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Abstract

Non-monotonic reasoning is essential for drawing plausible
conclusions from incomplete information. Many approaches
model changing belief states using Ordinal Conditional Func-
tions (OCFs), which assign degrees of surprise to possible
worlds. This paper demonstrates how OCFs are ideally suited
for the knowledge compilation paradigm, particularly with
Reduced Ordered Binary Decision Diagrams (ROBDDs). We
introduce a compilation pipeline for System Z, a prominent
ranking-based semantics, which pre-compiles a conditional
knowledge base into a set of materialized theories represented
by ROBDDs. This compilation enables polynomial-time con-
ditional entailment and efficient, incremental updates, avoid-
ing costly re-computation. We further extend this approach
using Algebraic Decision Diagrams (ADDs) to directly com-
pile the entire ranking function, facilitating direct and effi-
cient implementation of complex belief revision operations
such as Spohn conditioning.

1 Introduction
Defeasible reasoning formalizes the ability to draw plausible
yet defeasible conclusions. Here we focus on default-style
approaches that represent such information as a conditional
knowledge base—a finite set of defeasible conditionals of
the form “if α, then typically β”. A variety of semantics for
conditional knowledge bases have been studied, a prominent
approach models an agent’s epistemic state using an Ordi-
nal Conditional Function (OCF) (Spohn 1988). The focus
of this paper is Pearl’s System Z (Pearl 1990), a canoni-
cal ranking-based semantics that constructs an OCF from a
knowledge base and uses it to perform defeasible inference.
Goldszmidt and Pearl also showed that System Z is equiv-
alent to Lehmann and Magidor’s rational closure (Lehmann
and Magidor 1992; Goldszmidt and Pearl 1990).

Ranking-based defeasible reasoning, in particular with
System Z, is inherently dynamic. The central semantic ob-
ject is not a static knowledge base but a changing belief state
that is queried and revised repeatedly as new defaults and
observations arrive. Adding a new default to the knowledge
base can alter this ranking, and thus change which defeasible
conclusions follow. The computational problem is therefore
not only to answer a single entailment query, but to maintain
and interrogate an evolving ranking under a long sequence
of interleaved queries and updates.

In current implementations, the System Z ranking is typ-
ically constructed implicitly by first assigning each default
to a plausibility stratum via an initial stratification stage that
requires many calls to a SAT solver. Conditional entailment
is then reduced to a further sequence of SAT checks over
these strata. Moreover, when a new default is added to the
knowledge base, the preprocessing is rerun from scratch.

From a dynamic point of view, this is conceptually unsat-
isfying. If belief change is even moderately well behaved,
we expect most of the ranking to persist under small up-
dates, with only a comparatively small region of the state
space shifting in plausibility. In systems such as System Z,
these changes take place in a layered manner, with worlds
moving between finitely many ranks and defaults being re-
assigned to nearby strata while the overall stratification can
often remain recognizably intact.

In this paper we propose an alternative perspective based
on the knowledge compilation paradigm (Darwiche and
Marquis 2002). Instead of treating queries and updates as in-
dependent computations over a fixed base, we compile (and
maintain) the belief state itself into decision-diagram repre-
sentations that support fast, local operations. The goal is to
use compilation as a principled way to obtain reusable se-
mantic artifacts: inference runs in time polynomial in the
size of the compiled representation, and updates can be im-
plemented incrementally by repairing only the affected com-
piled components.

Concretely, we study two complementary compilation
strategies. First, we exploit the layered nature of Sys-
tem Z by compiling its stratified classical theories into
Reduced Ordered Binary Decision Diagrams (ROBDDs)
(Bryant 1986). This yields a “materialized” backbone of
strata that supports polynomial-time conditional entailment
with respect to the compiled diagram sizes, and it admits
an incremental update procedure that locally repairs the af-
fected layers when new defaults are added. Second, we com-
pile the ranking function itself into an Algebraic Decision
Diagram (ADD) (Bahar et al. 1993; Fujita, McGeer, and
Yang 1997). In this representation, conditional entailment
and belief revision operations such as Spohn conditioning
(Spohn 1988) reduce to algebraic transformations on a sin-
gle multi-valued diagram, again running in time polynomial
in the size of the compiled structure.

Our contributions are summarized as follows:
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• We present an ROBDD-based compilation pipeline
for System Z that materializes its stratified theories
as reusable decision-diagram artifacts and supports
polynomial-time System Z conditional entailment (in the
size of the compiled diagrams).

• We develop an incremental update algorithm that inte-
grates new defaults by locally repairing the compiled
strata, enabling efficient reuse rather than full recompu-
tation.

• We compile the entire System Z ranking function into
an ADD, yielding polynomial-time procedures (in ADD
size) for conditional entailment and for belief revision via
Spohn conditioning.

• We prove soundness, completeness, and complexity of the
proposed constructions, and provide an initial empirical
comparison with a SAT-based baseline.

Roadmap. Section 2 covers preliminaries (OCFs, Sys-
tem Z, and ROBDDs); Section 3 develops the ROBDD ma-
terialization with polytime entailment and incremental up-
dates; Section 4 compiles the ranking into ADDs and im-
plements Spohn conditioning; Section 5 evaluates. Supple-
mentary Material A provides pseudocode for existing im-
plementation algorithms; Supplementary Material B con-
tains proofs of all theorems. Supplementary material (proofs
and implementation pseudocode) is available at DOI: https:
//doi.org/10.5281/zenodo.20613113.

2 Preliminaries
2.1 Propositional Logic
Assuming a finite set of n Boolean variables Σ, we fix an
ordering x0, x1, . . . , xn−1. We denote the general proposi-
tional language by L, which is constructed using the usual
Boolean connectives. We denote worlds/interpretations by
ω. The set of all such interpretations is Ω. We write ω |= φ
if ω satisfies φ, and ω ̸|= φ otherwise. We write φ |= ϑ if φ
entails ϑ, and φ ̸|= ϑ otherwise. We use Mod(φ) to denote
the models of φ.

