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Abstract

Recently epistemic spaces have been introduced to formal-
ize instantiations of iterated belief change operators and
their translations from one concrete representation (epistemic
space) to another. In this work, we build on these notions to
deepen the understanding of iterated belief change and pro-
pose a general method for comparing the expressiveness of
existing epistemic spaces. We introduce the notion of canon-
icity for epistemic spaces as a tool for identifying those that
are sufficient, or necessary, to realize certain classes of iter-
ated belief change operators. In particular, we give the canon-
ical epistemic space (up to equivalence) that allows one to
instantiate any iterated belief change operator.

1 Introduction

Belief revision concerns the correction of erroneous beliefs
when an agent receives reliable information that contradicts
them. This ability is fundamental for autonomous agents,
such as robots, enabling them to react appropriately to situa-
tions that were previously considered impossible under their
initial or learned beliefs.

The seminal AGM framework (Alchourrén, Girdenfors,
and Makinson 1985) provided the first formal characteri-
zation of belief revision, but it addressed only single-step
changes. It imposes no constraints on successive revi-
sions, which may lead to unintuitive or irrational change
sequences, in particular regarding the preservation of con-
ditional information. This difficulty is closely related to
the classical frame problem (McCarthy and Hayes 1969;
Reiter 1991).

Darwiche and Pearl (Darwiche and Pearl 1994; Darwiche
and Pearl 1997) proposed four additional postulates to reg-
ulate successive revisions. They also argued that iterated
change requires a richer representation of belief. In AGM,
beliefs are represented by a propositional formula (or, equiv-
alently in finite propositional logic, a deductively closed the-
ory). Such a representation does not retain the epistemic
information needed to guide further revisions. To over-
come this limitation, Darwiche and Pearl introduced epis-
temic states: abstract objects associated with a formula en-
coding the agent’s current beliefs, while also storing addi-
tional information that determines how future revisions are
performed. Iterated revision operators satisfying the AGM
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and Darwiche and Pearl’s postulates on epistemic states are
referred to here as DP operators.

Concrete iterated revision operators must be defined
within a specific representation, called epistemic space
(Schwind, Konieczny, and Pino Pérez 2022). Examples
include Boutilier’s natural revision on sets of conditional
formulas (Boutilier 1996), Nayak’s lexicographic revision
on epistemic entrenchments (Nayak 1994), Spohn’s condi-
tionalizations (Spohn 1988) and Williams’ transmutations
(Williams 1995) on ordinal conditional functions (OCFs),
Lehmann’s operators (Lehmann 1995) and Konieczny and
Pino-Pérez’s operators (Konieczny and Pino Pérez 2000) on
sequences of formulas, and Booth—-Meyer’s restrained revi-
sion on total preorders over worlds (TPOs). Many opera-
tors can also be reformulated in other spaces; for instance,
Boutilier and Nayak operators are often expressed on TPOs.

A substantial body of work has focused on TPOs, which
provide a convenient epistemic space. However, they are
limited: some natural operators cannot be defined within
them (Aravanis, Peppas, and Williams 2019; Schwind and
Konieczny 2020). Until recently, there was little systematic
comparison of epistemic spaces. The study in (Schwind,
Konieczny, and Pino Pérez 2022) introduced formal defi-
nitions of epistemic space and instantiation (translating an
operator from one space to another), leading to two main
results: (i) OCFs can be considered “universal” for DP op-
erators satisfying an additional property requiring that every
epistemic state can be reached from a single empty state via
successive revisions, in the sense that every such operator
can be instantiated on OCFs, and (ii) without this condition,
OCFs are not universal.

Epistemic spaces are therefore central to understanding
iterated belief change. This paper develops a systematic
study of such spaces. We examine which operators are
realizable (Sauerwald and Thimm 2024) in a given space,
compare the expressiveness of different spaces, and iden-
tify spaces of particular interest for specific classes of op-
erators. We adopt a broader perspective by considering
improvement operators (Konieczny and Pino Pérez 2008;
Konieczny, Medina Grespan, and Pino Pérez 2010; Borges
et al. 2024), which generalize the class of DP operators by
allowing new information to increase in plausibility without
necessarily being fully accepted as a belief.

The central questions we address are the following. When
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are two operators, possibly defined on very different epis-
temic spaces, essentially the same? When can two epistemic
spaces be considered equally expressive for a given class of
operators? What is the smallest (least expressive) space on
which some operator from a given class can be realized?
Does there exist a universal, canonical representative space
for all operators of a given class, and, more generally, for
all iterated belief change operators? The latter question is
particularly important, as it asks whether there is an epis-
temic space, unique up to expressiveness equivalence, that
can realize every iterated belief change operator.

To answer these questions, we introduce the following
formal tools:

» Canonization: instantiating an iterated belief change op-
erator to an equivalent one on a minimal canonical space.

» Expressiveness comparison: determining when one space
can equivalently represent all operators of another.

* Degree of an epistemic space: characterizing expressive-
ness relationships.

Using these tools, we identify, for DP and improvement
operators (and several subclasses), lower and upper bounds
on the expressiveness of epistemic spaces. We show that
each class admits a unique (up to expressiveness equiva-
lence) canonical representative space. In particular, we char-
acterize a canonical space capable of realizing every possi-
ble IBC operator.

Proofs of propositions are available online.'

