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Abstract

We investigate the truth-tracking performance of iterated be-
lief change operators. In particular, we show that a class of
improvement operators is guaranteed to converge to the truth
when the input sequence contains sufficiently many correct
pieces of information, and we establish a corresponding con-
vergence theorem. We also report experimental results indi-
cating that this convergence typically occurs with relatively
short input sequences.

1 Introduction
Belief revision (Alchourrón, Gärdenfors, and Makinson
1985; Gärdenfors 1988; Katsuno and Mendelzon 1991;
Fermé and Hansson 2011) concerns the correction of an
agent’s current beliefs in light of a more reliable piece of
information. Iterated belief revision (Darwiche and Pearl
1997; Jin and Thielscher 2007; Booth and Meyer 2006)
(and iterated belief change (Konieczny and Pino Pérez 2008;
Konieczny, Medina Grespan, and Pino Pérez 2010; Schwind
et al. 2025)) is the required generalization for the standard
case where this process is iterated: the agent receives a se-
quence of new pieces of information.

Note that the rationale for this process is that the new
pieces of information are supposed to be more reliable than
the previous beliefs of the agent. As the beliefs are (typ-
ically) represented by formulas in propositional logic, this
means that the agent expects the truth (the true world) to be
one of the models of her beliefs. Additionally, because the
new information is thought to be more trustworthy than the
existing beliefs, the agent considers that the real world is
more likely to fit the models of the new information than her
previous views.

So the very aim of belief revision (and iterated belief
change) is motivated by this notion of truth. It is thus sur-
prising that there is almost no truth-tracking evaluation of
these operators. Most studies on belief revision are about
logical properties (postulates), representation theorems, and
computational complexity issues.

The only exception we are aware of is the work of (Baltag,
Gierasimczuk, and Smets 2019). The authors of this work
examine the fact that revision operators guarantee discov-
ery of the truth for infinite sequences of revisions by correct
pieces of information. They focus on a particular revision

operator1: Nayak’s lexicographic revision (Nayak 1994).
They show that this operator is able to find the truth under
very restricted hypotheses. Indeed, they assume that the se-
quence is infinite, that epistemic states are represented by to-
tal preorders (despite the fact that some interesting iterated
belief change operators cannot be instantiated in this epis-
temic space (Schwind, Konieczny, and Pino Pérez 2022)),
and that the new pieces of information include all and only
correct formulas.

This last hypothesis in particular is very unrealistic. There
will be very few frameworks where we can guarantee that all
new pieces of information will be correct (i.e., that they all
contain the true world), and that all possible correct pieces
of information will be provided.

In realistic scenarios there will also be incorrect pieces of
information (that do not contain the true world). The best
we can expect is that the new pieces of information satisfy a
reliability condition: the true world is more likely to be in-
cluded than any other fixed world. This is the scenario that
we study in this work. So we will consider sequences of
changes where the new piece of information can be correct
or incorrect, but where the process is reliable in the sense
that the true world is more likely to be included in each gen-
erated formula than any other fixed world. Without this hy-
pothesis, one cannot expect to find the truth.

It is important to stress that revision operators are not the
appropriate operators for truth-tracking because of the suc-
cess postulate, which forces the resulting beliefs to imply
the last piece of information. The agent’s beliefs will there-
fore be incorrect each time this piece of information is in-
accurate, even if the wrong information occurs once after
hundreds of correct inputs. For this truth-tracking task, im-
provement operators (Konieczny and Pino Pérez 2008) are
more adequate. Improvement operators aim to ensure that
the plausibility of the new piece of information is increased,
but do not force it to be believed after the change. If the plau-
sibility of the new piece of information is increased, and if
the true world is more likely to be selected as a model than
any other fixed world, the process may end with the true

1They also study a “conditioning” operator that is basically a
conjunction, and thus does not satisfy AGM (nor improvement)
postulates, and a “minimal” operator that is Boutilier’s natural re-
vision (Boutilier 1996), but they show that it does not allow to cor-
rectly track truth in their setting.

Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

579



world as the most plausible world.
This is the hypothesis that we test in this work. We show

that for a class of improvement operators we can state a
truth-tracking theorem. Since this is a limit theorem, it could
be problematic if convergence required very long sequences
of change. So we also perform an empirical study show-
ing that the convergence is obtained quite quickly, and study
under which hypotheses convergence is faster or slower.

2 Preliminaries
Let LP be a propositional language built up from a finite set
of propositional variables P and the usual connectives. The
set L∗

P denotes the set of consistent formulas from LP . ⊥
(resp. ⊤) is the Boolean constant always false (resp. true).
A world is a mapping from P to {0, 1}. We denote by Ω the
set of all worlds over LP . |= denotes logical entailment, ≡
logical equivalence, and [φ] denotes the set of models of the
formula φ. When a world ω is a model of a formula φ, we
often write ω |= φ instead of ω ∈ [φ]. For a set of worlds
X ⊆ Ω, we denote by ψX a formula whose models are X .

In iterated belief change, it is standard to assume that the
current set of beliefs of an agent is represented by an epis-
temic state. Unlike a simple belief set, an epistemic state
captures both the agent’s current beliefs and the conditional
information necessary to govern the revision process. Fol-
lowing the seminal work of Darwiche and Pearl (1997), an
epistemic state is an abstract object Ψ. The agent’s ac-
tual beliefs are retrieved via a belief mapping B, so that
B(Ψ) is a propositional formula from LP . Formally, let
U be the set of all epistemic states, then B is a mapping
B : U → LP . Schwind, Konieczny, and Pino Pérez (2022)
have introduced the notion of epistemic space, which corre-
sponds to the choice of a concrete representation, where an
epistemic state is an element of a given epistemic space:

Definition 1 (Epistemic Space). An epistemic space is a
pair E = ⟨U,B⟩, where U is a non-empty set of so-called
epistemic states and B is a mapping B : U → LP .

An iterated belief change operator maps an initial epis-
temic state and a change formula to a successor epistemic
state. In this work, we restrict our focus to consistent change
formulas. Formally, a change operator is defined as a map-
ping ◦ : U × L∗

P → U .
Improvement operators (Konieczny and Pino Pérez 2008;

Konieczny, Medina Grespan, and Pino Pérez 2010; Med-
ina Grespan and Pino Pérez 2013) constitute a more general
class of operators than the standard iterated revision oper-
ators (Darwiche and Pearl 1997). The primary divergence
lies in the relaxation of the Success Postulate (R*1), which
traditionally requires that the change formula be entailed by
the resulting epistemic state. In the context of improvement,
(R*1) is replaced by a weaker requirement: the change for-
mula must only be entailed after a finite sequence of re-
peated improvements, as formalized by property (I1). In the
following, given an iterated belief change operator ◦, Ψ◦k φ
is inductively defined as Ψ◦1φ = Ψ◦φ and for each k > 1,
Ψ◦k φ = (Ψ◦k−1 φ)◦φ. Then Ψ⋆◦ φ is defined as Ψ◦n φ,
where n is the first integer such that B(Ψ ◦n φ) |= φ. Note
that ⋆◦ is undefined if there is no n such thatB(Ψ◦nφ) |= φ,

but for all operators ◦ considered in this work (because they
all satisfy (I1) below), the associated operator ⋆◦ is total, that
is, for any pair Ψ, φ there exists n such thatB(Ψ◦nφ) |= φ.