2.2 Conditional Knowledge Bases
Propositional logic is extended to conditional logic by intro-
ducing defeasible conditionals (sometimes referred to here
as defaults). Conditionals are statements of the form ”if α,
then typically β,” which we will denote here as r = α |∼ β,
with α, β ∈ L. For a world ω, it is useful to define the
semantics of conditionals as follows (De Finetti 1974):

r(ω) =


T, if ω |= α ∧ β,

F, if ω |= α ∧ ¬β,
×, otherwise.

A world ω verifies a conditional r if r(ω) = T, falsifies it if
r(ω) = F, and is irrelevant otherwise (i.e., when ω |= ¬α,
denoted r(ω) = ×). A conditional plays a similar role to
a classical implication, but with a semantics that makes the
antecedent α a strict precondition for evaluation.

Definition 1 (Conditional Knowledge Base). A conditional
knowledge baseK = (Γ,∆) is a pair where Γ ⊆ L is a finite
set of classical propositional formulas, and ∆ is a finite set
of defeasible conditionals of the form α |∼ β.

2.3 Ordinal Conditional Functions
Ordinal conditional functions (OCFs) or ranking functions
are a well-known semantics for conditional knowledge bases
(Spohn 1988). They assign to each world ω a non-negative
integer reflecting its degree of surprise. Higher values indi-
cate less plausibility, and∞ impossibility.
Definition 2. A ranking function is a mapping κ : Ω →
N ∪ {∞}. It extends to formulas by

κ(φ) = min{κ(ω) | ω |= φ},
with min∅ =∞. We say κ accepts the conditional α |∼ β if

κ(α ∧ β) < κ(α ∧ ¬β).
Ranking functions are used for representing a “belief

state,” and come with various transformations for adapting
its beliefs, one good example of this is Spohn conditioning.
Definition 3 (Spohn Conditioning (Spohn 1988)). Let κ be
a ranking function and φ ∈ L. Learning φ with firmness
m ∈ N ∪ {∞} yields the revised ranking function:

κ[φ,m](ω) =

{
κ(ω)− κ(φ), if ω |= φ,

κ(ω)− κ(¬φ) +m, if ω |= ¬φ.
Conditioning re-normalizes φ-worlds by subtracting κ(φ)

and penalizes ¬φ-worlds by m, i.e., a Bayes-style update
with a finite likelihood penalty. The parameter m controls
the relative penalty assigned to ¬φ-worlds in the revised
ranking: taking m = ∞ rules out ¬φ-worlds, while finite
values of m preserve them at a positive rank, thereby retain-
ing more structure for subsequent iterated changes.

2.4 System Z
This paper focuses on System Z, introduced by Pearl (Pearl
1990), and widely recognized as the poster child for ranking-
based semantics. System Z partitions ∆ into groups of con-
ditionals according to how they “tolerate” one another.
Definition 4 (Tolerance (Pearl 1990)). Let K = (Γ,∆), r ∈
∆ is tolerated by K if there exists ω ∈Mod(Γ) such that

r(ω) = T and ∀r′ ∈ ∆ : (r′(ω) ̸= F ).

Tolerated conditionals are intuitively the most broadly ap-
plicable or plausible rules in ∆. This suggests that we should
separate ∆ into layers ordered by tolerance: the first layer
collects all maximally “general” defaults, the next layer all
those tolerable once the first are set aside, and so on.
Definition 5 (Z-partitioning (Pearl 1990)). Let K = (Γ,∆).
The Z-partitioning ∆Z

K = (∆0,∆1, . . . ,∆∞) ofK is defined
such that ∆0 = {r ∈ ∆ | K tolerates r} and (∆1, . . . ,∆∞)
is the Z-partitioning of (Γ,∆ \∆0).

Conditionals that are never tolerated are grouped in ∆∞.
Once each r ∈ ∆ has an assigned “generality weight”,
defeasible entailment reduces to a task of model compari-
son. Intuitively, worlds that falsify only high-weight (i.e.
less plausible) defaults are preferred over those that falsify
low-weight (more plausible) ones.
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Definition 6 (System Z Ranking Function (Pearl 1990)). Let
∆Z

K = (∆0,∆1, . . . ,∆∞) be the Z-partitioning of K. The
OCF defining the semantics of K under System Z is

κK
Z (ω) =

{
∞, if ω ̸|= Γ,

min{i | ∀r ∈
⋃

j≥i ∆j , r(ω) ̸= F}, otherwise.

A conditional α |∼ β is then defeasibly entailed by a con-
ditional knowledge base K under System Z if it is accepted
by the ranking function κK

Z .
Definition 7 (System Z Entailment). A conditional r is de-
feasibly entailed by a conditional knowledge baseK accord-
ing to its System Z semantics if it is accepted by κK

Z .

K |≈Z r ⇐⇒ κK
Z |= r

Henceforth, we assume that ∆Z
K is given in the form

(∆0, . . . ,∆k−1,∆∞), where k − 1 = mini ∆i ̸= ∆∞.