2 Preliminaries

Basic notions. We consider a propositional language £
built up from a finite set of propositional variables P (of
cardinality at least 2) and the usual connectives. A world is
a mapping from P to {0,1}. The set of all worlds on L is
denoted by 2. A world w satisfies a formula ¢ if w makes ¢
true; the set of such worlds is denoted by [p]. A formula is
consistent if [¢] # (). The set of consistent formulae is de-
noted by £... The symbol |= denotes logical entailment, and
= logical equivalence: ¢ |= v iff [¢] C [¢)], and ¢ = ¥ iff
[¢] = [¥]. The symbol P(Q2). denotes the set of non-empty
subsets of worlds, i.e., P(Q), = {S C Q| S # 0}. We
assume throughout the paper the existence of an arbitrarily
fixed mapping associating each set of worlds W € P ().
with a formula ¢y € £, such that [y ] = W.

We denote by Card the class of all cardinal numbers, by
Ny the smallest infinite cardinal, and by ¢ the cardinal of the
set of real numbers. Given a set S, Card(S) denotes the
cardinal of S, which is sometimes denoted by |S|.

Given a set F and a preorder (a reflexive and transi-
tive relation on F) < over E, < denotes the strict part of
<,iezr < yiff & X yandy £ z. Given ' C F,
min(F, <) denotes the set of minimum elements of F'; for-
mally, min(F, <) ={z € F | fly € F,y < x}.
Epistemic spaces. An epistemic space is a pair £ =
(U,B), where U is a non-empty set of so-called epis-
temic states and B is a mapping B : U — L, (Schwind

"https://nicolas-schwind.github.io/SKP-KR26-proofs.pdf
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and Konieczny 2020; Schwind, Konieczny, and Pino Pérez
2022). Throughout this paper, we assume a form of “non-
triviality” of epistemic spaces, i.e., that every epistemic
space & = (U, B) is such that not all epistemic states from
U are associated with equivalent beliefs, i.e., there exist
U, ¥ € U such that B(¥) # B(¥’). Note that this re-
quires in particular that U # (). We denote by Sp the class
of all possible epistemic spaces.

Let us now give some standard examples of epistemic
spaces.

The TPO-based epistemic space is the space E¥° =
(U*P°, B'°), where U™ is the set of all total preorders
(TPOs) over €, and B'° is the mapping associating each
TPO = from U*P° with the formula in(0,<)-

Another example of epistemic space is ordinal conditional
functions (OCFs) (Spohn 1988; Williams 1995). An OCF
K 1s a mapping associating each world with a non-negative
integer? such that there is a world w € Q with x(w) = 0.
Then, the OCF-based epistemic space is the epistemic space
gocf = (U°f, Bo<f), where U° is the set of all OCFs over
€, and B° is the mapping associating each OCF x € U°
with the formula 11, c0r(w)=0} -

These are the most standard epistemic spaces found in
the (iterated) belief change literature, but other spaces ex-
ist, which will be discussed and studied in a further section.

Iterated belief change. Given an epistemic space £ =
(U, B), an iterated belief change (IBC) operator on & is a
mapping o : U, x L, — U,, where U,, called the do-
main of o, is such that ) C U, C U. An IBC operator o
models how an agent changes his mind upon receiving new
information: for any epistemic state ¥ € U, and propo-
sitional formula p € L, representing evidence, it yields a
new state U o p capturing how W changes after incorporat-
ing u. Note that typically (e.g., in (Schwind, Konieczny,
and Pino Pérez 2022)), IBC operators o are defined as map-
pings U x L, — U, so that their domain is the “full” set
of epistemic states from the underlying space. The gener-
alization we make here, for technical reasons, is harmless:
when considering logical properties of IBC operators o, the
epistemic states U \ U, are always ignored. We often write
(€, o) to denote an IBC operator, so as to explicitly refer to
the epistemic space £ on which o is defined. The symbol
IBC denotes the class of all possible IBC operators.

The best-known class of IBC operators is Darwiche and
Pearl’s (DP) revision operators (Darwiche and Pearl 1994;
Darwiche and Pearl 1997), and its extensions (Booth and
Meyer 2006; Jin and Thielscher 2007). One of the most
well-known postulates of DP revision operators is the suc-
cess postulate, which requires the new incoming informa-
tion p to be accepted in the beliefs of every revised state,
ie, B(¥ opu) E p, for every ¥ € U,. We refer the
reader to (Darwiche and Pearl 1997) for a list of postu-
lates defining DP operators. Another important class of
IBC operators is the class of General Improvement (GI)

?In the original definition, OCFs are defined on ordinals (Spohn
1988). But here, as in most cases, the integer restriction is enough.
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Figure 1: Illustration of the behavior of the GI operators oy, or,, ®o defined on the TPO-based epistemic space and o, e, o’y defined on

the OCF-based epistemic space, with [u] = {w4, ws, ws, ws }.

operators (Borges et al. 2024). This class is a slight gen-
eralization of the better-known class of improvement op-
erators introduced in (Konieczny and Pino Pérez 2008;
Konieczny, Medina Grespan, and Pino Pérez 2010) which
impose an additional “admissibility” property that excludes
certain DP operators, e.g., natural revision (Boutilier 1996).
GI operators avoid such discards. GI operators generalize
DP revision operators in the sense that the success postu-
late is weakened: the new piece of information is not forced
to be believed after the change, but its plausibility is in-
creased. Finally, DP revision postulates a form of syntax-
independence comprised in the property (R*4) (if u = p/,
then B(¥ o ) = B(¥ o u')). This property has been crit-
icized as being too weak in a number of works (Konieczny
and Pino Pérez 2008; Booth and Meyer 2011), since it re-
quires syntax-independence only after one revision step. A
stronger, more appropriate version of syntax independence
was introduced together with the framework of improvement
operators and is satisfied by GI operators as well:

(I4) foreachn € Nandeachi € {1,...,n},if u; = ul,
then B((Popi)o...)oun) =B(Topul)o...)oul)

In fact, all existing examples of DP operators from the
literature satisfy (I14). We denote by Gl the class of GI op-
erators, and by DP the class of DP operators satisfying (14).
Remark that DP C G| C IBC.