Here are the postulates that have been proposed for the
main classes of improvement operators (Konieczny, Medina
Grespan, and Pino Pérez 2010; Konieczny and Pino Pérez
2008):
Definition 2 (Improvement Operators). An operator ◦ is
called a weak improvement operator if it satisfies postulates
(I1-I6). ◦ is an improvement operator if it satisfies postu-
lates (I1-I9). ◦ is a soft improvement operator if it satisfies
postulates (I1-I10).

(I1) There exists n such that B(Ψ ◦n φ) |= φ

(I2) If B(Ψ) ∧ φ ̸|= ⊥, then B(Ψ ⋆◦ φ) ≡ B(Ψ) ∧ φ
(I3) If φ ̸|= ⊥, then B(Ψ ◦ φ) ̸|= ⊥
(I4) For any positive integer n, if φi ≡ ψi for all i ≤ n,

then B(Ψ ◦ φ1 ◦ . . . ◦ φn) ≡ B(Ψ ◦ ψ1 ◦ . . . ◦ ψn)
(I5) B(Ψ ⋆◦ φ) ∧ ψ |= B(Ψ ⋆◦ (φ ∧ ψ))
(I6) If B(Ψ ⋆◦ φ) ∧ ψ ̸|= ⊥,

then B(Ψ ⋆◦ (φ ∧ ψ)) |= B(Ψ ⋆◦ φ) ∧ ψ
(I7) If φ |= ψ, then B((Ψ ◦ ψ) ⋆◦ φ) ≡ B(Ψ ⋆◦ φ)

(I8) If φ |= ¬ψ, then B((Ψ ◦ ψ) ⋆◦ φ) ≡ B(Ψ ⋆◦ φ)

(I9) If B(Ψ ⋆◦ φ) ̸|= ¬ψ, then B((Ψ ◦ ψ) ⋆◦ φ) |= ψ

(I10) If B(Ψ ⋆◦ φ) |= ¬ψ, then B((Ψ ◦ ψ) ⋆◦ φ) ̸|= ψ

For a detailed justification of these postulates, the reader
is referred to (Konieczny and Pino Pérez 2008; Konieczny,
Medina Grespan, and Pino Pérez 2010). The postulates
(I1-I6) are the most basic ones, corresponding to the clas-
sical AGM/KM belief revision postulates under a relaxed
success condition. These postulates define the class of
weak improvement operators. (I7-I9) adapt the require-
ments of iterated revision to this generalized setting ((I7)
is a translation of (C1) (Darwiche and Pearl 1997), (I8)
is a translation of (C2), and (I9) is a translation of the
admissibility postulate (P) from (Booth and Meyer 2006;
Jin and Thielscher 2007)). These three postulates (together
with the basic ones) define the class of improvement oper-
ators. Finally, the class of soft improvement operators is
distinguished by postulate (I10), which ensures that the in-
crease in plausibility for the change formula remains small
at each step.

While Definition 2 provides an axiomatic definition of
three classes of improvement operators, each of these classes
can be characterized by associating each epistemic state with
a total preorder over worlds:
Definition 3 (Faithful Assignments). A function Ψ 7→⪯Ψ

that maps each epistemic state Ψ to a total preorder2 over
worlds ⪯Ψ is called a strong faithful assignment if and only
if:
1. If ω, ω′ |= B(Ψ), then ω ≃Ψ ω′

2. If ω |= B(Ψ) and ω′ ̸|= B(Ψ), then ω ≺Ψ ω′

3. For any positive integer n, if φi ≡ ψi for all i ≤ n, then
⪯Ψ◦φ1◦...◦φn=⪯Ψ◦ψ1◦...◦ψn

2For each preorder ⪯, ≃ denotes the corresponding indifference
relation, and ≺ the strict part of ⪯.
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A strong faithful assignment is called a gradual assignment
if and only if:
(S1) If ω, ω′ |= φ, then ω ⪯Ψ ω′ ⇔ ω ⪯Ψ◦φ ω

′

(S2) If ω, ω′ |= ¬φ, then ω ⪯Ψ ω′ ⇔ ω ⪯Ψ◦φ ω
′

(S3) If ω |= φ and ω′ |= ¬φ, then ω ⪯Ψ ω′ ⇒ ω ≺Ψ◦φ ω
′

A gradual assignment is called a soft gradual assignment if
and only if:
(S4) If ω |= φ and ω′ |= ¬φ, then ω′ ≺Ψ ω ⇒ ω′ ⪯Ψ◦φ ω

Proposition 1 ((Konieczny, Medina Grespan, and Pino
Pérez 2010)). An iterated belief change operator ◦ is a weak
improvement operator (resp. improvement operator, soft im-
provement operator) if and only if there exists a strong faith-
ful assignment (resp. gradual assignment, soft gradual as-
signment) that maps each epistemic state Ψ to a total pre-
order over worlds ⪯Ψ such that for each epistemic state Ψ
and each formula φ ∈ L∗

P :

[B(Ψ ⋆◦ φ)] = min([φ],⪯Ψ).

An important remark is that (weak) improvement opera-
tors generalize iterated revision operators. More precisely,
weak improvement operators satisfying (R*1) are AGM/DP
revision operators (Alchourrón, Gärdenfors, and Makinson
1985; Darwiche and Pearl 1997), and improvement opera-
tors satisfying (R*1) are admissible iterated revision opera-
tors in the sense of (Booth and Meyer 2006).

An important epistemic space in the literature is the
epistemic space of Ordinal Conditional Functions (OCFs)
(Spohn 1988), also called ranking functions or κ-functions,
that are functions κ that associate a non-negative integer3

κ(ω) to each world ω, such that there is a world ω ∈ Ω
with κ(ω) = 0. Then, the OCF-based epistemic space is
the epistemic space Eocf = ⟨U ocf , Bocf⟩, where Uocf is the
set of all OCFs, and Bocf is the mapping associating each
OCF κ ∈ Uocf with the formula Bocf(κ) = ψ{ω∈Ω|κ(ω)=0}.
For every OCF κ and every formula α, we denote κ(α) =
minω|=α κ(ω), which is the degree of disbelief of α, i.e.,
how much “effort” it would take to the agent to believe α.

3 +x Improvement Operators
In this section we introduce +x improvement operators,
which ensure that the degree of disbelief of the worlds that
are not models of the new piece of information is worsened
by x in the OCF.
Definition 4 (Free-OCF). A free-OCF is a function κ that
associates a non-negative integer κ(ω) to each world ω.