An Illustrative Example: Tweety’s Changing Prospects
We consider an example with the following vocabulary: t =
“is Tweety,” b = “is a bird,” n = “is nailed to table,” r =
“is nailed to rocket,” and f = “can fly”. Along with the
following conditional knowledge base K = (Γ,∆):

Γ = {t→ b, t→ n}
∆ = {b |∼ f, b ∧ n |∼ ¬f, b ∧ n ∧ r |∼ f}

Although birds typically fly (b |∼ f ), the more specific de-
fault b ∧ n |∼ ¬f overrides it for birds nailed to a table.
System Z partitions ∆ into three layers:

∆0 = {b |∼ f}
∆1 = {b ∧ n |∼ ¬f}
∆2 = {b ∧ n ∧ r |∼ f}

System Z therefore yields K |≈Z t |∼ ¬f . However, if
we then learn that the table is itself nailed to a rocket and
add t → r to Γ, System Z revises its conclusion: the more
specific default now applies, and we obtain K |≈Z t |∼ f .

Implementation The BaseRank (Supplementary Ma-
terial A) algorithm introduced by Casini et al. (origi-
nally proposed for rational closure) is commonly used to
compute the Z-partitioning for a given conditional knowl-
edge base (Casini, Meyer, and Varzinczak 2019), which
is based on a procedure originally proposed by Freund
(Freund 1998). The algorithm iteratively peels off all
rules whose antecedent is still “compatible” with the cur-
rent remainder of the base, indicating that they are tol-
erated. The RationalClosure (Supplementary Ma-
terial A) algorithm then successively discards defaults in
lower layers until α becomes consistent; the remaining lay-
ers then determine whether β is preferred over ¬β. Both
problems are known to be FPNP/PNP-complete (Eiter and
Lukasiewicz 2000). In standard practice, each entailment
check is performed using a regular SAT solver. In the worst
case, BaseRank performs |∆|2 entailment tests, while
RationalClosure needs at most |∆| per query.

2.5 ROBDD Based Knowledge Compilation
Knowledge compilation addresses the inherent intractability
of general propositional reasoning by splitting it into two
distinct phases (Darwiche and Marquis 2002):

Off-line. A propositional formula φ ∈ L is prepro-
cessed—potentially at exponential cost—into an equiva-
lent form ϑ ∈ T , where T is chosen specifically accord-
ing to its tractability properties.

On-line. Once compiled, otherwise intractable reasoning
tasks can be performed in polynomial time relative to |ϑ|.
A target language must support polynomial-time queries

not to simplify all tasks, but to shift complexity into the
compiled form itself—any inherent hardness appears as in-
creased representation size. Optimally compiling a formula
then reduces to finding its smallest equivalent in the target
language. If a compact form is found, subsequent queries
can be computed in time proportional to its size, providing
a useful predictor of online performance. Once a complex
(sub)problem is compiled, its result can then amortize the
initial compilation cost online, and can even be used in solv-
ing other seemingly unrelated problems that share common
subproblems . ROBDDs are a well-known and highly effec-
tive example of this principle (Bryant 1986).

Definition 8 (ROBDD). A BDD G is a rooted DAG. Each
node ν is either a branch node, assigned an index I(ν) and
having two children T(ν) and F(ν), or a sink node, with a
value V(ν) ∈ {1, 0}. A ROBDD is a BDD that is:

• Ordered: For every branch node ν, if ν′ is a child branch
node, then I(ν) < I(ν′).

• Reduced: It contains no isomorphic sub-diagrams and no
ν where T(ν) = F(ν).

Its size |G| is the total number of nodes.

The semantics of ROBDDs are defined as follows. For
any Boolean function f denote its positive and negative co-
factors with respect to variable xi by

fxi = f(x0, . . . , xi−1, 1, xi+1, . . . , xn−1)
fxi

= f(x0, . . . , xi−1, 0, xi+1, . . . , xn−1)

A ROBDD G with root ν encodes a unique function f de-
fined recursively via Shannon expansion (Shannon 1949):

f =

{
V(ν) if ν is a sink,

(xi · fxi) + (xi · fxi) otherwise,

where the diagrams rooted at T(ν) and F(ν) encode fxi
and

fxi
. Every propositional formula φ ∈ L therefore has a

canonical ROBDD Gφ representing its Boolean function fφ.
Reduction guarantees canonicity by “skipping” any variable
xi that a sub-function does not depend on (fxi

= fxi
). Af-

ter compilation, model checking takes O(n) time, model
counting O(|G|), and equivalence testing O(1). Canon-
icity means each function is completely determined by its
node triple (I, T, F ); this locality lets recursive algorithms
cache and reuse results via dynamic programming. Canonic-
ity also reduces optimal search to the task of finding a good
variable ordering, which is NP-complete (Bollig and We-
gener 1996).

Operations The apply algorithm is a recursive proce-
dure that computes the ROBDD for f⋄g, given the ROBDDs
for f and g and any Boolean operator ⋄. At its core is the
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observation that if we choose the top-most variable to split
on, say xi, the expansion for the combined function is:

f ⋄ g = xi · (fxi
⋄ gxi

) + xi · (fxi
⋄ gxi

)

A recursive dynamic programming procedure traverses both
diagrams in parallel while constructing the result of the oper-
ation. Memoization ensures that each node pair is processed
at most once, yielding a worst-case complexity of O(|G1| ·
|G2|), where G1 and G2 are the input diagrams. Folding
apply over a sequence G0⋄0G1⋄1· · ·⋄i−1Gi remains poly-
nomial for fixed (bounded) i, but if i is unbounded the inter-
mediate or resulting ROBDDs may blow up (Bryant 1986;
Darwiche and Marquis 2002). Negation is made O(1)
through the use of complemented edges (Brace, Rudell, and
Bryant 1990).

