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Abstract

In response to a concern raised by Horty, this paper develops
a two-tiered, preference-based semantic framework for mod-
eling defeasible conditional obligations. The paper extends a
Hansson—Lewis style preference semantics for dyadic deon-
tic logic by incorporating a nonmonotonic reasoning mecha-
nism that enables previously derived obligations to be with-
drawn when new, potentially conflicting information comes
in. The account is bi-preferential: two orderings—ideality
and normality—on worlds are employed to address shortcom-
ings in earlier approaches, with a separate ranking method
for each. At the nonmonotonic layer, a number of postulates
are considered, including antecedent strengthening, inclusion
and no-drowning. A connection is established with so-called
constrained input/output (I/0) logic—an existing standard for
normative reasoning based on a different methodology.

1 Introduction

Obligations are inherently conditional and take the form of
conditional statements. Their logical analysis is the focus
of the logics of conditional obligation or dyadic deontic log-
ics. These can be classified into two categories: preference-
based systems and norm-based systems. Preference-based
systems analyse the conditional obligation operator within
the framework of possible world semantics. A preference
relation ranks possible worlds in terms of betterness or ide-
ality. These systems can be seen as the deontic cousin
of the KLM systems for nonmonotonic inference (Kraus,
Lehmann, and Magidor 1990).! Notable systems in this
category include: (Hansson 1969)’s DSDL systems; (van
Fraassen 1972)’s system CD; (Lewis 1973)’s system VN;
(Goble 2003)’s system DP; (Aqvist 2002)’s systems E, F and
G; and (Kratzer 2012)’s semantics. In contrast, norm-based
systems analyse the conditional obligation operator with ref-
erence to a set of explicit norms representing the normative
system. The semantics is operational rather than model-
theoretic. The meaning of the conditional obligation oper-
ator is given through a set of procedures that yield outputs
based on given inputs. Prominent systems in this category
are: (Horty 2012)’s deontic default logic; (Makinson and
van der Torre 2000)’s input/output (I/O) logic; and (Hansen

1(Makinson 1993) describes them as a nonmonotonic formal-
ism that was “ahead of its time” (avant la lettre) and identifies them
as the fifth—and “most complex” (p. 374)—face of minimality.
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(ii)

2008)’s and (Sergot 2025)’s imperativist semantics for de-
ontic logic.

The methodologies in these two groups differ substan-
tially, leading to distinct semantic frameworks. Each type
excels in different areas. Preference-based systems are par-
ticularly effective at handling contrary-to-duty (CTD) rea-
soning, such as (Chisholm 1963)’s paradox—a core problem
in deontic logic dealing with norm violation. Norm-based
systems are well-suited for defeasible, or nonmonotonic,
reasoning: they can accommodate norms with exceptions,
allowing conclusions to be revised or withdrawn as new in-
formation becomes available. Unifying these approaches so
as to combine their respective strengths remains a central
challenge, identified as an open problem by (Horty 2014).

This paper focuses on concerns raised by Horty (Horty
1993; Horty 1994; Horty 2007; Horty 2012; Horty 2014)
concerning the ability of preference-based systems to accu-
rately model defeasible normative reasoning. The objections
are summarized, and a new ordering semantics is proposed
to address them. The approach is two-tiered in two respects:

(i) A preference-based dyadic deontic logic is extended with
a nonmonotonic reasoning mechanism; nonmonotonicity
is obtained by (indirectly) parameterizing an otherwise
monotonic consequence relation with a set of norms rep-
resenting the normative system;

Two orderings—ideality and normality—on worlds are em-
ployed to address issues in previous implementations, no-
tably the fallacy of the prohibited exception (see §2.1);
each ordering uses a distinct ranking method.

The deontic fragment of the proposed framework is faith-
fully embedded into constrained input/output (I/O) logic, a
well-established norm-based system due to (Makinson and
van der Torre 2001).> Earlier approaches either focus on
so-called unconstrained I/O logic, which does not support
nonmonotonic nor CTD reasoning (Makinson and van der
Torre 2000; Bochman 2005; Parent and van der Torre 2014;
Stolpe 2020; Parent 2021; Ciabattoni and Rozplokhas 2023),
or adopt a proof-theoretic perspective based on adaptive
logic or argumentation (Straler, Beirlaen, and Putte 2016;
Arieli, van Berkel, and Straler 2024). This paper adopts
a model-theoretic, KLM-style perspective on constrained

2Qverview in (Parent and van der Torre 2013).
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I/O logic, extending previous findings for the unconstrained
case. To my knowledge, it is the first endeavor of its kind.3

2 Preliminaries

Horty’s main point is that normative reasoning is defeasi-
ble, and thus nonmonotonic: a conclusion drawn can be re-
vised by new information. Preference-based dyadic deontic
logic was developed as a species of modal and conditional
logic. The entailment (or consequence) relation is mono-
tonic: once conclusions are drawn, they cannot be revoked.