Let us give some examples of IBC operators defined on
the TPO-epistemic space £°. The natural revision opera-
tor (£'°, o) associates each TPO < and each formula p
with a TPO <’ satisfying min(€2, =’) = min([u], <), and if
w,w’ ¢ min([p], <) then w <X W’ iff w <" W': it defines
the first level of <’ as the models of p minimal according
to = while leaving the remaining relationships unchanged
(Boutilier 1996). The lexicographic revision (£'°, o) en-
sures that the revised TPO <’ satisfies w <’ w’ whenever
w € [u] and w’ ¢ [u], and maintains the remaining relation-
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ships unchanged (Nayak 1994). The one-improvement op-
erator (£'P°, o)) essentially shifts all models of 1 one layer
down, and creates a new bottom layer for min([u], <) if
min([p], <) € min(Q2, <) (see (Konieczny and Pino Pérez
2008) for a formal definition of ep.) It is well-known that
on,or € DP and ep € GI\ DP.

Let us now introduce some examples of IBC operators
defined on the OCF-epistemic space £°. The first one,
which we call the shifting operator (£°f, e, ), associates
with any OCF k and formula p the OCF k' = k e, pu de-
fined by £'(w) = k(w) — z if w € [u], otherwise k' (w)
k(w) +1—x,where z = 0if B°f(k) Ap = L,andx = 1
otherwise. This operator uniformly decreases the value of
all u-worlds in a given OCF « by 1, and ensures by a nor-
malization step that min{x’(w) | w € Q} = 0, as required
by the definition of an OCF. The second example of an op-
erator (5°Cf, o4 ), introduced in (Schwind, Konieczny, and
Pino Pérez 2022), essentially has the same behavior as e
except that it adds a step to ensure that min{x'(w) | w €
0} = min{k(w) | w € [p]} (see (Schwind, Konieczny,
and Pino Pérez 2022) for a formal definition.) Lastly, let
(€°¢F, o' be the IBC operator that defines ' as k/(w) = 0
if w € [u] and k(w) = min{k(w’) | W' € [u]}, other-
wise k' (w) = k(w) + 1. It is not difficult to verify that
oy,oy € DPand e € GI\ DP.

Figure 1 illustrates the behavior of these operators.

Strong equivalence between epistemic states. A sce-
nario is a (possibly empty) sequence of formulae o
(t1y ..., pi) with & € N (when k& = 0, o is the empty
sequence). For a scenario ¢ and epistemic state W, de-
fine ¥ o o inductively as ¥ o ) = ¥ and, for & > 0,
Voo = (¥o(u,...,puk—1))0 tx. Thus, ¥ oo is the epis-
temic state obtained by successive revisions of ¥ by each
formula in o.
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Let &€ = (U, B), & = (U’, B’) be two epistemic spaces,
and (£,0), (£',0') be two IBC operators. Given ¥ € U
and U’ € U’, we say that U is strongly equivalent to W’
wrt. (0,0"), denoted by ¥ =, oy V', if ¥ € Uy, V' € Uy,
and for each scenario o, B(¥ o o) = B'(¥’ o’ 7). In the
particular case when & = £’ and o = o, we simply say
that ¥ and ¥’ are strongly equivalent wrt. o and simplify the
notation ¥ =, .y ¥ into ¥ =, ¥’ (Schwind, Konieczny,
and Pino Pérez 2022). Then given an IBC operator o on
€ = (U, B), we denote by U=, the quotient of U, by the
equivalence relation =,. That s, if ()=, denotes the equiv-
alence class to which an epistemic state ¥ € U, belongs?,
then U=z, = {(¥)=, | ¥ € U,}. Lastly, in this paper, we
sometimes take advantage of the axiom of choice and as-
sume that when o is an IBC operator on £ = (U, B), there
exists a choice function on U=, associating every equiva-
lence class V' € U=, with a specific epistemic state of V/,
which is denoted by Wy, .

The notion of strong equivalence between epistemic states
plays a central role. Each epistemic state, regardless of the
epistemic space it belongs to, can be viewed as a “black box”
that maps any scenario to a formula representing the agent’s
resulting beliefs. While epistemic states may contain addi-
tional internal structure, only this observable behavior, i.e.,
the beliefs they yield after the change, is relevant when an-
alyzing iterated belief change. Accordingly, two epistemic
states are considered strongly equivalent if they behave iden-
tically under two given IBC operators; that is, they are in-
distinguishable with respect to the considered belief change
operator o.

Equivalence between IBC operators. The notion of
strong equivalence between epistemic states extends natu-
rally to an equivalence between operators over their respec-
tive epistemic spaces. Introduced in (Schwind, Konieczny,
and Pino Pérez 2022) for revision, we adapt it here to the
general setting of IBC operators:

Definition 1 (Equivalence between IBC operators). Let £ =
(U, B), & = (U’, B’ be two epistemic spaces, and (€, 0),
(&,0") be two IBC operators. We say that o and o' are
equivalent, written o = o (or (£,0) = (£',0")), if there
is a one-to-one correspondence g from U=_ to U’EO, such
that for each V- € U=, and for all ¥ € V, ¥’ € g(V), we
have that ¥ =, o) V'

This notion of equivalence between operators is crucial
for identifying cases where two operators behave identi-
cally. In such situations, they can be regarded as instances
of the same operator (possibly defined over different epis-
temic spaces) just as logically equivalent formulae express
the same semantic content despite syntactic differences.