Implementation A multi-rooted, shared DAG with a
global variable ordering is used to represent a set of func-
tions: each node is in one-to-one correspondence with a
function f and points to the nodes of its cofactors fxi and
fxi . A global hash table called the unique table maps ev-
ery triple to its node in the DAG. A global cache called the
computed table serves as a memory function for all recursive
algorithms (Brace, Rudell, and Bryant 1990); for apply, it
maps the triples of any two functions together with an op-
erator ID to the triple of the result. Optimal search is per-
formed through another dynamic-programming-style tech-
nique known as dynamic variable reordering (Rudell 1993),
which swaps adjacent variables and updates the DAG lo-
cally instead of reconstructing it from scratch. Most search
heuristics are then built around this variable swap primi-
tive. Modern BDD libraries such as CUDD (Somenzi 1997;
Somenzi 2015) embody decades of optimization: they hide
these mechanisms behind a simple API, run extremely effi-
ciently, and perform optimal search automatically through a
large suite of built-in dynamic reordering heuristics (Rudell
1993; Drechsler, Becker, and Göckel 1996; Aloul, Markov,
and Sakallah 2003; Bollig, Löbbing, and Wegener 1996;
Drechsler, Drechsler, and Günther 1998).

Algebraic Decision Diagrams Algebraic Decision Dia-
grams (ADDs) are the multi-terminal analogue of OBDDs:
sinks store values from an algebraic domain D (e.g., N ∪
{∞}) (Bahar et al. 1993; Fujita, McGeer, and Yang 1997).
With a fixed variable order, the standard ordering/reduction
rules still yield a canonical DAG for each f : Bn→D, so
all the infrastructure described previously for ROBDDs ap-
plies for free to ADDs. The apply recursion is identical,
replacing the Boolean operator by any algebraic operator
⋆ : D × D→D. Mature libraries like CUDD already sup-
port ADDs and their operations, allowing both Boolean and
pseudo-Boolean reasoning within a unified environment.

3 ROBDD Based System Z
We now instantiate the knowledge-compilation viewpoint
for System Z using classical ROBDDs as the target lan-
guage. The aim is to replace repeated SAT-based optimi-
sation by a one-off compilation step, after which the core
System Z tasks are mediated by decision diagrams rather

than by fresh calls to a solver. Throughout, products like
Γ ·φ denote a single apply call with conjunction, and

∏
S

is the left-associative fold of conjunction over the set S. All
complexity bounds in this section assume a fixed variable
ordering. Set operations on ROBDDs are pointer-level be-
cause nodes are uniquely shared via the global unique table
and referenced by ID.

3.1 Compilation and Preprocessing
Utilizing ROBDDs requires a systematic way to represent a
conditional expression α |∼ β using classical formulas. A
straightforward option is to encode α and β as two separate
ROBDDs. While this is correct, it is not aligned with how
System Z algorithms actually use conditionals. In practice,
they rely on two components: the applicability condition α,
and the materialization α → β, which specifies what must
hold whenever the condition applies.
Definition 9. Let r = α |∼ β be a conditional. Its ROBDD-
based compilation is the pair

r = (ROBDD(α),ROBDD(α→ β)).

We use ROBDD(φ) to denote the bottom-up compila-
tion of φ into its ROBDD representation φ using apply.
Since α and β can be any general propositional formula,
compilation from r to r is exponential in the worst case.
We will write r[0] for the compiled antecedent ROBDD(α)
and r[1] for the compiled materialization ROBDD(α→ β).
Note that r[1] (complemented edge) encodes ¬(α → β) ≡
α∧¬β, which we will use repeatedly for entailment checks.
Definition 10. Let K = (Γ,∆) be a conditional knowledge
base, with ∆ = {rj}m−1

j=0 . Its ROBDD-based compilation is
the pair

K = (Γ,∆).

Where Γ = ROBDD(
∧

Γ) and ∆ = {rj}m−1
j=0 .

The pair (Γ,∆) therefore gives a reusable compiled vo-
cabulary for the knowledge base: once this has been con-
structed, it does not need to be recompiled, and any fur-
ther compilation only concerns formulas that arise later in
queries or updates. On its own, however, this representation
does not yet support our inference algorithms in polynomial
time. A further preprocessing step is required to reorganize
the compiled knowledge base according to System Z seman-
tics. The first step involves assigning each compiled condi-
tional its corresponding plausibility rank.
Definition 11. Let ∆Z

K = (∆0, . . . ,∆k−1,∆∞) be the Z-
partitioning of K. Its ROBDD-based compilation is

∆Z
K = (∆0, . . . ,∆k−1,∆∞).

Where ∆i = {r | r ∈ ∆i}.
While ∆Z

K keeps track of the rank of each compiled con-
ditional, System Z inference does not operate directly on
these sets, but on the materialized classical theories they in-
duce. For each rank i, one considers a theory Γi that com-
bines Γ with the materializations of all defaults in layers ∆j

with j ≥ i. The resulting sequence Γ0,Γ1, . . . ,Γk−1 is the
Z–materialization of K, and its compiled form will serve as
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the main semantic backbone for our ROBDD-based proce-
dures. The models of Γi are precisely the worlds whose Sys-
tem Z rank is at most i.
Definition 12. The ROBDD-based materialization of K un-
der its System Z semantics is the tuple

ΓZ
K = (Γ0,Γ1, . . . ,Γk−1,Γ∞).

Where for each stratified layer Γi (for i < k) we have

Γi =
∏ ⋃

j≥i

{r[1] | r ∈∆j} · Γ.

Figure 1 shows an optimally sized shared DAG for the Z-
materialization of the Tweety example. The substantial node
sharing reflects semantic overlap between the materialized
layers.

Figure 1: Shared DAG representing the materialization of the
Tweety example.

This materialization will not only support predictable and
efficient inference, it will also enable caching, incremen-
tal compilation, and component reuse. The overall prepro-
cessing step is summarized by the Preprocess algorithm.
After preprocessing, the shared size of ΓZ

K should be mini-
mized using optimal search strategies like dynamic variable
reordering. This will have a direct effect on the efficiency of
inference and update.