Nonmonotonicity may be understood as a property of ei-
ther the conditional, in the object language, or the entailment
relation, in the meta-language. Following Horty and others,
this paper adopts the latter perspective, justifying it with ref-
erence to what may be called the strengthening problem, a
central issue in normative reasoning

2.1 The Strengthening Problem

(O(B/A) may be read as “It ought to be the case that B if
A”. The principle of Strengthening of the Antecedent (SA)
allows one to infer O(B/A A C) from O(B/A). This prin-
ciple is central to normative reasoning: ()(B/A) is general
to the extent that A can be “freely” strengthened. In practice,
A occurs with some background condition C. The question
is whether B remains obligatory. By default, it does—unless
C cancels the obligation. Without the ability to strengthen
antecedents, obligations would fail as cues for action.

The strengthening problem concerns finding a middle
ground between unrestricted strengthening and none at all.
A child told “Do not eat with your fingers” naturally as-
sumes that the prohibition extends to more specific contexts,
like “if eating asparagus,” unless instructed otherwise. Ac-
cordingly, antecedents can be strengthened as much as pos-
sible, treating the obligation as generally as possible—two
ways of expressing the same idea—unless doing so conflicts
with available evidence. Implementing this idea requires
a nonmonotonic entailment relation, which existing norm-
based systems can handle easily. The question is whether
preference-based dyadic deontic logic can accommodate the
same kind of defeasible reasoning.

The proposed approach differs from the “enthymematic”
treatment of the strengthening problem (Goble 2004; van
Benthem, Grossi, and Liu 2014). The latter keeps a mono-
tonic entailment relation, but restricts (SA) suitably. A
seemingly valid strengthening is accounted for by making a
“hidden” premise—typically, a permission—explicit. Due to
space limitation, a discussion of the enthymematic approach
must be deferred to another occasion.

To illustrate the strengthening problem, Horty uses the
following example.*

Example 1 (The asparagus, (Horty 1993)). Consider the

following rules of etiquette:

(1) You ought not to eat with your fingers: O—f;

(ii) You ought to put your napkin on your lap: On;
3Omitted proofs can be found in a companion document avail-

able on-line (Parent 2026).
*As usual QA is short for O(A/T), where T is a tautology.
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>iii) If you are served asparagus, you ought to eat with your
Sfingers: O(f/a).
Horty notes that, assuming (i) exhausts the premise set, (iv)

should be derivable:

@iv) If you are served asparagus, you ought not to eat with
your fingers: O(—f/a).

He goes on to observe that, if the premise set is (i)-(iii),

then (iv) should not be derivable—(iv) contradicts (iii). Ac-

cordingly, (SA) cannot be endorsed as it is. However, some

strengthening is necessary: just as one wants to infer (iv)

from (i) alone, one also wants to infer (v) from (i)—(iii).

(v) If you are served asparagus, you ought to put your nap-
kin on your lap: O(n/a).

The reason is that (iii) defeats or overrides (i), but not (ii).
Hence, a conditionalization on a should be permitted for (ii),
but not for (i).

Techniques were developed in Knowledge Representation
and Reasoning (KR) to resolve a similar problem.5 While
one might consider applying them to deontic logic, Horty
dismisses this idea:

“Although I can offer no argument to show that this
cannot be done, I have not seen it done successfully,
and I am skeptical: being served cold asparagus does
not seem like the sort of thing that should force us to
consider nonideal worlds.” (Horty 2014, p. 449)

Horty’s reference to “being served cold asparagus” high-
lights the following point:

“In the classical [viz., preference-based] framework
[...] we cannot have O —f and O(f/a) without O—a,
because the first two statements entail the third.” (Horty
2014, p. 446)

The truth-conditions put ()(B/A) true if all the best A-
worlds are B-worlds. Accordingly, ()—f states that f is
false in all the best T-worlds, and (O(f/a) states that all
the best a-worlds are f-worlds. It follows that a is false in
all the best T-worlds; that is, Oﬂa.(’ Hence, a-worlds are
“nonideal” overall. The exception (“being served aspara-
gus”) is treated as a prohibition for the only reason that it is
an exception.

5 The asparagus scenario resembles what Pearl calls the prob-
lem of “property inheritance [blocking] from classes to subclasses”
(Pearl 1990, p. 128). If a subclass of C' (e.g., penguins as birds) is
exceptional with respect to one property (flying), it may fail to in-
herit other typical properties of C' (such as having wings). This
illustrates what (Lehmann 1995) calls “presumptive reasoning”:
properties of a class are assumed to hold for its members unless
there is evidence to the contrary. Intuitively, one wants to infer
“penguins have wings” from “birds have wings”. The formaliza-
tion in (Casini, Meyer, and Varzinczak 2019, Ex. 4) further clarifies
the analogy between the two cases.