It is straightforward to verify that the equivalence relation
between IBC operators, as defined in Definition 1, is well-
formed: it is reflexive, symmetric, and transitive.

(W)=, = (W €U, | W =, W)
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3 A Characterization of Equivalence
Between IBC Operators

In (Schwind, Konieczny, and Pino Pérez 2022), the no-
tion of safe translation was introduced to build bridges be-
tween two epistemic spaces, and was used to prove equiva-
lence between revision operators defined on possibly differ-
ent spaces. However, that notion was formulated specifically
for DP operators and was incomplete, as it did not capture
the full equivalence relation. We provide here a refined ver-
sion that applies to all IBC operators:

Definition 2 (Safe weak translation). Let £ = (U, B), £’ =
(U', B') be two epistemic spaces, and (€, 0), (£’,0") be two
IBC operators. A mapping  : U, — U’ is said to be a
weak translation from o to o’ if for each ¥ € U,, B(¥)
B'(f(V)) and for each . € L, f(¥ o p) =or f(¥) 0 pu.
A weak translation is said to be safe if there exists a weak
translation f' : U!, — U from o to o.

When a safe weak translation exists, we explicitly indicate
both mappings f and ', and write (f, ') to denote a safe
weak translation for (o, o).

This notion of safe weak translation is reminiscent of
bisimulation in labeled transition systems (Baier and Ka-
toen 2008), and more generally of standard notions used
in modal logic (Blackburn, de Rijke, and Venema 2001;
van Benthem 2010). It provides a concrete characterization
of equivalence between IBC operators:

Proposition 1. Let (€,0), (£',0") be two IBC operators.
We have that o = o' if and only if there exists a safe weak
translation (f, f') for (o,0").

Proposition 1 yields a constructive criterion for operator
equivalence. Rather than relying solely on the abstract rela-
tion of Definition 1, one can exhibit a pair of weak transla-
tions (£, f') that explicitly relate epistemic states across the
two spaces. This perspective will be instrumental in several
subsequent results. As an illustration, it allows us to show
that the natural revision operator (£*°, o) and the operator
(€°¢F, oy;) introduced in the preliminaries are equivalent:

Proposition 2. (£%° oy) = (£°°F,oy).
In other words, o and ogv implement the same revision

policy; they differ only in the epistemic space used to repre-
sent states.

4 Canonicity

We now introduce a central notion: canonicity, which allows
us to abstract away from representational redundancy and to
consider epistemic spaces that exactly fit the IBC operator
in the following sense:

Definition 3 (Canonicity). An IBC operator (£, 0) is said to
be canonically defined if U = U, and for all ¥,V € U,,
if U #£ VU then U %, U'. We say that an epistemic space
& = (U', B') is o-canonical if there exists a canonically
defined IBC operator (£',0") such that o’ = o.

When an IBC operator is canonically defined, each epis-
temic state corresponds to a distinct behavioral profile
w.r.t. this operator. This means that the epistemic space con-
tains no two states that induce the same change dynamics.
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Canonicity therefore captures a “minimality” requirement:
the epistemic space contains exactly as many states as are
needed to represent the operator up to behavioral equiva-
lence.

We now reconsider the DP and GI operators introduced in
the preliminaries:

Proposition 3.

* (&% 0n), (E®°,0r), (E'%°,80), (E°,04) and
(£°°F @) are canonically defined.

o (&°°F oY) is not canonically defined.

The second item follows from the fact that the OCF repre-
sentation contains redundancies for oy. Indeed, any two
OCFs k and ' that induce the same TPO (i.e., such that
k(w) < k(W) iff K (w) < K'(W') for all w,w’ € Q) are
strongly equivalent with respect to o’y. Thus, distinct epis-
temic states may be strongly equivalent, so (£°°, o/, is not
canonically defined.

The fact that (£%°,0y), (E%°,01), and (E°, ep) are
canonically defined is a direct consequence of the following
lemma:

Lemma 1. If (£°,0) € Gl and UP° =
is canonically defined.

U*™°, then (£%°, o)

This lemma shows that the standard TPO-based represen-
tation of GI operators is already canonical: as long as every
total preorder lies in the domain, distinct TPOs necessarily
induce distinct behavior. It follows immediately that the GI
operators oy, o, and e¢ are canonically defined on £%°.

Finally, the fact that o and e are canonically defined on
£°o°f implies that for any two distinct OCFs « and &', there
exists a change scenario in which the operators behave dif-
ferently: k #,, +'and Kk #., K

Definition 4 (Canonization). Let & = (U, B) be an epis-
temic space, and (€, o) be an IBC operator:

* The canonization of £ w.r.t. o is the epistemic space £, =
(Uoe, Bop ), where U, = U=, and for each’ V € U=,
[Bo. (V)] = [B(Tv)] *

* The canonization of o is the IBC operator (&, ,0c) de-
fined for each V. € U=, and each formula p € L. as
Vioep=(Yyou)=,

Canonization removes all behavioral redundancy from an
epistemic space by identifying strongly equivalent states.
The resulting operator is defined on a smaller space but pre-
serves exactly the same change behavior. This is captured
formally by the following proposition:

Proposition 4. Let (£, 0) be any IBC operator. The canon-
ization (&, oc) of o is canonically defined, and oc = o.

By Proposition 4, the set U, introduced in Definition 4
coincides with the domain of o in the sense of Definition 3.
The notation U, is therefore unambiguous.