Algorithm 1 Preprocess
1: Input: K = (Γ,∆)
2: Output: ΓZ

K = (Γ0, . . . ,Γk−1), ∆Z
K =

(∆0, . . . ,∆k−1,∆∞)
3: i← 0
4: Ei ←∆
5: while Ei ̸= Ei−1 do
6: Γi ←

∏
{r[1] | r ∈ Ei} · Γ

7: Ei+1 ← {r ∈ Ei | Γi · r[0] = 0}
8: ∆i ← Ei \ Ei+1

9: i← i+ 1
10: ∆∞ ← Ei−1

11: Γ∞ ← Γi−1

12: if Ei−1 = ∅ then
13: k ← i− 1
14: else
15: k ← i
16: return (Γ0, . . . ,Γk−1), (∆0, . . . ,∆k−1,∆∞)

Theorem 1. The time complexity of the Preprocess al-
gorithm is bounded by

O
((
|Γ|+m ·max

r∈∆
|r[0]|

)
·
m−1∏
j=0

max
r∈∆
|r[1]|

)
,

and requires exponential time in the worst case.

Theorem 2. Preprocess is sound/complete for comput-
ing ΓZ

K and ∆Z
K.

3.2 Inference
We now focus on two important queries that can now be
answered in polynomial time given the compiled materi-
alization of K. First, given the OBDD encoding φ, we
can compute κK

Z (φ) with a binary search over ΓZ
K using

the MinTheory algorithm, which returns k if κK
Z (φ) =

∞. This is possible because the sequence of material-
ized theories in ΓZ

K becomes strictly weaker with increas-
ing i. The primary operation performed at each iteration
of the search is Γi · φ = 0, which is performed at most
log k times. This general approach is still closely based on
the RationalClosure (Supplementary Material A) al-
gorithm.

Algorithm 2 MinTheory

1: Input: ΓZ
K = (Γ0, . . . ,Γk−1), φ

2: Output: min{ i < k | Γi ·φ ̸= 0} ∪ {k}
3: low ← 0, high← k
4: while low < high do
5: mid← ⌊(low + high)/2⌋
6: if mid < k and Γmid ·φ ̸= 0 then
7: high← mid
8: else
9: low ← mid+ 1

10: return low

Theorem 3. The time complexity of the MinTheory algo-
rithm is bounded by

O
((

max
j
|Γj |

)
· |φ| · log k

)
,

and requires polynomial time in the worst case.

Theorem 4. MinTheory is sound/complete for computing
κK
Z (φ).

Algorithm 3 Inference
1: Input: (Γ0, . . . ,Γk−1), r
2: Output: 1 if inference, else 0
3: i← MinTheory((Γ0, . . . ,Γk−1), r[0])
4: if i = k then
5: result← 1
6: else
7: result← Γi · r[1] = 0

8: return result
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The MinTheory algorithm is then directly applicable to
checking entailment of a conditional r given r, as summa-
rized by the Inference algorithm. A call to MinTheory
returns the minimal rank i where the antecedent is consis-
tent. The algorithm then performs a final check Γi ·r[1] = 0
to determine if any worlds at that rank satisfy α ∧ ¬β.
Theorem 5. The time complexity of the Inference algo-
rithm is bounded by

O
((

max
j
|Γj |

)
·
(
|r[0]| · log k + |r[1]|

))
,

and requires polynomial time in the worst case.
Theorem 6. Inference is sound/complete for System Z
conditional entailment.

3.3 Update
Updates are typically addressed by rerunning the
BaseRank (Supplementary Material A) algorithm
from scratch. In a compiled setting, however, this is
inefficient. Instead of rebuilding the ranking, updates can
be made through local, layered adjustments to the existing
compilation.

Algorithm 4 Update
1: In: Γ, (Γ0, . . . ,Γk−1,Γ∞), (∆0, . . . ,∆k−1,∆∞), r
2: Out: new (Γ0, . . . ,Γk−1,Γ∞), (∆0, . . . ,∆k−1,∆∞)
3: v ← 0, C ← {r}
4: i← MinTheory((Γ0, . . . ,Γk−1), r[0])
5: while C ̸= ∅ do
6: if i = k then
7: Γi ← Γ · Γ∞, ∆i = ∅, k ← k + 1
8: ∆i ←∆i ∪ C
9: Γi−v ←

∏
{r′[1] | r′ ∈ C} · Γi

10: C ← {r′ ∈∆i | Γi−v · r′[0] = 0}
11: if |C| ̸= |∆i| then
12: ∆i−v ←∆i \ C
13: else
14: v ← v + 1
15: if i = k − 1 then
16: Γ∞ ← Γ∞ · Γi−v

17: ∆∞ ←∆∞ ∪ C, C ← ∅
18: i← i+ 1
19: k ← k − v
20: return (Γ0, . . . ,Γi−v−1,Γi, . . . ,Γk+v−1,Γ∞),

(∆0, . . . ,∆i−v−1,∆i, . . . ,∆k+v−1,∆∞)

The Update algorithm incrementally integrates a new
conditional r into the compiled Z-ranking. Line 4 finds
the least i whose theory is consistent with r’s antecedent;
adding r’s materialization below this point is redundant be-
cause those layers already entail ¬r[0]. The loop then walks
upward from i. If i = k, we materialize a fresh top rank as
Γ · Γ∞, set ∆i = ∅, and increase k. At each step we carry
the current bump set C by inserting it into the read-side old
layer ∆i (line 8), and we write the compacted theory at in-
dex i−v by conjoining it only with the newly bumped con-
ditionals (line 9). We then recompute the next bump set as

those rules in ∆i whose antecedents are inconsistent under
Γi−v (line 10). If all rules in ∆i are bumped (line 11), the
layer vanishes and we increment v; if this occurs at the last
finite layer (i = k− 1), we finish by updating Γ∞ and ∆∞,
then clear C. Otherwise (partial bump), we write the sur-
vivors to ∆i−v , increment i, and continue. Reads always
use the old index i; writes use i−v to keep the partition con-
tiguous. The algorithm is likely to be most efficient when
changes are local—that is, when r bumps few conditionals
and the cascade is shallow.