The difference between an OCF and a free-OCF is that
free-OCFs do not require a normalization, i.e., that at least
one world is assigned 0. In this case, the beliefs associ-
ated to a free-OCF κ are not the worlds assigned to 0 but to
the minimal integer: Bfocf(κ) = ψ{ω∈Ω|κ(ω)=κ(⊤)}, where,
similarly to the case of OCFs, for every free-OCF κ and every

3In (Spohn 1988) ordinals were used instead of integers. For
this work, integers are enough. See (Konieczny 2009) for a true
use of ordinals.

formula α, we denote κ(α) = minω|=α κ(ω). Note that the
degree of disbelief of a formula α in a free-OCF now corre-
sponds to κ(α)−κ(⊤). Then, the free-OCF-based epistemic
space is the epistemic space E focf = ⟨U focf , Bfocf⟩, where
U focf is the set of all free-OCFs, and Bfocf is the mapping
defined above.

This epistemic space is interesting because it is strictly
more expressive than the OCF-based epistemic space, but we
will not develop this point here. We want to emphasize that
the definition of several iterated belief change operators is
more natural with free-OCFs instead of OCFs, i.e., without
the normalization required by OCFs. Let us introduce the
+x improvement operators on free-OCFs:

Definition 5 (Operators •+x). Let x be a positive integer.
The operator •+x associates with any free-OCF κ and any
propositional formula φ ∈ L∗

P the free-OCF κ•+x φ defined
for each world ω ∈ Ω by:

(κ •+x φ)(ω) =
{
κ(ω) if ω |= φ
κ(ω) + x if ω ̸|= φ

Note that the obtained ranking is not an OCF in general
since in some cases there may be no world assigned 0 in the
result, so it is a free-OCF. So, if one wants to obtain a true
OCF operator one needs to add a normalization step:

Definition 6 (Normalization). Let κ be a free-OCF. The nor-
malization of κ is the OCF κ↓0 defined for each world ω ∈ Ω
by:

κ↓0
(ω) = κ(ω)− κ(⊤)

Accordingly, normalizing a free-OCF κ into κ↓0
always

leads to a true OCF: for all worlds ω |= Bfocf(κ), κ↓0
(ω) =

κ(ω) − κ(⊤) = 0, and for all worlds ω′ ∈ Ω, κ↓0(ω
′) ≥

κ↓0(ω) = 0.
So now we can define the +x improvement operators on

OCF:

Definition 7 (Operators ◦+x). Let x be a positive integer.
The operator ◦+x associates with any OCF κ and any propo-
sitional formula φ ∈ L∗

P the OCF κ ◦+x φ = (κ •+x φ)↓0
.

We can show that for each positive integer x, the operator
•+x on free-OCFs and the operator ◦+x on OCFs represent
the same operator. Let us put it formally, following the no-
tion of equivalence between iterated belief revision opera-
tors from (Schwind, Konieczny, and Pino Pérez 2022).

Let ◦ and ◦′ be two iterated belief change operators de-
fined on epistemic spaces E = ⟨U,B⟩ and E ′ = ⟨U ′, B′⟩,
respectively. A scenario is a finite, possibly empty, sequence
of formulas σ = (φ1, . . . , φm). We write Ψ ◦σ for the epis-
temic state obtained from Ψ by successively applying the
formulas in σ. Two epistemic states Ψ ∈ U and Ψ′ ∈ U ′ are
strongly equivalent with respect to (◦, ◦′) if, for every sce-
nario σ, B(Ψ◦σ) ≡ B′(Ψ′ ◦′ σ). The operators ◦ and ◦′ are
equivalent if there is a one-to-one correspondence between
the strong-equivalence classes of U induced by ◦ and those
of U ′ induced by ◦′, such that any two states belonging to
corresponding classes are strongly equivalent with respect to
(◦, ◦′).
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The proof that for each positive integer x, •+x and ◦+x
are equivalent operators takes advantage of a few lemmas.

The first lemma identifies the new minimum value of a
free-OCF after one +x improvement. Since the models of
φ keep their previous ranks whereas the countermodels of
φ are penalized by x, the new global minimum is either the
best previous rank among the models of φ, or the old global
minimum shifted upward by x:

Lemma 1. For each free-OCF κ and each formula φ ∈ L∗
P ,

(κ •+x φ)(⊤) = min({κ(φ), κ(⊤) + x})

Proof. We consider two cases.
Case 1: κ(φ) < κ(⊤) + x. Let us prove that (κ •+x

φ)(⊤) = κ(φ). Let ω be a world such that (i) ω |= φ and
(ii) κ(ω) = κ(φ). From (i) and by definition of •+x, we
know that (iii) (κ •+x φ)(ω) = κ(ω). We intend to show
that for all worlds ω′ ∈ Ω, (κ •+x φ)(ω) ≤ (κ •+x φ)(ω′).
Let ω′ ∈ Ω. Assume first that ω′ |= φ. Then (iv) (κ •+x
φ)(ω′) = κ(ω′) by definition of •+x. Yet from (ii), we have
that (v) κ(ω) ≤ κ(ω′). So from (iii), (iv) and (v) we get that
(κ•+x φ)(ω) ≤ (κ•+x φ)(ω′). Assume now that ω′ |= ¬φ.
Then (vi) (κ •+x φ)(ω′) = κ(ω′) + x by definition of •+x.
Yet the assumption for this case is κ(φ) < κ(⊤) + x, so in
particular (vii) κ(φ) < κ(ω′) + x. From (ii), (iii) and (vi)
we obtain (κ •+x φ)(ω) < (κ •+x φ)(ω′). We have shown
that for all worlds ω′ ∈ Ω, (κ •+x φ)(ω) ≤ (κ •+x φ)(ω′).
Thus, (κ •+x φ)(ω) = (κ •+x φ)(⊤). From (i) and (ii), this
means that (κ •+x φ)(⊤) = κ(φ).

Case 2: κ(φ) ≥ κ(⊤) + x. Let us prove that (κ •+x
φ)(⊤) = κ(⊤) + x. Let ω be a world such that ω |=
Bfocf(κ). So by definition of Bfocf(κ), (vii) κ(ω) = κ(⊤),
and since we assumed that κ(φ) ≥ κ(⊤) + x, we know
that κ(φ) > κ(⊤), so ω |= ¬φ, so by definition of •+x,
(κ •+x φ)(ω) = κ(ω) + x, which by (vii) can be written as
(viii) (κ •+x φ)(ω) = κ(⊤) + x. We intend to show that for
all worlds ω′ ∈ Ω, (κ •+x φ)(ω) ≤ (κ •+x φ)(ω′). Let ω′ ∈
Ω. Assume first that ω′ |= φ. Then by definition of •+x,
(ix) (κ •+x φ)(ω′) = κ(ω′). Yet (x) κ(ω′) ≥ κ(φ) (since
ω′ |= φ), and (xi) κ(φ) ≥ κ(⊤)+x (our assumption for this
case). Hence, by (viii-xi), (κ •+x φ)(ω) ≤ (κ •+x φ)(ω′).
Assume now that ω′ |= ¬φ. Then (xii) (κ •+x φ)(ω′) =
κ(ω′) + x by definition of •+x. Yet κ(ω′) ≥ κ(⊤), so
(xiii) κ(ω′) + x ≥ κ(⊤) + x. Hence, by (viii), (xii) and
(xiii), (κ •+x φ)(ω) ≤ (κ •+x φ)(ω′). We have shown that
for all worlds ω′ ∈ Ω, (κ •+x φ)(ω) ≤ (κ •+x φ)(ω′).
Thus, (κ •+x φ)(ω) = (κ •+x φ)(⊤). By (viii), we obtain
(κ •+x φ)(⊤) = κ(⊤) + x.