SSuppose not. Then a best T-world w is an a-world. Since
O—f, w makes f false. However, by O(f/a), no best a-world
makes f false, so w is not a best a-world. It follows that w is
not a best T-world, contrary to our assumption. The argument is
informal, and can be verified more rigorously using the evaluation
rule that identifies the best worlds with maximal ones (cf. §3).
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In (Ryle 1938)’s terminology, such an outcome consti-
tutes a category mistake—akin to asserting that “The num-
ber two is blue”—and may be termed the “fallacy of the
prohibited exception.” Given its centrality, particularly in
(Horty 2014), it is presented below as a separate observa-
tion. This problem affects the classical semantics, but also
some of the more recent works in nonmonotonic logic men-
tioned above, like (Lehmann 1995)’s lexicographic entail-
ment relation. However, it does not apply to (Delgrande
2020)’s account. But the cost is significant. The obliga-
tion (O)—a is lost only because the more general obligation
(O—f is also eliminated; in context T, the general obligation
simply disappears. This is the drowning effect (Broersen
and van der Torre 2012; Parent and van der Torre 2017,
Parent and van der Torre 2018).” This poses a problem for
norm-compliance checking. In certain applications, it may
be desirable to determine whether ()(B/A) has been vio-
lated or fulfilled. Intuitively, such a check assumes that the
obliggltion holds, but in the model, the obligation does not
hold.

Example 2 (Prohibited exception, drowning effect). From

(1) You ought not to eat with your fingers: (O)—f;

(i) If you are served asparagus, you ought to eat with your
fingers: O(f/a);

one wants to be able to infer

(1) You ought not to eat with your fingers: O—f;

but not

(iv) You ought not to be served asparagus: ()—a.

A bi-ordering or two-dimensional semantics is employed
to address both problems, separating ideality and normality
rankings. The language of dyadic deontic logic will thus
be supplemented with a normality conditional =, express-
ing what typically holds, relative to a notion of normal or
non-exceptional situation.” For A = B, read “If A, then
normally B”. The basic idea is to constrain the orderings
on worlds in a model further using a designated set of ()-
and =-formulas. While the use of designated obligations
to constrain an ordering on worlds is not new, our approach
introduces a second ordering together with a separate set of
(normality) conditionals associated with it.

"This is distinct from the “drowning” problem described in
(Benferhat et al. 1993), which is another term for Pearl’s problem
of property inheritance.

8The drowning effect (for deontics) was originally discussed
in (Prakken and Sergot 1996, p. 98ff), although they do not use
this term. There it is described as a problem for solutions to the
contrary-to-duty (CTD) problem based on nonmonotonic logics
(Ryu and Lee 1994; McCarty 1994). In these approaches, an obli-
gation disappears when violated. The so-called cottage regulation
example states that there should be no fence, and that if there is a
fence it should be white. If we can no longer infer that there should
be no fence because a fence exists, how do we formally represent
that a violation has occurred?

A classic reference on the modal approach to normality is
(Boutilier 1994).
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Figure 1: f-DIS ranking. A bar “~” over a propositional letter
means “—”. Falsifying a more specific conditional does not re-

duce a world’s normality.

2.2 Ranking Worlds

This subsection offers an independent justification for em-
ploying distinct ranking methods for deontic and normal-
ity conditionals, a key component of the solution to the
strengthening problem. In what follows, the generic term
‘rule’ and the symbol r are used to refer indistinctly to a
conditional obligation and a normality conditional.

For normality, (Lehmann 1995)’s lexicographic ordering
method will be used, while for ideality (Delgrande 2020)’s
method will be used. They will be called LEX and DEL, re-
spectively. Both are variations on a method of ranking that is
familiar from conditional logic and deontic logic. Assessing
the normality (resp. goodness) of a world involves examin-
ing how well it conforms to the normality conditionals (resp.
obligations). Fewer violations correspond to a higher degree
of normality (resp. ideality). This ranking method is called
f-DIS, for flat distance-based. The relation captures an ab-
stract notion of distance to “full” normality (resp. ideality).
The adjective “flat” is meant to emphasize the absence of
hierarchy among conditionals (resp. obligations).'?

A problem arises with rules allowing for exceptions. Con-
sider the pair of conditionals “you normally do not eat as-
paragus” (T = —a) and “if you are at the restaurant, you
normally eat asparagus” (r = a). A normality conditional
(resp. an obligation) 7 is said to be falsified (resp. violated)
in a world if its antecedent is true and its consequent false in
this world. In this example, f-DIS yields that a » A a-world
and a r A —a-world are equally exceptional. This is shown in
Fig. 1. Paradoxically, falsifying a more specific conditional
does not make a world less normal compared to falsifying a
more general one—the two are treated equally.