“Recall that Uy, is a representative epistemic state of the equiv-
alence class V' determined by an arbitrary choice function (see Pre-
liminaries).
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More importantly, this proposition guarantees that ev-
ery IBC operator admits an equivalent representation on a
canonical epistemic space. Thus, canonicity is not a restric-
tion on operators, but a kind of normal form for their repre-
sentation.

Example 1. Figure 2 illustrates the canonization process
on a concrete IBC operator (€,0). The operator (shown
at the top of the figure) is defined on the epistemic space
& = (U, B), where U = {¥° ... U9}, and:

[B(Y)] = [B(V1)] = [B(V?)] =
[B(¥H)] = [B(¥°)] = [B(¥° [ (B7)] =5
[B(¥?)] = [B(¥®)] = [B(¥?)] = 5"

The graph depicts transitions W' o y for ' € U and j €

{a, B,v}. We assume that > ¢ U, and that, for every
i€{0,...,9}\ {3} and every p € L\ {, 8,7}, V' opu =
W, These identity transitions are omitted from the figure

for readability. Vertices correspond to epistemic states, and
labeled edges represent change steps.

Dashed rectangles indicate the equivalence classes in
U=,, which consists of five elements:

(P0)=, = (Ph)=, ={9° w'}
(V2)=, = {2}

()=, = (¥2)=, = {0, 0%}
(W0)=, = (¥7)=, ={U°, W7}
(P%)=, = (¥9)=, = {0%, ¥’}

For example, PO = gl since for every scenario o, [B(\Ilo o
0)] = [B(¥!oo)] = S. Similarly, ¥* =, U5 because for
every i € L., (W*op)=, = (¥°opu)=,. Note that V> does
not belong to any equivalence class, since V> ¢ U,

The bottom part of the figure shows the canonized op-
erator (Es.,0c). The canonized epistemic space is E,, =
(Uoes Bog ), with Uy, = {UOL W2 W45 w67 W89 ywhere
each state denotes the correspondmg eqmvalence class. For
each W' € U, and each scenario o, we have V'
()=,
v=U

We now introduce the notion of regularity, which char-
acterizes exactly those epistemic spaces that can serve as
canonical domains for some IBC operator:

=(0,0¢)

W for instance, (¥° o B) oy = W9 and (U*° o¢ B) oc

Definition 5 (Regular Epistemic Space). An epistemic space
E = (U, B) is said to be regular if there exists a canonically
defined IBC operator (€, ).

Let Sp. denote the class of all regular epistemic spaces.

Proposition 5. An epistemic space € = (U, B) is regular if

and only if Card(U) < ¢

Proposition 5 shows that regularity is entirely determined
by cardinality. An epistemic space admits a canonical IBC
operator if and only if its set of states has cardinality at most
that of the continuum.

S Expressiveness of Epistemic Spaces

We now build on the notions of canonical and regular epis-
temic spaces introduced in the previous section to compare
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a?ﬁa’y 2

a, B,y =-

Figure 2: Graphical representations of (top) an IBC operator (€, o), projected to , 3, v, and (bottom) its canonization (€., oc).

the expressiveness of different epistemic spaces. Intuitively,
an epistemic space &£ is at least as expressive as another
space &’ if it has sufficient structure to realize every IBC
operator that can be defined on £’. This comparison is based
on the notion of realizability, introduced in (Sauerwald and
Thimm 2024) for (non-iterated) belief change operatorsS,
which asks whether a given belief change operator can be
instantiated on a given epistemic space.

Definition 6 (Realizability). Let (€, 0) be an IBC operator,
and &' € Sp. We say that o is realizable on &', equivalently,
&’ realizes o, if there exists an IBC operator (£',0") such
that o' = o.

We denote by R (o) the class of epistemic spaces that re-
alize o.

Definition 7 (Expressiveness). Let £,&' € Sp. We say that
&' is more expressive than &, denoted by € < &', if each IBC
operator on & is realizable on E'. And we say that € and &’
are equally expressive (or simply, equivalent), denoted by
E=E,ifE<E and &' < E.

By definition, (Sp, <) forms a partial preorder.

A natural question is then: what makes one epistemic
space more expressive than another? To answer this, we
introduce a simple structural measure capturing how many
epistemic states have the same beliefs. Given an epistemic
space & = (U, B), its degree is the function ¢ that assigns

The term has also been used in other contexts, such as argu-
mentation (Dunne et al. 2015), with a different meaning.
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to each non-empty set of possible worlds S € P({2), a car-
dinal number

0 (S) = Card{¥ € U | [B(¥)] = 5})

Intuitively, 6¢(.S) counts how many epistemic states in £
have beliefs whose models are exactly .S.

Given two epistemic spaces £ and &', their degrees O¢
and 6g/ can be compared pointwise: we write g =<y O
whenever for every S € P(Q)., 0g(S) < 0g/(S). This
relation is a partial order on the class of all degrees {fs |
& € Sp}.

Example 1 (continued). Consider again the IBC operator

&,0) and its canonization (E,.,0¢c). The degree of £ is
C
given by:

0e(S) = {2°, ¥, 02} =3
0g(S") = [{¥*, 05, 00, U7} =4
0c(S") = [{¥3, U8 09} =3
Similarly, the degree of &, is:
0 S) = {uo, w2} =2
0o (5) = i umy
f.0 () = | (W9} =1
Eop = =
Thus, 95% < b¢.