We have shown that κ(φ) < κ(⊤) + x when (κ •+x
φ)(⊤) = κ(φ), and (κ•+xφ)(⊤) = κ(⊤)+xwhen κ(φ) ≥
κ(⊤) + x, which concludes the proof that (κ •+x φ)(⊤) =
min({κ(φ), κ(⊤) + x}).

The second lemma states that the normalization step does
not interfere with the effect of a +x improvement. This is
the key technical reason why we can work freely with free-
OCFs and later recover the corresponding normalized OCF
behavior:

Lemma 2. For each free-OCF κ and each formula φ ∈ L∗
P ,

(κ •+x φ)↓0 = (κ↓0 •+x φ)↓0

Proof. We need to show that for all worlds ω ∈ Ω, (κ •+x
φ)↓0(ω) = (κ↓0 •+x φ)↓0(ω). So let ω ∈ Ω. Assume first
that ω |= φ. On the one hand, (κ •+x φ)↓0(ω) = (κ •+x
φ)(ω)−(κ•+xφ)(⊤) = κ(ω)−(κ•+xφ)(⊤) (since (κ•+x
φ)(ω) = κ(ω) by definition of •+x). On the other hand,
(κ↓0

•+x φ)↓0
(ω) = (κ↓0

•+x φ)(ω) − (κ↓0
•+x φ)(⊤) =

κ↓0
(ω)− (κ↓0

•+x φ)(⊤) (since (κ↓0
•+x φ)(ω) = κ↓0

(ω)
by definition of •+x). So to show that (κ •+x φ)↓0

(ω) =
(κ↓0

•+xφ)↓0
(ω) when ω |= φ, we need to show that κ(ω)−

(κ•+x φ)(⊤) = κ↓0
(ω)− (κ↓0

•+x φ)(⊤). Similarly, using
again the definition of •+x, when ω ̸|= φ we need to show
that κ(ω)−(κ•+xφ)(⊤)+x = κ↓0

(ω)−(κ↓0
•+xφ)(⊤)+

x. So in both cases, we need to show that κ(ω) − (κ •+x
φ)(⊤) = κ↓0(ω)−(κ↓0 •+xφ)(⊤), which can be simplified
to (κ •+x φ)(⊤) = κ(⊤)+ (κ↓0 •+x φ)(⊤) since κ↓0(ω) =
κ(ω)− κ(⊤).

Yet on the one hand, from Lemma 1, we have that
(κ↓0

•+x φ)(⊤) = min({κ↓0
(φ), κ↓0

(⊤) + x}) =
min({κ(φ) − κ(⊤), κ(⊤) − κ(⊤) + x}) =
min({κ(φ), κ(⊤)+x})−κ(⊤). And on the other hand, from
Lemma 1 again, (κ •+x φ)(⊤) = min({κ(φ), κ(⊤) + x}).
This shows that (κ •+x φ)(⊤) = κ(⊤) + (κ↓0 •+x φ)(⊤),
and concludes the proof.

We can now state the following result:

Proposition 2. For each positive integer x, •+x and ◦+x
are equivalent.

Proof. Let σ = (φ1, . . . , φm) be any scenario. For a free-
OCF κ, define κ0 = κ and κi = κi−1 •+x φi for each i ∈
{1, . . . ,m}. Similarly, define κ̂0 = κ↓0

and κ̂i = κ̂i−1 ◦+x
φi for each i ∈ {1, . . . ,m}.

We first show, by induction on i, that (κi)↓0
= κ̂i for each

i ∈ {0, . . . ,m}. The case i = 0 is immediate. Assume that
(κi−1)↓0

= κ̂i−1. Then, using Lemma 2 and the definition
of ◦+x, we get (κi)↓0 = (κi−1 •+x φi)↓0 = ((κi−1)↓0 •+x
φi)↓0

= (κ̂i−1 •+x φi)↓0
= κ̂i. Hence, for every scenario

σ, (κ •+x σ)↓0
= κ↓0

◦+x σ. Moreover, for every free-
OCF η, Bfocf(η) ≡ Bocf(η↓0

). Applying this to η = κ •+x
σ, we obtain, for every free-OCF κ and every scenario σ,
Bfocf(κ •+x σ) ≡ Bocf((κ •+x σ)↓0

) = Bocf(κ↓0
◦+x σ).

It remains to connect this observation with the definition
of operator equivalence. Consider the correspondence that
maps each strong-equivalence class of a free-OCF κ with
respect to •+x to the strong-equivalence class of κ↓0

with
respect to ◦+x.

First, this correspondence is well-defined. Indeed, sup-
pose that κ and κ′ are strongly equivalent with respect
to •+x. Then, for every scenario σ, Bfocf(κ •+x σ) ≡
Bfocf(κ′ •+x σ). Using the equivalence established above,
we get Bocf(κ↓0

◦+x σ) ≡ Bocf(κ′↓0
◦+x σ). Hence κ↓0

and
κ′↓0

are strongly equivalent with respect to ◦+x.
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The correspondence is surjective: it reaches every strong-
equivalence class of OCFs, because every OCF λ is the nor-
malization of the free-OCF λ itself. Moreover, the corre-
spondence is injective. Indeed, suppose that two free-OCFs
κ and κ′ are mapped to the same strong-equivalence class
of OCFs. This means that κ↓0

and κ′↓0
are strongly equiv-

alent with respect to ◦+x. Hence, for every scenario σ,
Bocf(κ↓0

◦+x σ) ≡ Bocf(κ′↓0
◦+x σ). Using again the equiv-

alence established above, once with κ and once with κ′, we
obtain Bfocf(κ •+x σ) ≡ Bfocf(κ′ •+x σ). Therefore κ and
κ′ are strongly equivalent with respect to •+x.

Hence the correspondence is a bijection between strong-
equivalence classes, and so •+x and ◦+x are equivalent.

Proposition 2 says that the •+x operators on free OCFs and
the ◦+x operators on OCFs represent the same operator (for
any fixed positive integer x). Since the postulates (I1-I10)
are formulated only in terms of beliefs obtained after finite
sequences of changes, Proposition 2 also implies that an op-
erator •+x on free-OCFs satisfies any of these postulates if
and only if its counterpart ◦+x on OCFs satisfies the same
postulate. We can now prove that the ◦+x operators on OCFs
are improvement operators, by proving that their free-OCF
counterparts •+x are improvement operators:

Proposition 3. ◦+x operators on Eocf are improvement op-
erators, i.e., they satisfy the postulates (I1-I9).