This outcome is counter-intuitive because, while specificity
may represent an exception to a general rule, it still encodes
a meaningful expectation.!! It is noteworthy that, under the
standard truth-conditions for = in terms of maximality (viz.
“all the most normal A-worlds are B-worlds”), the resulting

'"Three accounts based on f-DIS are: the semantics of the in-
ference relation of a Poole system (Freund 1998, §3.1), (Kratzer
2012)’s semantics and (van Benthem, Grossi, and Liu 2014)’s
theory of P-graphs (for the special case of a “flat” P-graph).
(Makinson 1999) discusses how f-DIS relates to (Jgrgensen 1937)’s
dilemma—the problem of whether norms bear a truth-value and
whether a logic of norms can exist.

"The point is even clearer in Tweety’s well-known example:
“birds normally fly” (b = f) and “penguins (like Tweety) normally
do not fly” (p A b = —f). Although penguins are exceptions
to the general flying rule for birds, the more specific conditional
“penguins do not fly” still conveys an expectation. Falsifying it
(even artificially, with the help of artificial wings) results in an even
less normal world.
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model makes » = a false. Indeed, a most normal r-world is
a —a-world.

LEX addresses this problem by ranking worlds lexico-
graphically rather than by a simple count. A world is more
normal if it falsifies fewer conditionals, giving precedence
to more specific conditionals; falsifications of less specific
conditionals are considered only in case of a tie on more
specific conditionals. One assumes a partition of the set of
(explicitly given) conditionals into levels of specificity, and
applies f-DIS level by level, starting with the set of most
specific conditionals and proceeding up to the less specific
ones. The ranking is shown in Fig. 2 in Ex. 3.

LEX is appropriate for normality conditionals, but not
for deontic conditionals. Consider: “you should not eat
with your fingers” (O—f) and “if you are served aspara-
gus, you should eat with your fingers” (O(f/a)). {-DIS and
LEX yield that the —a A — f-world is strictly better than
the a A f-world. This clashes with the specificity princi-
ple, which states that the more specific obligation overrides
and “suspends” the more general one. ()(f/a) states that,
if a is the case, then f is obligatory. Intuitively, O—f no
longer applies. Why, then, consider this obligation violated,
if a A f? This is counter-intuitive. DEL corrects this prob-
lem by stipulating that ()(B/A) is not considered violated
in world w—even when A holds and B fails—if w triggers
and complies with a more specific obligation overriding it.
As a result, the —a A —f-world and the a A f-world are
ranked as equally good.

3 Framework

In addition to a set of propositional letters, the Boolean con-
nectives and the modal operator O, the language £ has (as
primitives) a normality conditional operator = and a con-
ditional obligation operator O(—/—). = and O(—/—) are
read as before. For OA, read “It is necessary that A”. For
simplicity’s sake, it is assumed that = and O do not occur
within the scope of () (and vice-versa) and that O does not
occur within the scope of = (and vice-versa). Iterations of
O or = are ruled out too.'> As mentioned, r (possibly in-
dexed by a natural number) is a schematic symbol that may
stand for either a conditional obligation or a normality con-
ditional. Given some r, h(r) is the head (or consequent) of
r, and b(r) is its body (or antecedent). As usual, O A is short
for -0—A. kg5 denotes the entailment relation in modal
logic S5 (Chellas 1980), and |=pr, the entailment relation in
(classical) propositional logic.

3.1 Preliminary Notions

This section introduces notions needed for subsequent de-
velopments. In what follows, R = (R, R°), where R~
and R° are finite sets of =-formulas and ()-formulas, re-
spectively. The formulas in R™ can be thought of as ex-
pressing “soft” constraints, allowing for exceptions. R is
the normative system under consideration. Alethic formulas

12An example of a logic allowing nested occurrences of = is
(Lamarre 1991)’s system C4. Nested conditionals are not directly
relevant to the problem at hand (see, e.g., (Makinson 1993) for a
general discussion).
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are used to encode hard (i.e., non-defeasible) information
about the domain. For instance, O(A — —B) states that A
and B cannot both hold.

Definition 1 (Overridingness or defeat). Given r;,7; € R,
and a set ' of alethic formulas, r; is said to override r;
(notation: r; > r;) whenever

(1) {h(Tl)7h(Tj)} ul ):SE) 1

(11) b(’l"j) 'ZPL b(’l"z) and b(’l“z) ):PL b(Tj)

(lll) h(?"i), b(?"j) 'ZPL 1.

(1) and (ii)) may be found in (Horty 1993; Delgrande
2020). (i) says that the heads of the obligations are incon-
sistent in S5, given the hard information at our disposal. (ii)
says that the overriding obligation is more specific. (iii) is
proposed by (Tan and van der Torre 1995). It may be moti-
vated as follows. A contrary-to-duty (CTD) obligation says
what should be done if another (primary) obligation is vio-
lated. (iii) tells us that 7; is not a CTD of r;. Consider (For-
rester 1984)’s gentle murder paradox: Do not kill, but if you
kill, do it gently!. Without (iii), the CTD obligation If you
kill, do it gently! (O(k A g/k)) would override the primary
obligation Do not kill! ((O)—k). This is usually considered
counter-intuitive.