More generally, since epistemic states in £, correspond
to strong equivalence classes, canonization always yields an
epistemic space of smaller or equal degree. This suggests
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the following claim: if an epistemic space £ has a smaller
degree than another space &, then every IBC operator de-
fined on £’ should be realizable on £, whereas the converse
need not hold. This claim holds, as formalized by the next
result:

Proposition 6. Let £, &' € Sp. If g =g g1, then £ < E'.

For regular epistemic spaces, the converse implication
also holds. This relies on the following proposition:

Proposition 7. Let £, € Sp. If € is canonical for o and
& € R(o), then O =g ¢

Proposition 7 shows that canonical spaces are minimal
with respect to degree: the degree of a canonical space for
o is always less than or equal to that of any other epistemic
space that can realize an equivalent operator. Using this re-
sult, we obtain the following converse to Proposition 6 for
regular spaces.

Proposition 8. Let £ € Sp, and &' € Sp. If € X &', then
05 je og/.

Propositions 6 and 8 together yield the following charac-
terization:

Theorem 1. Let £ € Sp, and £’ € Sp. Then
EXE iffbs = s

Theorem 1 shows that, for regular epistemic spaces, ex-
pressiveness is completely captured by degree. This leads to
the following immediate consequences:

Corollary 1. Let £,&',E" € Sp, and (£",0) € IBC. Then:
1. ifE € Spy, then E = E' iff s = Og
2. if € is canonical for o and &' € R(o), then € < &’

Corollary 1.1 states that two regular epistemic spaces are
equally expressive exactly when they have the same degree.
Corollary 1.2 states that canonical spaces are the least ex-
pressive spaces that can still realize their corresponding op-
erators.

We now illustrate how degrees can be computed for well-
known epistemic spaces and used to compare their expres-
siveness. We begin with the TPO-epistemic space £P° and
the OCF-epistemic space £°. Assume that the propositional
language L is built from n propositional variables. The de-
gree of £P° is given, for each S € P(Q),, by:

O (S) {1 ifS =0

tpo = on_f iy o .

& Zp:l ( ;7:0(_1);; J (?)32 k) otherwise
Likewise, the degree of £°f is:

1 ifS=9
Ogecr(S) = { Ny otherwise

Besides £° and £°¢f, we also consider the following
epistemic spaces:

e £'o = (U'", B'), where U' C U is the set of all linear
orders over (2, and for each linear order ¥ € U'"°, B'°(¥) =
B™° (). Its degree is, for each S € P(Q).:

@) s =1
Og.(5) = { 0 otherwise

This space can be used to define IBC operators in which an
agent always strictly discriminates between any two worlds
w,w’ € Qin terms of relative plausibility. In such operators,
ties between worlds never occur, so total preorders that are
not linear orders do not take place.

o £ = (Ut Bt) where U™ consists of all mappings
7 Q — Q,and B™(r) = Yargmax({r(w)|we})- This space
is known as the space of rational rankings. It was introduced
in (Borges et al. 2024) to capture the dynamics of IBC op-
erators in a flexible way. Compared to £°°, it allows one to
insert intermediate “layers” of plausibility without modify-
ing the relative ranking of other worlds. The degree of this
space is, for each S € P(Q).:

fem (S) = Ng

e £ = (U%,B*), where U¢ = U™° x BY and B is the
set of all infinite binary sequences. For each (X,0) € U,
B*((=,0)) = B™°(=X) (Schwind, Konieczny, and Pino
Pérez 2022). The degree of this space is, for each S €
P(Q)s:

95c (S) =

This space is strictly larger than the previous ones, so dis-
tinct epistemic states can encode finer distinctions between
change scenarios. Intuitively, in an epistemic state (<, 4d),
the TPO < represents the agent’s current plausibility order-
ing over worlds, while the binary sequence § stores addi-
tional conditional information that guides how future revi-
sions are performed.

By Proposition 5, all these epistemic spaces are regular.
Comparing their degrees and applying Theorem 1, we obtain
the following expressiveness hierarchy:

Theorem 2. £'¢ < gtro < gocf  grat  cc

Theorem 2 establishes a strict ordering of expressiveness
among several standard epistemic spaces. Each strict in-
equality indicates the existence of IBC operators realizable
in the space on the right but not in the space on the left.
While some of these relationships were already known in
specific cases, e.g., £®° < &°<f (Aravanis, Peppas, and
Williams 2019; Schwind, Konieczny, and Pino Pérez 2022),
by exhibiting operators that cannot be instantiated in the less
expressive epistemic space. Our framework provides a di-
rect and uniform method for deriving all of them.

As a final illustration, we show that different epistemic
spaces may be used interchangeably when they have the
same degree. Instead of working with the epistemic space
of rational rankings £™!, one can equivalently work with
the space of free OCFs. Free OCFs are non-normalized
OCFs, and the beliefs correspond to the worlds with mini-
mal ranking (instead of 0 for standard OCFs): let £Focf =
(UFeef | BFoct) where UFof consists of all mappings from
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() to the non-negative integers, and B™f maps each & to
Yargmin({x(w)|wen}) (Konieczny and Pino Pérez 2008).

It is straightforward to verify that Ogrst = f¢rocr. By Corol-
lary 1.1, it follows that £t = gFocf,

Finally, Corollary 1 implies that all canonical spaces for
a given operator have the same degree. As a consequence,
degree is an invariant of the operator itself. Since every IBC
operator can be canonized (Definition 4, Proposition 4), we
can lift the notion of degree from epistemic spaces to IBC
operators:

Definition 8 (Degree of an IBC Operator). Let (£,0) be an
IBC operator. The degree of o, denoted by 0., is the degree
of the canonization of £ w.rt. o, i.e., 0o = O¢, . (= 0o, ).