Theorem 7. The time complexity of the Update algorithm
is bounded by (∆′ = ∆ ∪ {r})

O
((
|Γ|+ (m+ 1) · max

r′∈∆′
|r′[0]|

)
·

m∏
j=0

max
r′∈∆′

|r′[1]|
)
,

and requires exponential time in the worst case.

Theorem 8. Update is sound/complete for single-rule in-
sertion under System Z (partitioning and materialization).

4 ADD Based System Z
We now shift from ROBDD materializations to an ADD en-
coding of the ranking function. ADDs provide a natural
extension that supports direct representation of the ranking
function itself. Viewed as a Shannon expansion of κ, the
ADD factors per-variable choices while exposing inter-rank
dependencies, complementing the intra-rank theories cap-
tured by ROBDDs.

In what follows, a ITE (if-then-else) operator will be used
to mediate between ROBDDs and ADDs. Given a Boolean
decision diagram φ and two ADDs F and G, the diagram
ITE(φ,F ,G) represents the function that maps each world
ω to F (ω) if ω |= φ and to G(ω) otherwise. Opera-
tionally, ITE is a primitive ternary version of the usual bi-
nary apply operator and has a worst case complexity of
O(|φ| · |F | · |G|). For a ranking ADD H we write min(H)
for its smallest terminal value. Binary operations on rank-
ing ADDs are taken pointwise using the tropical (min–plus)
semiring (N∪ {∞}, ·,+), where for a, b ∈ N∪ {∞} we set
a·b := min{a, b} and let a+b be ordinary addition extended
by a+∞ =∞+ a =∞.

4.1 Preprocessing
The ADD-based compilation of the System Z ranking
function reuses the ROBDD representations of the Z-
materialisation layers ΓZ

K = (Γ0, . . . ,Γk). The key obser-
vation is that each Γi already identifies all worlds whose
rank is at most i. Turning Γi into an ADD that assigns rank
i to exactly those worlds, and∞ to all others, is simply an
instance of the ITE operator: we use Γi as the Boolean guard
and choose between the constant ADDs i and∞.

Definition 13. Let ΓZ = (Γ0, . . . ,Γk) be the ROBDD com-
pilation of the Z-materialisation. The ADD compilation of
the System Z ranking function is

κZ
K =

k−1∏
i=0

ITE
(
Γi, i, ∞

)
, (1)

Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

605



where the product is taken with respect to the pointwise min-
imum, and i and ∞ are the constant (single terminal) ADDs
that assign these values to every world.

Intuitively, κZ
K is an additional compilation layer on top

of the ROBDD-based Z-materialization: it does not replace
the Boolean strata, but summarizes them at the level of the
full ranking function. This summary is particularly useful
for tasks that manipulate ranks directly, such as belief revi-
sion or comparison of worlds. Constructing κZ

K requires k
applications of ITE and k − 1 applications of the semiring
product and, like the underlying ROBDD preprocessing, is
an offline procedure with worst-case exponential complex-
ity.

Theorem 9. The time complexity of the procedure described
by Equation 1 is bounded by

O
( k−1∏

i=0

|Γi|
)
,

and requires exponential time in the worst case.

Theorem 10. Equation 1 is sound and complete for com-
piling the ADD representation κZ

K of the ranking function
κZ
K.

Figure 2 shows the same Tweety example represented as
an ADD. Compared with the shared DAG in Figure 1, the
ADD appears to exploit rank-level dependencies more di-
rectly, yielding a more compact representation.

Figure 2: ADD representation of Tweety example.

4.2 Inference
With the entire ranking function captured in a single ADD
κZ
K, inference tasks that were complex and difficult to im-

plement in the SAT-based setting become straightforward al-
gebraic manipulations. We illustrate this here with Spohn
conditioning and conditional entailment.

Spohn Conditioning. Given the compiled ROBDD repre-
sentation φ of φ the conditioning operation on a compiled
ranking function κ can be implemented in two simple steps.
First, we read off the offsets

kφ = min
(
ITE(φ,κ,∞)

)
, k¬φ = min

(
ITE(φ,κ,∞)

)
,

which coincide with κ(φ) and κ(¬φ), respectively. Intu-
itively, the two ITE calls create separate “views” of the rank-
ing in which either the φ-worlds or the ¬φ-worlds keep their
original ranks while all other worlds are sent to ∞, so that
the minimum in each view simply returns the rank of the
best φ- and ¬φ-worlds. Second, we form two shifted copies
of κ and use the Boolean diagram for φ as a guard:

κ[φ,m] = ITE
(
φ, κ− kφ, κ− k¬φ +m

)
. (2)

Conceptually, this pastes the two shifted rankings back into
a single diagram: on φ-worlds it reports the renormalised
ranks starting at 0, and on ¬φ-worlds it reports the renor-
malised ranks starting at m, while worlds that are already
impossible remain at ∞. Here, the symbols “+” and “−”
denote ordinary integer addition and subtraction on the ter-
minal values of the ranking ADD, applied pointwise; in an
implementation such as CUDD these shifts are realised by
simple linear traversals of the diagrams. In the special case
m = ∞, the second branch collapses to the constant ∞, so
the mask and offset for ¬φ need not be constructed.

Theorem 11. The conditioning operator given in Equa-
tion (2) can be computed with a worst–case running time

O
(
|φ| · |κ|2

)
,

and therefore runs in polynomial time in the sizes of the input
diagrams.