Proof. We intend to prove that each •+x operator satis-
fies (I1-I9). By Proposition 2, it is then straightforward
to conclude that each ◦+x operator satisfies (I1-I9). The
proof unfolds as follows. We first associate with each •+x
operator on E focf an assignment κ 7→⪯κ, and show that
κ 7→⪯κ is a gradual assignment. We then prove that •+x
satisfies (I1), and finally that for every formula φ ∈ L∗

P ,
[Bfocf(κ ⋆•+x

φ)] = min([φ],⪯κ).
Let us construct such an assignment κ 7→⪯κ as follows.

We associate each free-OCF κ with a binary relation over
worlds ⪯κ defined for all worlds ω, ω′ ∈ Ω as:

ω ⪯κ ω′ if and only if κ(ω) ≤ κ(ω′)

By construction, ⪯κ is a total preorder: the fact that ⪯κ is
total and transitive is a direct consequence of the totality and
transitivity of ≤.

To prove that κ 7→⪯κ is a strong faithful assignment, we
need to prove that it satisfies conditions 1-3 from Defini-
tion 3. Yet by definition of Bfocf , we have for each free-
OCF κ that Bfocf(κ) = ψ{ω∈Ω|κ(ω)=κ(⊤)}, i.e., [Bfocf(κ)] =

argminω∈Ω κ(ω), so [Bfocf(κ)] = min(Ω,⪯κ), by defini-
tion of ⪯κ. This directly shows that conditions 1 and 2 of a
strong faithful assignment are satisfied. Condition 3 is direct
by definition of •+x (cf. Definition 5), which implies that if
φ ≡ ψ then κ •+x φ = κ •+x ψ. Hence, κ 7→⪯κ is a strong
faithful assignment.

We now prove that κ 7→⪯κ is a gradual assignment, i.e.,
that it satisfies (S1)-(S3).

Let us prove condition (S1). Assume ω, ω′ |= φ. By
Definition 5, κ(ω) = (κ •+x φ)(ω) and κ(ω′) = (κ •+x
φ)(ω′). Then, we have that ω ⪯κ ω′ if and only if κ(ω) ≤

κ(ω′) if and only if (κ •+x φ)(ω) ≤ (κ •+x φ)(ω′) if and
only if ω ⪯κ•+xφ ω

′. This proves condition (S1).
For condition (S2), assume ω, ω′ |= ¬φ. Then by Defi-

nition 5, (κ •+x φ)(ω) = κ(ω) + x and (κ •+x φ)(ω′) =
κ(ω′)+x. Then the proof follows the exact same scheme as
the proof of condition (S1) above, showing that ω ⪯κ ω′ if
and only if ω ⪯κ•+xφ ω

′.
For condition (S3), if ω |= φ and ω′ |= ¬φ, then (κ •+x

φ)(ω) = κ(ω) and (κ •+x φ)(ω′) = κ(ω′) + x. Assume
that ω ⪯κ ω′. Then κ(ω) ≤ κ(ω′), which implies that
(κ •+x φ)(ω) < (κ •+x φ)(ω′), thus ω ≺κ•+xφ ω

′.
Let us now show that •+x satisfies (I1). Let κ be a free-

OCF and φ be a formula. Recall that κ(φ) = minω|=φ κ(ω).
Let ω |= φ such that κ(ω) = κ(φ). Let k be any inte-
ger such that k > κ(ω)/x. By definition of •+x, since
ω |= φ we have that (κ •k+x φ)(ω) = κ(ω); and for
each world ω′ |= ¬φ, (κ •k+x φ)(ω′) = κ(ω′) + k ·
x ≥ k · x > (κ(ω)/x) · x = κ(ω). That is, for each
world ω′ |= ¬φ, (κ •k+x φ)(ω′) > (κ •k+x φ)(ω). Yet
[Bfocf(κ •k+x φ)] = argminω′′∈Ω (κ •k+x φ)(ω′′), which
means that [Bfocf(κ •k+x φ)] ⊆ [φ]. This shows that there
exists an integer k such that Bfocf(κ •k+x φ) |= φ, which
proves that •+x satisfies (I1).

What remains to be proved is that the equation from
Proposition 1 is satisfied. So let κ be a free-OCF and φ
be a formula. We need to prove that [Bfocf(κ ⋆•+x φ)] =
min([φ],⪯κ).

Let us prove the first inclusion [Bfocf(κ ⋆•+x φ)] ⊆
min([φ],⪯κ). So let ω be a world such that ω |=
Bfocf(κ ⋆•+x

φ). Note that by (I1), ω |= φ. Then ω ∈
argminω′′∈Ω (κ ⋆•+x

φ)(ω′′), which means that for each
world ω′ ∈ Ω, and in particular for each world ω′ |= φ,
(κ ⋆•+x

φ)(ω) ≤ (κ ⋆•+x
φ)(ω′), that is, (κ •k+x φ)(ω) ≤

(κ •k+x φ)(ω′) for some integer k ≥ 1, by definition of
⋆•+x . And since ω, ω′ |= φ, by definition of •+x we get
that (κ •k+x φ)(ω) = κ(ω) and (κ •k+x φ)(ω′) = κ(ω′), so
κ(ω) ≤ κ(ω′). This shows that for each world ω′ |= φ,
κ(ω) ≤ κ(ω′), or equivalently, that ω ∈ min([φ],⪯κ).

We now prove the other inclusion min([φ],⪯κ) ⊆
[Bfocf(κ ⋆•+x φ)]. So let ω be a world such that ω ∈
min([φ],⪯κ), and assume toward a contradiction that ω /∈
[Bfocf(κ ⋆•+x φ)]. Let ω′ |= Bfocf(κ ⋆•+x φ). Note that
by (I1), ω′ |= φ. And by definition of ⋆•+x , there is an
integer k such that ω′ |= Bfocf(κ •k+x φ). Since we as-
sumed that ω /∈ [Bfocf(κ ⋆•+x φ)], this means by defi-
nition of Bfocf(κ •k+x φ) that (κ •k+x φ)(ω′) < (κ •k+x
φ)(ω). Yet ω, ω′ |= φ, so by definition of •+x we get that
(κ •k+x φ)(ω) = κ(ω) and (κ •k+x φ)(ω′) = κ(ω′), thus
κ(ω′) < κ(ω), i.e., ω′ ≺κ ω by definition of ⪯κ. This
contradicts the fact that ω ∈ min([φ],⪯κ), and proves that
min([φ],⪯κ) ⊆ [Bfocf(κ ⋆•+x φ)].

We showed that κ 7→⪯κ is a gradual assignment and for
every formula φ ∈ L∗

P , [Bfocf(κ ⋆•+x φ)] = min([φ],⪯κ).
From Proposition 1, this concludes the proof that •+x (and
by Proposition 2, ◦+x) is an improvement operator, i.e., it
satisfies (I1-I9).

In the following, we refer to the operators •+x on free-
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OCFs or ◦+x on OCFs interchangeably as “+x improvement
operators”, since they are equivalent in the sense of Propo-
sition 2.

Of particular interest is the case when x = 1, which is
precisely the case when the resulting +x improvement op-
erator is a soft one:

Proposition 4. A +x improvement operator is a soft im-
provement operator (i.e., it satisfies the postulate (I10)) if
and only if x = 1.