The degree of an operator thus reflects the expressive
power required to realize it. For instance, from Proposi-
tions 2 and 3 we obtain:

Corollary 2.
* op, or, g and o'y have degree Ogwo
* o and e, have degree 0 goct

Since £° < £°¢f (Theorem 2), it follows that o and e
are strictly “more expressive” than oy (equivalently o’y),
or,, and e, in the following sense: there exist belief change
scenarios that the more expressive operators can treat dif-
ferently, while the less expressive operators necessarily treat
them in the same way. Equivalently, an agent equipped with
o4 or e can represent and act on finer-grained distinctions
between revision histories than an agent restricted to o, oy,
orep.

6 Minimal and Universal Epistemic Spaces

Having developed the tools to compare the expressiveness
of epistemic spaces and to characterize these relationships
via their degrees, we now address four central questions for
a given class C of IBC operators, which will then be instan-
tiated for relevant classes (e.g., DP, GI):

1. What are the spaces capable of realizing at least one op-
erator from C?

2. Among them, what are the least expressive spaces?

3. What are the spaces capable of realizing all operators
from C?

4. Among them, is there a least expressive one?

Question 1 concerns realization of some operator in the
class, while Question 2 asks for the minimal expressiveness
required for such a realization. Question 3 asks for univer-
sality: spaces expressive enough to realize the entire class.
Question 4 refines this further by asking whether there is
a genuine lower bound among universal spaces, that is, a
space whose degree exactly matches the expressive require-
ments of the class.

A positive answer to Question 4 is particularly informa-
tive: it identifies, up to =, a minimally expressive universal
space, i.e., a canonical representative of C. Such a space
is both sufficient to realize every operator in C and neces-
sary in the sense that no strictly less expressive space can be
universal for C.

575

Definition 9 (3(C) / V(C)). Let C C IBC. Then we define:

* Q) =U{R(e)[e€C}

* V(€)= N{R(e) | o € C}

We also denote by:

* 3.(€) = Min(3(C), %)

* ¥.(C) = Min(v(C), <)

where Min(E, <) = {£ € E | i’ € E,&" < £} denotes
the set of =-minimal elements of F.

The class 3(C) answers Question 1: it consists of the
spaces that realize at least one operator in C. The class
3, (C) answers Question 2: it selects the <-minimal spaces
among them. The class V(C) answers Question 3: it con-
tains exactly the spaces that realize every operator in C. Fi-
nally, V,(C) answers Question 4 by selecting the minimal
elements of V(C). If non-empty, V, (C) contains exactly one
epistemic space up to expressiveness equivalence.

We begin with the simplest case, which follows from very
general considerations. Let 2 denote the class of epistemic
spaces 2 = {€ = (U,B) € Sp | Card(U) = 2}:
Proposition 9. 3(IBC) = {£ € Sp |3 €2, & <X EYL

This case mainly serves as a baseline. More informative
are the results for DP and GI, which already impose non-
trivial expressiveness requirements.

Proposition 10. 3(Gl) = 3(DP) = {£ € Sp | £ < £}

This proposition shows that any space realizing at least
one Gl or DP operator must have degree at least ¢, and
that £'° already suffices. Thus, these classes require strictly
more expressiveness than the full class IBC.

We now consider universal realization:

Proposition 11. V(IBC) = V(GI) = V(DP) = {£ € Sp |
Eex &}

This proposition has several important consequences.
First, it shows that a universally expressive epistemic space
for all IBC operators exists: the class V(IBC) is non-empty.
In particular, £¢ € V(IBC), so £° can realize every IBC op-
erator. Second, £° is not merely an example of a universal
space: any space that realizes all operators in IBC, in G,
or in DP must be at least as expressive as £¢. In particu-
lar, since £¢ € V(DP), there exist DP operators canonically
defined on £°. Together with Propositions 9 and 10, this
yields the following minimality statements by taking the <-
minimal elements of the corresponding classes:

Theorem 3.

1. 3,(IBC) =2

2. 3,(Gl)=3,(DP) ={£€Sp| & =&}

3. V,(IBC) =V, (Gl) =V, (DP) ={£eSp| £ =&}

Thus, £'° is, up to =, the least expressive space that re-
alizes some operator in DP or Gl, while £° is, up to =, the
least expressive space that realizes all operators in DP, Gl,
and IBC. The latter result is the more significant one: it
identifies the exact expressiveness needed for a space to be
universal for these classes.

We now refine the analysis by considering additional sub-
classes, combined with DP and GI.



Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning

Main Track
IBC | DP | DPNTPO | DPNG= | DPNGw= | GI | GINTPO | GING= | GINGw=
3 (C) 2 glo glo gtpo gtpo glo 5Io gtpo gtpo
v (C) ge ge gtpo gocf grat Ee gtpo gocf Erat

Table 1: Representative minimal spaces for realization and universal expressiveness.

* TPO = {0 € IBC | &£%° € R(0)}: the class of IBC
operators that are realizable in £'P°

* G=: the class of IBC operators for which: 1) there exists a
unique equivalence class (U )=, such that B(¥+) =T,
and 2) for each ¥ € U,, there exists a scenario o such
that W =, ¥t oo

» Gw™: the class of IBC operators for which there exists
a state Ut € U, such that (B(¥+) = T and for each
VU € U,, there exists a scenario ¢ such that ¥ =, Ut oo0)

The class TPO directly includes all operators defined on
E'™°, but it also includes operators that can be equivalently
instantiated on £P°, such as (£°f, o) (cf. Proposition 2).
Properties G= and Gw™ both formalize the idea that all epis-
temic states are generated from an initial “empty” state U
by iterated change. The difference between G= and Gw™=
lies in the strength of the requirement. For G=, the state
U+ must be unique up to strong equivalence. This prop-
erty is a slight adaptation of the property G from (Schwind,
Konieczny, and Pino Pérez 2022) which requires that the
epistemic state ¥+ must be unique. For Gw=, uniqueness
up to strong equivalence is not required: an agent may re-
turn to an empty state that is not strongly equivalent to the
initial one, which allows, for instance, the design of agents
whose change reluctance evolves over time (see (Perrotin
and Schwind 2024) for examples).