A model (referred to as an R-ordered model) has the form

M = (W72N7217’U)

where W is a (non-empty) set of worlds, > and >; denote
a normality and ideality (betterness) ordering on the worlds,
and v a valuation assigning to each world the set of propo-
sitional letters true in this world. “w >y v” is read as “w
is at least as normal as v”, and “w >; v” as “w is at least
as good (or ideal) as v”. “>pN” (the strict counterpart of
“>nN") is defined by w > v if and only if (iff) w >xn v
and v }xn w. “>” (the strict counterpart of “>;”) is de-
fined analogously. Two worlds w and v are equally normal
iff w >y vandv >y w. Given X € W, maxy , (X) is
{fwe X :Vve X (v>=yw—w >y v)}. Equal goodness
is defined analogously. || is the cardinality of -.

Given a model M, and a world w, the satisfaction relation
=< W x L is defined inductively by “w |= p iff w € v(p)”,
with the usual clauses for the Boolean connectives. Those
for the other connectives are introduced in the next sections.

Occasionally the focus will be on models that are replete
in the sense of (Goble 2019). Call a Boolean formula A
PL-consistent, if it is consistent in (classical) propositional
logic, viz. A [=pr, L.

Definition 2 (Repleteness). A model M is replete if, when-
ever a Boolean formula A is PL-consistent, there is a world
w in M such that M, w = A.

Definition 3 (Falsification set). Set
F(w) ={r; e R™ 1w E=b(r;) A =h(r;)}
F(w) gathers all the conditionals in R™ falsified by w.
Definition 4 (Violation set). Set
V(w) ={r; e R° : w = b(r;) A —=h(r;) and w |= b(r;)
Vr; e R s.t. rj =1}
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V (w) gathers all the obligations violated by w. The clause
“w = b(r;) Yrj € R s.t. 7j =1;” ensures that O)(B/A)
is not considered violated by w—even when A holds and B
fails—if w triggers and complies with a more specific obli-
gation overriding it (cf. §2.2).

3.2 Normality

This section describes (Lehmann 1995)’s lexicographic or-
dering method for normality. Given X < R™, denote by
m(X) the materialization of X, ie., {B — C: B= C €
X}, where — is material implication. A Boolean formula
A is said to be exceptional for X if m(X) =p;, —A4. A
conditional A = B is said to be exceptional for X if its an-
tecedent A is. Lete(X) be the set of A = Bsin R™ that are
exceptional for X € R™. Define a sequence &, ..., £ of
subsets of R™ as follows: (i) &g = R™; (i) & = £(&i-1),
for 0 < i < m and £, = &,,, where m is the smallest k for
which &, = & for all [ > m. We call m the order of R™.
That m always exists follows from the fact that R= is finite,
and the following fact:

Fact 1. (&;);>0 is (strictly) decreasing:
Eivic & foralli =0

(&:)izo is called the LM-sequence (after (Lehmann and
Magidor 1992)).

For technical reasons, an assumption of coherence of R™
is made. This assumption is intuitively plausible.

Definition 5 (Coherence). R™ is said to be coherent if
—3X < R™ such that m(X) pr, A,cx —b(r), and in-
coherent otherwise.

Assumption 1. R™ is coherent.

For instance, {A = B,A = —B} and {A = —A} are
incoherent, but {A = B, A A C'= —B} is coherent.
The following follows:

Fact2. £, = (.

Proof. Suppose, to reach a contradiction, that £, = &, =
f, where m is the smallest k for which &, = & for all
I>m.Let&, ={r,..,rn} € R™. Since &, = Emia,

Ems1 =1{r1,,rn}

Since Eny1 = (Em),

n

m(En) Frr /\ —b(r:)

i=1

As &, € R™, R™ is incoherent. O

From this, we define the ranked partition of R~ as
(Agy e, Ay where A; = & — E;4q, fori =0,...,m — 1,
and A,, = &,. Intuitively, each A; gathers the elements
of R™ with the same level of specificity. Ay is the set of
less specific conditionals, A is the set of second-less spe-
cific ones, and so forth up to A,,, 1, the set of most specific
ones. Given some R™ of order m, to every subset X € R~
may be associated a tuple of natural numbers: (nq, ...., ., ),
where n; = |A,,—; n X|, forall i = 1,...,m. These Xs
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most normal: 7 <%09>
intermediate: ra<9%1> 7q<0.1>
least normal: ra<%9%>

Figure 2: LEX ranking. Falsifying a more specific conditional
makes a world less normal (cf. §2.2)

may be ordered using the natural lexicographic ordering on
their associated tuples. Let the relation be denoted by =. Its
definition may be stated formally thus, where {ny, ....,
and (n},....,n. > are the tuples associated with X and Y,
respectively:!

