoretical distinction, our empirical eval-
uation on large-scale real-world argumentation graphs ex-
tracted from Kialo revealed a more nuanced picture. Al-
though the approximate model provides stronger epistemic
guarantees, the baseline model often yields numerically
tighter approximations of the exact model under several se-
mantics, notably QuAD, DF-QuAD, and QuEM. These re-
sults highlight a fundamental trade-off between epistemic
soundness and practical approximation quality, suggesting
that the choice of propagation model should depend on both
the semantics in use and the intended application.

Several directions for future work naturally follow from
this study. In particular, an important question is whether
the approximation step itself behaves in a manner that is co-
herent with the underlying mechanisms of argumentation.
Investigating this issue could help determine to what extent
approximate propagation preserves the intended influence
of supports and attacks, and could guide the design of ap-
proximation methods that better balance epistemic guaran-
tees with argumentative fidelity.
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