Theorem 12. Equation 2 is sound/complete for Spohn con-
ditioning.

Conditional Entailment. Let κ be the ADD encoding the
ranking κ, and let α, β be the compiled decision diagrams
for α and β. Then, in the non-vacuous case where α has at
least one model, the acceptance test for a conditional α |∼ β
can be expressed as

min
(
ITE(α · β, κ, ∞)

)
< min

(
ITE(α · β, κ, ∞)

)
.

(3)
If instead min(ITE(α,κ,∞)) =∞, then no world satisfies
α and the conditional is accepted vacuously under the usual
convention.

When conditionals are available in compiled form, as in
the ROBDD-based pipeline, we can reuse this structure di-
rectly. A compiled conditional r stores r[0] = ROBDD(α)
and r[1] = ROBDD(α → β). Since α ∧ (α → β) is clas-
sically equivalent to α ∧ β, the Boolean mask for α ∧ β can
be taken as r[0] · r[1]. For the counterexamples we can omit
r[0]: the negation r[1] encodes ¬(α→ β), which is equiva-
lent to α ∧ ¬β, so it already serves as the mask for α ∧ ¬β.

Theorem 13. The time complexity of the entailment test in
Equation 3, applied to a compiled conditional r, is bounded
by

O
(
|κ| · |r[0]| · |r[1]|

)
,

and is polynomial in the sizes of κ and r in the worst case.

Theorem 14. The ADD-based test in Equation (3) is sound
and complete for defeasible entailment with respect to the
ranking κ.
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Remark. A full overview of OCF-based queries and trans-
formations is beyond the scope of this paper. The ADD en-
coding permits several additional operations to be carried
out in polynomial time with respect to the size of the com-
piled diagram. Polynomial-time model counting over ADDs
is especially useful for aggregating ranks over sets of worlds.
The encoding also enables O(1) equivalence checking be-
tween compiled OCFs (via root/pointer identity).

5 Experimental Results
5.1 Experiment Setup
We implemented all algorithms in C++ using
CUDD (Somenzi 2015). For comparison, we also de-
veloped SAT-based variants using the more lightweight
Kissat SAT solver (Biere et al. 2020). We additionally tested
more heavyweight solvers like CaDiCaL and Z3, but given
the relatively small problem sizes, solver overhead domi-
nated runtime, exaggerating ROBDD speedup. Experiments
were run on a 16GB M1 Pro.

Because there are currently no large, real-world datasets
for conditional logic, our evaluation primarily relies on ran-
domly generated benchmarks, supplemented by two non-
random medium-sized datasets from the medical domain.
Results are presented in two blocks:

1. Synthetic benchmarks: Based on the publicly avail-
able CLKR-PS004 benchmark (Beierle, Haldimann, and
Schwarzer 2024). Each row represents 100 randomly
generated datasets, each with N propositional variables
and N defeasible conditionals, plus 10 inference/update
conditionals. Preprocessing times are averaged over 100
datasets, while inference and update times are averaged
over 1000 queries.

2. Medical datasets: Two publicly available
datasets (Beierle, Haldimann, and Schwarzer 2024). M1
corresponds to med0004 anaemiengesamt (24 variables,
15 conditionals), and M2 to med0001 thoraxschmerz
(61 variables, 33 conditionals). Inference and update
times are averaged over 10 queries each. These were
the two largest publicly available conditional knowledge
bases we could locate.

We cap experiments at N ≤ 40 for pragmatic reasons. Ran-
dom Boolean functions are a known worst case for ROB-
DDs, with sizes practically guaranteed to grow rapidly re-
gardless of variable ordering (Wegener 1994), leading to
diminishing returns as N grows. These results serve as
a proof-of-concept illustration of how the proposed ap-
proaches compare despite the adversarial conditions for
ROBDDs.

5.2 Main Comparison
In Table 1 we report: Total preprocessing (SAT: CNF con-
version + preprocess; ROBDD: compile + preprocess + re-
order), Inference (inference time + query compilation/CNF
conversion), and Update (update time + query compila-
tion/CNF conversion). Columns of the form SAT/X report
the speedup ratio obtained by dividing the SAT baseline run-
time by the runtime of method X . For the compiled engine,

total preprocessing includes compilation of each conditional
into ROBDD form, the preprocessing algorithm on the com-
piled structures, and a single dynamic variable reordering
pass using basic sifting (Rudell 1993), after which the vari-
able order is fixed.

We draw three main points from our evaluation. First,
although ROBDD sizes grow rapidly on random formu-
las, they still deliver substantial online speedups for both
inference and updates when N ≤ 30. Second, SAT-
based updates offer little benefit over standard preprocess-
ing, whereas our incremental Update on ROBDDs lever-
ages component reuse to achieve clear gains. Third, on the
structured medical datasets, the decision-diagram methods
sustain their advantage—even at N = 61—demonstrating
practical scalability beyond synthetic benchmarks. Interest-
ingly, on these larger structured instances the ADD compi-
lation yields faster inference than the ROBDD materializa-
tion, as one would expect. While the extra terminal values
can make ADDs larger on random formulas, on structured
knowledge bases they can better exploit rank-level depen-
dencies induced by the conditional base.