Combining these subclasses with Gl and DP yields the
following expressiveness bounds:

Proposition 12.

1. 3(DPNTPO) =3(GINTPO) = {£ € Sp| P < &}

2. A(DPNGS) =3(GINGZ) ={€ € Sp| &P < &}

3. ADPNGWT) =3(GINGwWT) ={£ e Sp| EP° < &}

4. Y(DPNTPO) =VY(GINTPO) ={£ e Sp| &P <&}

5. ¥(DPNG™) =VY(GING) ={£ecSp|&f <&}

6. VIDPNGwW™) =V(GINGw™) ={£e€Sp |t < &}
From Proposition 12, we immediately obtain:

Theorem 4.

1. 3,(DPNTPO) = 3,(GINTPO) = {£ € Sp | £ = £}

2. 3,(DPNG=) =3 (GING=) ={€ € Sp| & = &P}

3. 3.(DPNGw™) = 3, (GINGw™) = {£ € Sp | £ = £P°}

4. V,(DPNTPO) =V, (GINTPO) ={£ € Sp| £ = £P°}

5. V. (DPNGT) =V, (GINGT) ={£ € Sp| £ = &£°f}

6. Vo(DPNGW™) =V, (GINGwT) = {£ € Sp | £ = £}

It is worth noting that (Schwind, Konieczny, and Pino
Pérez 2022) established that £°f is universally expressive
for DP N G; because G is only a slight variant of G=, this
result coincides with point 5 of Proposition 12 for DP N G=.

576

They also showed that £°f is not universal for DP, which
is here a consequence of Proposition 11. Our results extend
this line of work by providing a comprehensive characteri-
zation of expressiveness for both DP and Gl operators, in-
cluding the subclasses based on TPO, G=, and Gw=, and
by covering 3(+) in addition to V(-). In particular, Theo-
rem 3 establishes the existence of a universally expressive
space for DP (namely £¢) and shows that it is canonical for
the entire class IBC.

Table 1 summarizes Theorems 3 and 4. For each class C,
it lists representative spaces, up to =, for 3,(C) and V,(C).

7 Conclusion

Iterated belief change (IBC) operators have been studied
in several epistemic representations, most prominently the
TPO-epistemic space £'P° and the OCF-epistemic space £°°.
In E'°, epistemic states are total preorders over worlds
and directly encode relative plausibility; in £°f, states are
ranking functions that allow for a finer-grained representa-
tion of plausibility. Previous work has shown that £°°f is
strictly more expressive than £° for DP operators (Arava-
nis, Peppas, and Williams 2019; Schwind, Konieczny, and
Pino Pérez 2022), and also that £°<F is not expressive enough
to instantiate all Darwiche-Pearl (DP) operators (Schwind,
Konieczny, and Pino Pérez 2022). However, these results
were obtained in a case-by-case manner and did not pro-
vide a general method for comparing the expressiveness of
epistemic spaces or for identifying precise expressiveness
bounds for operator classes.

This paper develops such a general framework. We intro-
duced tools that allow the systematic comparison of expres-
siveness between epistemic spaces and studied the condi-
tions under which an epistemic space is expressive enough to
instantiate an IBC operator defined on another space. Three
notions are central to this analysis: (i) canonization, which
maps an IBC operator to an equivalent one defined on a min-
imal canonical space; (ii) a formal comparison of expres-
siveness, based on realizability of operators; and (iii) the
degree of an epistemic space, which characterizes relative
expressiveness for regular spaces.

Using this framework, we characterized, for IBC, DP, and
General Improvement (GI) operators (as well as several sub-
classes), the minimally expressive spaces for each class, and
the spaces that realize all its operators, which we call univer-
sal spaces. We also showed how to identify, among univer-
sal spaces, a canonical representative (up to expressiveness
equivalence). These results determine the expressiveness
thresholds associated with the different operator classes and
make explicit how structural properties of operators translate
into requirements on their epistemic domains.

A particularly important outcome is the characterization
of the epistemic space £, whose states consist of a total
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preorder together with an infinite binary sequence encod-
ing conditional information for future change scenarios. We
proved that £¢ is a canonical representative space for the full
class of IBC operators: every such operator can be instanti-
ated on it, and it is minimal among spaces with this univer-
sal property. Moreover, some DP operators (and therefore
GI operators) are canonically defined on £¢. Thus, £° is not
only a canonical representative space for all IBC operators,
but also for both DP and GI operators. This closes a gap in
the literature, where the existence of such a space had not
previously been established.

Future directions include extending the analysis to other
classes of iterated belief change, such as iterated contrac-
tion operators (Konieczny and Pino Pérez 2017), or incor-
porating additional structural properties, such as unbiased-
ness (Sauerwald and Thimm 2024), into the expressiveness
map. More broadly, the framework developed here provides
the tools needed to address long-standing open questions, in-
cluding possible correspondences between iterated (DP) re-
vision and iterated contraction in their canonical spaces, or
between improvement and decrement operators (Sauerwald
and Beierle 2019).
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