Proof. Let us first prove that the operator •+1 on free-OCFs
is a soft improvement operator, i.e., it satisfies (I10). From
Proposition 1, it is enough to show that the gradual assign-
ment κ 7→⪯κ constructed in the proof of the previous propo-
sition for •+1 satisfies condition (S4) of a soft gradual as-
signment. Let κ be any free-OCF, let φ be any formula,
and let ω, ω′ be two worlds such that ω |= φ, ω′ |= ¬φ,
and ω′ ≺κ ω. We need to prove that ω′ ⪯κ•+1φ ω. Ob-
serve by definition of •+1 that (i) (κ •+1 φ)(ω) = κ(ω)
and (κ •+1 φ)(ω

′) = κ(ω′) + 1. Then from ω′ ≺κ ω,
we get that κ(ω′) < κ(ω) (by definition of ⪯κ), which we
can also write as κ(ω′) + 1 ≤ κ(ω). Then from (i) we
get that (κ •+1 φ)(ω

′) ≤ (κ •+1 φ)(ω), which means that
ω′ ⪯κ•+1φ ω. This shows that κ 7→⪯κ satisfies (S4), and
hence is a soft gradual assignment, which by Proposition 1
means that •+1 is a soft improvement operator.

We now prove that if x > 1, then the operator •+x on free-
OCFs does not satisfy (I10). First, note that by definition of
•+x, we have that (ii) for each free-OCF κ, κ ⋆•+x

⊤ = κ.
Let φ be any consistent, non-valid formula (i.e., φ ̸|= ⊥ and
¬φ ̸|= ⊥). Let κ be the free-OCF defined for each world
ω ∈ Ω as

κ(ω) =

{
0 if ω |= ¬φ
1 if ω |= φ

That is, Bfocf(κ) ≡ ¬φ. We get that Bfocf(κ ⋆•+x
⊤) ≡

Bfocf(κ) ≡ ¬φ. Then, by definition of •+x, the free-OCF
κ •+x φ is defined as

(κ •+x φ)(ω) =
{
x if ω |= ¬φ
1 if ω |= φ

That is, since x > 1, Bfocf(κ •+x φ) ≡ φ. We get that
Bfocf((κ •+x φ) ⋆•+x

⊤) ≡ Bfocf(κ •+x φ) ≡ φ.
We have shown that Bfocf(κ ⋆•+x ⊤) |= ¬φ and

Bfocf((κ •+x φ) ⋆•+x
⊤) |= φ, which shows that •+x does

not satisfy (I10), and this concludes the proof.

This family of operators is interesting since it produces a
homogeneous increase of the degree of disbelief of the coun-
termodels of the new piece of evidence. By choosing an ap-
propriate value of x, one can decide how much the plausibil-
ity of the new piece of information is improved at each step.
If x is large enough for the new piece of information to be
believed after the change, the result will be a revision, that
is close to Spohn’s conditionalization (Spohn 1988), since
there is this similar homogeneity in the way all the counter-
models’ degrees change, but with a cumulative behavior that
conditionalization does not have.

0

2

1

3

011 010

001

000

101 100

111

110

κ

0

2

1

3

4

011 010

001

000

101 100

111

110

κ ◦2c φ

0

2

1

3

4

011 010

001

000

101 100

111

110

κ ◦2c φ ◦2c φ

0

2

1

3

011 010

001

000

101 100

111

110

κ

0

2

1

3

011 010

001

000

101 100

111

110

κ ◦+2 φ

0

2

1

3

4

5

011 010

001

000

101 100

111

110

κ ◦+2 φ ◦+2 φ

[φ] = {100, 101, 110, 111}

Figure 1: 2-conditionalization vs +2 improvement

Consider the situation of Figure 1, where Bocf(κ) |=
¬φ, and κ(φ) = 1. In the figure, ◦2c denotes 2-
conditionalization, i.e., the conditionalization operator that
raises the rank of each countermodel of the input formula by
2. Let us see what happens with the sequence (κ ◦ φ) ◦ φ,
with the 2-conditionalization (◦2c) and with the ◦+2 opera-
tor. Note that for one step the behaviors of ◦2c and ◦+2 are
very similar with a homogeneous worsening of the counter-
models of φ. But more interesting is what happens after the
second step. Note that the conditionalization is idempotent:
(κ ◦2c φ) ◦2c φ = κ ◦2c φ. By contrast, the ◦+x operators
are cumulative: the worsening of the non-models of φ will
never stop if we iterate by φ. This behavior explains why
they seem to be good candidates for truth-tracking: if the
process supplies sufficiently many correct inputs, the truth
should end up more entrenched. The rest of the paper is an
investigation of this hypothesis.

4 A Truth-tracking Theorem
In this section, we give two theoretical results that show
that ◦+x operators are truth-tracking operators, i.e., that they
make it possible to find the truth after a sufficiently long se-
quence. Among the worlds of the language, a unique one
is distinguished as the actual world ω∗, and truth is evalu-
ated with respect to this world. A belief base is interpreted
as a set of worlds in which the agent expects ω∗ to be. We
make a distinction between correct formulas, which are for-
mulas satisfied by the true world ω∗, and incorrect formulas,
which are not. The question we address is whether the truth
is found when the formulas used to improve the initial be-
liefs are generated by a reliable process, so that sufficiently
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many correct formulas are received compared to incorrect
ones.

We consider a stochastic process on the subsets of Ω. At
each step i of the process, a formula φi is randomly gener-
ated through a random selection of worlds and used to im-
prove the beliefs. More precisely, we consider a formula as
a set of worlds, and each world is a binary random variable
(with value 1 if it is selected as one of the models of the
formula, and 0 otherwise). We sometimes simply call the
output of this stochastic process a sequence.

We work with free-OCFs in this section, in order not to
have to normalize the ranking at each step, but recall that,
by Proposition 2, the +x operators on OCFs and free-OCFs
are equivalent. Note that the process may generate an incon-
sistent formula. In that case, we do not apply •+x: the next
free-OCF is instead defined to be the current one. The next
definition specifies the sequence of free-OCFs generated by
successively applying •+x to the input formulas.
Definition 8. Let κ be any free-OCF, (φi)i≥1 a sequence of
formulas, and •+x be any +x improvement operator. Then,
for each world ω ∈ Ω:
• if [φ1] = ∅, then κ1(ω) = κ(ω); otherwise κ1(ω) =
(κ •+x φ1)(ω);

• for each i > 1, if [φi] = ∅, then κi(ω) = κi−1(ω); other-
wise κi(ω) = (κi−1 •+x φi)(ω).
Formally, this means that at each step i we have a set

of random variables {Xi
ωk
}k∈{1,...,|Ω|} with binary values

{0, 1}. Xi
ωk

= 1 means that the world ωk is a model of the
formula φi by which the beliefs of the agent are improved,
Xi
ωk

= 0 otherwise. IfXi
ωk

= 0 for every world ωk, then φi
is the inconsistent formula and the i-th improvement step is
skipped. In the following, we denote the event {Xi

ωk
= 1}

that a model ωk of φi is selected at step i as {ωk |= φi}.
We now define the reliability and independence assump-

tions on the stochastic processes used in the truth-tracking
results:
Definition 9 (Reliability). A stochastic process (φi)i≥1 is
reliable if there exists ε > 0 such that, for each i ≥ 1 and
each world ω ∈ Ω such that ω ̸= ω∗,

P ({ω∗ |= φi})− P ({ω |= φi}) ≥ ε.