X 2 Yiff (ny, oy =% 0l nl D
iff n; = n/, for all i such that 1 < i < m, or
n; < n, for the first i such that n; = n/,

The normality relation > can now be introduced. Intu-
itively, a world is more normal if it falsifies fewer condition-
als, giving precedence to more specific conditionals; falsi-
fications of less specific conditionals are considered only in
case of a tie on more specific conditionals.

Definition 6 (Normality relation). Given a set R~ of nor-
mality conditionals, and w1, w, € W, set

wy =n we iff F(wy) 2 F(ws)

Example 3 (Exception, normality). Let R™ = {T =
—a,r = a}. Fig. 2 shows the worlds’ ranking, with tuples
indicated by superscripts.
Remark 1. (i) >y is reflexive, transitive and total (for all
wy,we € W, wy >N wo or wy >N wi), (ii) >N is ir-
reflexive, transitive and modular (for all wi,ws, w3 € W, if
w1 >N Wo then wi >N W3 Or w3 >N Ws).

HAHM is the truth-set of A in M, viz., the set of worlds
where A holds. M is omitted when no confusion can arise.

Remark 2. If R™ O, then >y= W x W and
max  ([A4]) = [Al.

Infinite chains of increasingly more normal worlds are
ruled out; > verifies the condition called “smoothness” by
(Kraus, Lehmann, and Magidor 1990) and “stoppering” by
(Makinson 1988):

Proposition 1 (smoothness). If w1 = A, then w; €
maxs  (|A4|) or Jwa >N wy s.t. way € maxs , (| A).
Intuitively, OA holds in world w when A holds in all

worlds, and A = B holds in w when the most normal A-
worlds are all B-worlds. Formally:

Definition 7 (Truth-conditions, part I).
M,w | OAffW = [AIM
M.w = A= B if max(JA]") < |BJ
ZN

Remark 3 (Systems S5 and R). (i) O validates the axioms
and rules of S5, (ii) = validates the rules of (Lehmann and
Magidor 1992)’s system R (recast as a Hilbert-style axiom
system,).

Bno = |Am n X| does not need to be considered as a first

coordinate, since under Assumption 1 it is always equal to O.
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3.3 Ideality

Definition 8 (Ideality relation). For a set R° of obligations,
and wy,we € W, set:

wy >1 wa iff V(wy) € V(ws)

Intuitively, wy is at least as good as wo if the set of obli-
gations violated by w; is included in the set of obligations
violated by ws.

Remark 4. >; is reflexive, transitive and smooth.

The truth-conditions of () are a variation on ones com-
monly used in a mono-preferential setting. To indicate what
the variation is, a specific lifting relation must be intro-
duced.'* Below the superscript s is for “set”.

Definition 9. For U,V < W, U >3 V (reading: U is at
least as good as V) iff Vv e V Ju e U s.t. u >1 v.

Proposition 2. >7 is reflexive and transitive.

In deontic logic, it is usual to interpret ()(B/A) as ex-
pressing a (strict) preference of A A B over A A —B.
O(B/A) is equivalent with A A B > A A —B, where the
connective > (on formulas) is defined by putting A > B as
true at a world iff | B| %7 [|A]. Intuitively, to determine the
truth-value of O)(B/A) amounts to verifying whether the set
of A A —B-worlds is not at least as good as the set of A A B-
worlds, using an appropriate lifting relation. Instead of
working with the set of worlds verifying the relevant formu-
las, this paper suggests working with the subset of those that
are the most normal. One gets: ()(B/A) is true, whenever
the set of most normal A A —B-worlds is not at least as good
as the set of most normal A A B-worlds. This kind of variant
rule, where normality and ideality are combined, is familiar
from the deontic logic literature—see e.g. (Jackson 1985;
van der Torre 1997).

Definition 10 (Truth-conditions, part II).
w = O(B/4) iff max(|A A —B|) *; max(|4 A Bl)

Taken together, Def. 9 and 10 yield the following derived
truth-conditions. They state that ()(B/A) holds, if there is a
most normal A A B-world that is not worse than (or weakly
dominated by) any most normal A A —B-world.

Proposition 3 (Derived truth-conditions).
w = O(B/A) iff 3v € max(|A 1 B])
=ZN

Vu e max(|A A —B]|) uksv
=N

A few words about zooming in on the most normal worlds
are in order. The assumption is that when I say “it ought to
be that B, given A,” I typically do so under the presumption
that things are as normal as possible. In other words, ex-
ceptional or abnormal worlds are treated as irrelevant when
assessing whether the obligation holds. This assumption is
in itself plausible. As shown in §3.5, it prevents the drown-
ing effect.