Amortisation. A simple break-even calculation shows
when the additional offline preprocessing cost of compila-
tion is amortised by faster online operations. For the syn-
thetic benchmarks, this break-even point is typically reached
after only a handful of inference queries at moderate sizes
(about 10 inferences at N = 6, 5 at N = 12, and 8 at
N = 20), but it can grow substantially when compilation
becomes expensive (about 91 inferences at N = 30). On
the structured medical datasets, the picture is more favor-
able: M1 breaks even after roughly one inference, while M2
amortises after about 43 inference queries.Updates shorten
these break-even points dramatically. Already at N = 12
and N = 20, a single update compensates the extra prepro-
cessing cost, and even at N = 30 the overhead is recovered
after about 6 updates. For the medical datasets, compilation
is likewise quickly repaid by updates: M2 breaks even af-
ter roughly 3 updates, and on M1 a single update more than
pays for compilation. Overall, whenever the compiled dia-
grams remain reasonably compact, the one-off compilation
overhead is justified after on the order of tens of mixed in-
ference/update operations (and often much sooner when up-
dates are frequent); although our evaluation is constrained
by the limited availability of large, real-world conditional-
logic datasets, the results consistently indicate that compi-
lation can pay off in the intended dynamic regime of many
interleaved queries and updates. Of course, whether SAT
solving or knowledge compilation is preferable will always
depend on the problem: SAT may win when preprocessing
cost is critical, while compiled representations pay off when
compressible structure exists and many queries or updates
are needed. What we have done is formalize the knowledge-
compilation paradigm for ranking-based defeasible reason-
ing and System Z, allowing for principled selection between
these complementary techniques.
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Total preprocessing (µs) Inference (µs) Update (µs)

N SAT ROBDD ROBDD SAT SAT/ROBDD ADD SAT/ADD ROBDD SAT SAT/ROBDD

6 290.0 928.1 2.0 65.9 33.7 3.5 18.7 3.4 222.8 66.4
8 463.6 1108.9 2.9 88.3 30.4 5.4 16.4 5.6 368.3 65.6

10 669.1 1283.6 3.6 107.4 29.6 7.3 14.8 8.0 507.7 63.8
12 851.3 1429.8 4.7 122.7 26.2 9.4 13.1 11.3 664.2 58.8
14 1077.9 1691.6 5.8 136.2 23.4 11.5 11.8 16.7 823.9 49.3
16 1311.5 2071.5 8.0 147.1 18.5 15.1 9.7 26.8 1007.6 37.6
18 1569.5 2645.4 10.3 160.6 15.7 20.9 7.7 39.1 1161.3 29.7
20 1795.2 3069.2 12.1 170.0 14.0 22.8 7.5 54.7 1392.7 25.4
30 3551.2 16 834.9 87.2 233.3 2.7 111.6 2.1 600.3 2714.8 4.5
40 5734.6 198 917.1 701.4 291.6 0.4 775.3 0.4 6021.9 4569.9 0.8

M1 797.1 873.3 5.3 89.4 17.0 10.6 8.4 24.6 743.2 30.2
M2 1478.3 4454.0 21.3 90.1 4.2 14.2 6.4 288.3 1416.5 4.9

Table 1: Results.

6 Related Work
Existing Z/RC implementations are SAT-based (Beierle,
Spang, and Haldimann 2024), and provide no dedicated in-
cremental update algorithm. A number of alternative OCF-
based semantics exist (e.g., lexicographic closure (Lehmann
1995), c-represenations (Kern-Isberner 2002)), some of
which take the Z-ranking as baseline and refine it. Our
ADD encoding applies to these as well, however addi-
tional work is required to formalize their encoding pro-
cess. We note that non-canonical Sentential Decision Dia-
grams are also applicable to our algorithms with the same
polytime guarantees (Darwiche 2011). However, with-
out canonicity one loses pointer-identity equivalence, and
caching/memorization, weakening incremental reuse and
other implementation properties that our engineering relies
on. With canonical SDDs we lose polytime apply (Broeck
and Darwiche 2015).

Our work is also related to recent approaches to compact
epistemic-state representations for iterated belief change.
Liberatore studies succinct representations and algorithms
for iterated and mixed revisions (Liberatore 2024; Libera-
tore 2023), and Schwind et al. investigate computational as-
pects of iterated belief change over compactly represented
total preorders (Schwind et al. 2020). Our work differs in
that it takes a knowledge-compilation perspective, aiming
to obtain compact representations in the tractability sense:
once compiled, reasoning tasks are performed efficiently in
the size of the compiled representation.

To our knowledge, this is the first work to provide an
end-to-end decision-diagram pipeline for System Z/Rational
Closure with (i) polytime general conditional entailment,
(ii) a concrete incremental update algorithm, and (iii) an
ADD-based OCF representation supporting polynomial-
time Spohn conditioning.

6.1 Future Work
Several directions follow naturally from our work. A first di-
rection is semantic generality. System Z and rational closure
are only part of the broader ranking-based landscape (e.g.,
lexicographic closure and other refinements). Extending the

compilation pipeline requires (i) identifying the computa-
tional objects these semantics induce, (ii) encoding them
into suitable compiled representations, and (iii) character-
ising which operations remain efficient in compiled size.

A second direction is to expand the library of ADD-level
operators for OCFs. Conditioning is one important up-
date, but ranking functions support a wider family of belief-
change operations. A principled operator library would
make compiled OCFs closer in spirit to probabilistic cir-
cuits, where compilation enables many queries and trans-
formations within a shared infrastructure.

A third direction is structure-aware heuristics. Vari-
able ordering remains the dominant practical bottleneck.
Ranking-based knowledge bases exhibit structure that
could guide ordering and decomposition (e.g., layered Z-
partitions, shared antecedents/consequents, or domain con-
straints). Exploiting these patterns could expand the range
of instances where compilation is effective.

7 Conclusion
The enduring challenge for any rational agent is not merely
to form plausible beliefs, but to gracefully adapt them in the
face of new evidence. This work has forged a direct path
from the abstract principles of ranking-based semantics to
a concrete, computational artifact. Where System Z points
the way to a rational belief state, our approach provides the
means to inhabit, maintain, and optimize it.
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