The greatest such ε is called the reliability margin of the
process.

Thus, a stochastic process is reliable if, at each step, the
generated formula has a uniformly greater chance of having
the true world as a model than any other world.
Definition 10 (Independence). A stochastic process (φi)i≥1

is independent if all the random variables Xi
ωk

, for i ≥
1 and k ∈ {1, . . . , |Ω|}, are mutually independent, i.e.,
if for every n ≥ 1, every choice of distinct pairs
(i1, k1), . . . , (in, kn) with ij ≥ 1 and kj ∈ {1, . . . , |Ω|}
for each j ∈ {1, . . . , n}, and every choice of values
x1, . . . , xn ∈ {0, 1}, we have

P

 n⋂
j=1

{Xij
ωkj

= xj}

 =
n∏
j=1

P
(
{Xij

ωkj
= xj}

)

This independence property states that all world selec-
tions are mutually independent. Thus, selecting or not se-
lecting any finite subset of worlds at any finite subset of steps
has no influence on the other such selections.

Let us now state the main technical result that allows us to
show the truth-tracking properties of +x improvement oper-
ators. This result states that we can, with sufficiently many
formulas in the sequence, achieve any target gap between
the degree of the true world and any other world, thereby
ensuring that the true world is sufficiently well entrenched:
Theorem 1. Consider a reliable and independent stochastic
process (φi)i≥1. For each free-OCF κ, let (κi)i≥1 be defined
as in Definition 8. Then, for each world ω ̸= ω∗ and for each
c > 0,

lim
i→+∞

P
(
κi(ω)− κi(ω

∗) > c
)
= 1.

Proof. Let ε > 0 be a reliability margin of the process. Fix
a free-OCF κ, a world ω ̸= ω∗, and a real number c > 0. Let
d0 = κ(ω)− κ(ω∗).

For each step k ≥ 1, let Yk be the difference between the
increase of the degree of ω and the increase of the degree
of ω∗ at step k. If [φk] = ∅, then the epistemic state is left
unchanged, and therefore Yk = 0. If [φk] ̸= ∅, then •+x
adds x to the countermodels of φk and does not change the
degree of its models. Hence, in all cases,

Yk = x(Xk
ω∗ −Xk

ω).

Indeed, if both ω∗ and ω are models of φk, or if both are
countermodels of φk, the two degrees receive the same in-
crement. If ω∗ is a model and ω is not, the gap increases by
x. If ω is a model and ω∗ is not, the gap decreases by x.

For every n ≥ 1, we have

κn(ω)− κn(ω
∗) = d0 +Σnk=1Yk.

Thus it is enough to prove that, for every real number C,

P
(
Σnk=1Yk > C

)
→ 1

when n→ +∞; the theorem follows by taking C = c− d0.
For each k ≥ 1, the variable Yk belongs to [−x, x]. More-

over, since Yk is a function of Xk
ω∗ and Xk

ω , the variables Yk
are mutually independent by Independence. By Reliability,

E(Yk) = x(P (ω∗ |= φk)− P (ω |= φk)) ≥ xε.

Let µn = Σnk=1E(Yk). Then µn ≥ nxε.
Let Sn = Σnk=1Yk and let D be a real number. For every

n such that µn > D, and since P (Sn ≤ D) = P (Sn−µn ≤
D − µn), Hoeffding’s inequality (Hoeffding 1963) gives

P (Sn ≤ D) ≤ exp

(
−2(µn −D)2

Σnk=1(2x)
2

)
.

Since µn ≥ nxε, for all sufficiently large n we get

P (Sn ≤ D) ≤ exp

(
− (nxε−D)2

2nx2

)
.

The exponent tends to −∞ when n → +∞. Therefore
P (Sn ≤ D) → 0, and hence P (Sn > D) → 1. Taking
D = c− d0 gives

P
(
κn(ω)− κn(ω

∗) > c
)
→ 1,

which proves the result.
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The proof gives an explicit upper bound on the probability
that a fixed world ω ̸= ω∗ is not separated from ω∗ by a
target cumulative gap after n steps. Let ε be the reliability
margin and let x be the parameter of the +x operator. With
the notation of the proof, for every real number C and every
n such that nxε > C, Hoeffding’s inequality gives

P (Sn ≤ C) ≤ exp

(
− (nxε− C)2

2nx2

)
.

For x = 1, ε = 0.2, and C = 10, Table 1 gives this upper
bound for several values of n. If the initial free-OCF gives
the same degree to ω∗ and ω, then Sn ≤ 10 is exactly the
event κn(ω)− κn(ω

∗) ≤ 10.

n bound

100 0.6065306597
200 0.1053992246
300 0.0155038536
400 0.0021874911
500 0.0003035391

Table 1: Hoeffding upper bound on P (Sn ≤ 10) according to the
number n of steps for the ◦+1 operator and reliability margin 0.2.

We can now state the truth-tracking result, showing that
the probability of identifying the true world converges to 1
for any sequence generated by a reliable and independent
stochastic process.

Theorem 2. Consider a reliable and independent stochas-
tic process (φi)i≥1. For each free-OCF κ, let (κn)n≥1 be
defined as in Definition 8. Then

lim
n→∞

P ([Bfocf(κn)] = {ω∗}) = 1.

Proof. Let (κn)n≥1 be defined as in Definition 8. By
Theorem 1, applied with any c > 0, and since all
values are integers, for every world ω ∈ Ω such
that ω ̸= ω∗, limn→∞ P (κn(ω) > κn(ω

∗)) = 1.
Since Ω is finite, the probability that at least one world
ω ̸= ω∗ satisfies κn(ω) ≤ κn(ω

∗) is at most the
sum, over all such worlds ω, of the probabilities of the
corresponding events: P (∃ω ̸= ω∗, κn(ω) ≤ κn(ω

∗)) ≤∑
ω ̸=ω∗ P (κn(ω) ≤ κn(ω

∗)). The right-hand side tends to
0. Thus, P (∀ω ̸= ω∗, κn(ω) > κn(ω

∗)) → 1. With prob-
ability tending to 1, ω∗ is the unique world of minimal rank
in κn. Therefore, limn→∞ P ([Bfocf(κn)] = {ω∗}) = 1,
which proves the result.

It is worth noting that this theorem does not impose a min-
imal value for the probability p itself. It requires a uniform
positive lower bound on the difference between the probabil-
ity of selecting the true world and the probability of selecting
any other fixed world.

5 Experiments
We now evaluate empirically the stochastic dynamics in-
duced by the +x-improvement operators ◦+x on OCFs. This

is an important issue since the results of the previous sec-
tions are limit results, so they could require too many itera-
tions to identify the truth to be useful in practice. We show
in this section that this is not the case, and how the conver-
gence speed varies with respect to different parameters.