4(Halpern 1997, p.4) credits this lifting relation to (Lewis
1973).
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It is now possible to explain why Def. 9 was chosen.
When R™ = ¢, the truth-conditions for () coincide with
those employed in deontic logic to accommodate unresolved
conflicts, namely situations in which both ()A and O—A
hold without either taking precedence (van Fraassen 1972;
Lewis 1974; Prakken and Sergot 1997). This pattern of eval-
uation may be referred to as the 3V truth-conditions. The
use of this approach to accommode conflicts is advocated
by (Goble 2003; Goble 2013). The rule reads: (O(B/A) is
true in w iff there is some A A B-world such that, as we go
up in the ordering, the material implication A — B always
holds.!? Formally,

Proposition 4 (3V truth-conditions). Let R™ = (J. Then:

w = O(B/A) iff Jv(v = A A Band
Vu(uk;v—buleaB))

Proof. This follows at once from Prop. 3 and Rem. 2. [

O as defined in Prop. 4 satisfies the axioms and rules of
(Goble 2003)’s system DP.'¢

Looking back, this consideration is what primarily moti-
vated the use of Def. 9. It is reasonable to expect that an es-
tablished theory of conditional obligation should emerge as
a limiting case when normality considerations are set aside.

3.4 Nonmonotonic Layer

This section adds a nonmonotonic layer to the framework.

It is helpful to adopt Horty’s terminology. His entailment
relation |~ operates on a theory A, and outputs formulas
(e.g., obligations) “entailed” by the theory (see, e.g., (Horty
2012, p. 80)). In what follows, I is a (finite) set of ordinary
(Boolean or alethic) formulas. A theory A is a pair (', R),
where R = (R™,R°). |~ is defined as in (Prakken and
Sergot 1997). The definition refers to the class C(R) of all
R-ordered models, whose normality and ideality orderings
are determined by R (as per §3.2 and §3.3). Accordingly,
one can say that |~ is (indirectly) parametrized by R.

Definition 11. A [~ A (“A entails A”) iff T = (r) A

Intuitively, Def. 11 says that theory A entails A if in any
R-ordered model M, and any world w in M, if all the for-
mulas in I" hold in w, then so does A. Def. 11 does not
require that every normality conditional A = B in R™ be
satisfied in world w. Prop. 5 will demonstrate that this re-
quirement is automatically met. Similarly, the definition im-
poses no such requirement on the obligations (O)(B/A) in
R°; Prop. 7 and 8 specify when this too holds automatically.

13Compared to the standard evaluation pattern in terms of “best”
(Hansson 1969), the main advantage of the 3V rule is that it can
accommodate conflicts without generating a deontic collapse. In
particular, the set {OA, O—A} is satisfiable in a model. But, un-
like the best-based evaluation rule, the 3V rule does not warrant the
inference from () A and ()—A to (OB for an arbitrary B, implying
the collapse of all normative distinctions in the face of a conflict.

1DP differs from (Lewis 1973)’s system VN in not containing
the axiom O(B/A) — — O (—B/A) nor the principle AND,
which is present in (Kraus, Lehmann, and Magidor 1990)’s sys-
tem P.
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best 2nd-best worst
B rafn
Fafn — __z — Tafn | most normal
rafn
77'af Tf ra fﬁ
rafn rafn .
—_ —_— o F | .
Fafn Fafn Fafn | intermediate
rafn
_z rafn .
rafn " rafn Taff | least normal

Figure 3: The asparagus

To capture the property of monotonicity in our setting,
the usual notion of containment between theories must be
redefined.

Definition 12. A; = (I';,Ry) is contained in As
(T'2,Rp) (notation: A1 = As) whenever I'y < I'y, RT
Ry, and RS € RS.

Def. 12 means that A, contains all the facts, hard informa-
tion, explicit obligations and explicit normality conditionals
already present in A;. Monotonicity is the property that if
Aq |~ Aand A E Ay, it follows that Ay |~ A.

c

3.5 Example

A specificity structure is represented as {(A,
O(=A/B), T = —B}. On the technical side, T = —B
is used to generate a normality ordering in the model. Con-
ceptually, T = —B fixes —B as the default context. Since
— B is declared holding by default, the default obligation in
that context is (A, defeasibly overridden by (O)(—A/B).

Example 4. [The asparagus, extended version] Consider
a theory A = (I',R) whereI' = J and R= = {T =
—a,r = a} and R° = {O—f,O(f/a), On}. Given R,
the set of all possible worlds is partitioned into three equiva-
lence classes: the class of those with —a (=the most normal
worlds), the class of those with r A a or —r A a (=the second
most normal worlds) and the class of those with r A —a (=the
least normal worlds). Fig. 3 shows the resulting R-ordered
model M. The “y-axis” represents normality. The higher up
a world is, the more normal it is. The “x-axis” represents
ideality. The more to the right a world is, the farther away to
full ideality it is. The account gives the expected solutions.
First, each of O(f/a), On, T = —a and r = a holds in
a given world w in M, and so each is defeasibly entailed by
A. Second, we have that

A~ O(n/a) (1) ANQ —a (witness: afn)  (3)
A}\O (—=f/a) ) A |~ OQ—f (witness: Tafn ) (4)

(1) and (2) show that the “right” amount of strengthening is
obtained. (3) and (4) show that the fallacy of the prohibited

exception and the drowning effect are avoided.