Note that although the theoretical analysis above was car-
ried out using free-OCFs in order to avoid normalizing after
each step, the experiments are performed here on standard
OCFs. This is without loss of generality: by Proposition 2,
the +x operators on free-OCFs and on OCFs are equivalent.
In the experiments, rankings are normalized after each step,
so the true world has degree 0 whenever it is believed.

Our experimental protocol is as follows. Given an initial
OCF κ, an arbitrarily chosen “true” world ω∗, and a sequence
of formulas (φi)i≥1 randomly generated by a reliable and
independent stochastic process, we define κ0 = κ and, for
each i ≥ 1:

κi =

{
κi−1 if [φi] = ∅,
κi−1 ◦+x φi otherwise.

Accordingly, the degree of entrenchment of the truth at step
i is measured as

min{κi(ω)− κi(ω
∗) | ω ∈ Ω, ω ̸= ω∗},

which is the gap between the true world and the most plau-
sible competing world.

Specifically, formula generation follows the scheme de-
scribed below. For each formula φi in any sequence:
• the true world ω∗ is selected with probability p, with 1 >
p > 0;

• each world ω ∈ Ω such that ω ̸= ω∗ is selected with
probability q, with p > q > 0.

This generation scheme defines a reliable and independent
stochastic process. Its reliability margin is p− q. It is inde-
pendent because each formula is generated from fresh ran-
dom choices, independently from the choices used to gener-
ate the other formulas.

If no world is selected, the generated formula is incon-
sistent; in the experiments, this draw is ignored and a new
formula is generated for the same step.

We have run a set of experiments on a batch of 1000 se-
quences, starting from the “empty” OCF κ = κ⊤ defined as
κ⊤(ω) = 0 for all worlds ω ∈ Ω. The value p is fixed for a
given batch, while we use two complementary protocols for
the choice of q:
• Fixed q: q is also a fixed value with p > q > 0 for the full

batch;
• Random q: for each sequence in a batch, q is sampled

uniformly in (0, p), and is then kept fixed for that se-
quence (so q varies between different sequences in the
same batch).

Across experiments we varied p and q and we tracked:
• the evolution of the degree of entrenchment of the truth

over time
• the speed of convergence to the truth, i.e., the first step i

for which [B(κj)] = {ω∗} for j ∈ {i, . . . , i+ 49}.
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Figure 2: Evolution of the mean degree of entrenchment of the truth
over time across 1000 sequences, for p ∈ {0.1, 0.2, 0.3, 0.4, 0.5}
and a random q ∈ (0, p).

We implemented a Python package and CLI
(truth-tracking) that makes it possible to repro-
duce all simulations and figures, and to perform additional
simulations. It is available online4. The code supports
single-run simulation and step-by-step traces, multi-run
benchmarks, and plotting from CSV outputs.

We selected two experiments for discussion, in which we
set the number of propositional variables to n = 6 and the
operator to be ◦+1 (i.e., x = 1).

Figure 2 shows the evolution of the mean degree of en-
trenchment of the truth over time across 1000 sequences, for
p ∈ {0.1, 0.2, 0.3, 0.4, 0.5} and a random q ∈ (0, p). This
degree of entrenchment is the difference between the mini-
mal rank of any world different from the truth and the rank
of the true world, so it encodes how much the agent believes
the true world (as soon as the degree is positive, the true
world is identified).

We are in the worst case here (since there is no fixed lower
bound on the gap between p and q; this point is discussed in
the next experiment).

It can be seen that the mean entrenchment grows approx-
imately linearly with time for all selected p-values, and that
the larger the value of p, the larger the entrenchment of the
truth.

More interesting is Figure 3, which shows the mean speed
of convergence to the truth across 1000 independent se-
quences, for p ∈ (0, 1) with a fixed q, with p − q ∈
{0.05, 0.1, 0.15, 0.2}. In this experiment we consider that
convergence is reached when the process first reaches the
truth 50 consecutive times.

This experiment is interesting because the difference p−q
measures the reliability of the pieces of information pro-
vided to the agent. As expected, a larger gap makes the truth
easier to distinguish.

Except for the curve p− q = 0.05 where the true world is

4https://github.com/nicolas-schwind/truth-tracking

Figure 3: Mean speed of convergence to the truth across 1000
sequences, for p ∈ (0, 1) and a fixed q, with p − q ∈
{0.05, 0.1, 0.15, 0.2}.

marginally more likely to be a model of the formula than the
other worlds, as soon as the difference is more than 10% it
never requires more than 200 steps to achieve convergence,
and less than 50 steps if the difference is 20%. So the con-
vergence can be really quick if the provided information is
highly reliable.

An interesting point is that all these curves are concave
down. When p approaches 1 it is natural that convergence
is quicker since the true world is in almost all the formulas
of the sequence. The quick convergence for low values of p
is more surprising. But it can be explained by the fact that
in this case q is very close to 0, so the non-true worlds are
almost never in the formulas, and much less often than the
true world. Moreover, when p and q are low, random draws
more often select no world. Since the experiments discard
such draws and redraw for the same step, this may add a
further bias toward the true world. A plausible explanation
for the fact that the difficulty peaks around p = 0.5 is that
this is where the uncertainty of the world-selection process
is highest.

6 Conclusion and Future Work
In this paper, we have introduced the family of +x improve-
ment operators and we have shown that these operators al-
low truth-tracking, i.e., they make it possible to identify the
true world when the agent receives formulas generated by a
sufficiently reliable process. We also studied the speed of
convergence through experiments, which illustrate the fact
that in practice truth-tracking is achieved quite quickly, and
that the larger the reliability margin, i.e., the difference p−q
between the selection probability of the true world and that
of any other fixed world, the faster the convergence.

The only other work on truth-tracking for iterated be-
lief change operators is (Baltag, Gierasimczuk, and Smets
2019). They focus on belief revision and show truth-tracking
(for Nayak’s lexicographic revision) only on infinite se-
quences of correct formulas. They also study a case where
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some formulas can be incorrect but they have to be corrected
later. This is a very interesting approach on truth-tracking
for iterated belief change operators, but it is built on strong
hypotheses. In practice we cannot expect all provided infor-
mation to be correct; the best we can expect is that the infor-
mation source provides sufficiently many correct inputs. In
this setting, our work demonstrates that improvement oper-
ators achieve truth-tracking even in noisy environments, by
leveraging the accumulation of such inputs.

This study of truth-tracking for belief change can also be
related to truth-tracking results obtained for belief merg-
ing (Everaere, Konieczny, and Marquis 2010; Karge and
Rudolph 2022). As there are some links between be-
lief merging and improvement operators (Schwind and
Konieczny 2020), it would be interesting to study the links
between these truth-tracking results.

As future work, it would be interesting to obtain truth-
tracking results for a wider class of operators. We have
proved the results here for +x improvement operators. We
know that revision operators cannot be helpful since they
make too drastic a change at each step. But an interesting
question is to identify the subclass of improvement opera-
tors that ensures truth-tracking.
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