We can now see why zooming in on the most normal
worlds in Def. 10 prevents the drowning effect. As men-
tioned, the idea is that, when I say e.g. “you ought not
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to eat with your fingers,” I do so assuming that circum-
stances are as normal as possible. Abnormal or excep-
tional worlds—such as those where you are served aspara-
gus—are disregarded when evaluating whether the obliga-
tion holds. Fig. 3 illustrates that, if such worlds were in-
cluded, O—f would be false. For ||f| =% |—f| while
maxy , (||f]]) *% maxs (| =f]). Thus, obligations do not
drown because normality acts as an extra filter.

In this setting, the fallacy of the prohibited exception does
not arise, thanks to DEL, and the fact that the ideality and
normality relations are independent. As mentioned in §2.2,
the key point is that, other things being equal with respect
to other obligations, a world in which the general obligation
is violated and the more specific one fulfilled (a A f) is as
good as a world in which the general obligation is fulfilled
(—a A —f). This remains true when referring to the most
normal a A f-and —a A — f-worlds, even though they lie at
different levels of normality.

4 Properties

This section generalizes the points made in the previous ex-
ample, by identifying postulates characteristic of the system
at the nonmonotonic layer. They serve as laws for the ex-
plicitly given obligations and normality conditionals.

The first postulate is the principle of inclusion,!” stating
that explicit conditionals are defeasibly entailed. For nor-
mality conditionals, inclusion holds without restriction (sub-
ject to a consistency proviso).

Proposition 5 (Inclusion, normality). Consider a theory A
such that A = B € R™ and A A —B is PL-consistent. Then
(under the assumption of repleteness)

A|~A=DB

As a corollary of Prop. 6 below, the inclusion property
extends to obligation; it is a special case of strengthening of
the antecedent (SA), which holds as a defeasible principle.

Proposition 6 (Defeasible SA, obligation). Suppose A is

such that O(B/A) e R°, =3r e R® s.t. r=)(B/A) and

O(AABAC)eT. Then,

A~ O(B/A A C)

Proof. We show that, for all R-ordered model M, and all w

in M, ifw = AT, thenw = O(B/A A C). Since w =

O(AABAC), Jus.t. u = AA BAC. By smoothness, Jv €

maxs , (|JAABAC|). Let z € maxs , (|JAAC A—BJ). We

havev = AABand z = AA—B. Since =3r € R® s.t. r>

O(B/A), O(B/A) € V(z). But O(B/A) ¢ V(v). Hence
O

zZFr 0.

The case where C' := T yields inclusion. This property
holds under the assumption that the normative system con-
tains no more specific obligation overriding the inferred one.
This qualification is justified, since a more specific obliga-
tion may override the general obligation in that context. This
condition is sufficient, though not necessary.'®

The name is from (Casini, Meyer, and Varzinczak 2019).

8Since I' is not assumed to be closed under logical consequence,
Prop. 7 is not, strictly speaking, an instance of Prop. 6; neverthe-
less, a similar argument establishes it.
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Proposition 7 (Inclusion, obligation). Suppose A is such
that O(B/A) € R°, —3r € R° s.t. r=)(B/A) and O(AA
B) eT. Then

A~ O(B/A)
Nonmonotonicity follows from Prop. 6 and Ex. 4.

Example 5 (Nonmonotonicity). Consider A; = (I'1,Ry),
withT1 = {C(a A —f)} and RS = {O—f}. By Prop. 6,
Ay |~ O(—=f/a). Let Ay be as in Ex. 4, except that we now
set Ty = {Ola A —f)} Ay & Ao, but AQ\RO (—f/a)
(witness: either of the two leftmost worlds in the intermedi-
ate layer in Fig. 3).

Complementing Prop.7, Prop. 8 gives sufficient condi-
tions under which an overridden obligation does not drown.
The condition A |~ —(T = (A — B)) indicates that the
obligation in question is not expected to be necessarily ful-
filled in the most normal worlds—arguably a separate issue.

Proposition 8 (No-drowning). Let A be such that
O(B/A) e R°, Ar e R° s.t. r = (B/A), T = —b(r) €
R™ forallr € R° s.t. r=(B/A), C(A A B) € T and
A |~ —=(T = (A — B)). Then
A~ O(B/A)

Proof. Suppose w = AT. As before, since w = (A A
B), 3s € maxs ,, (|A A BJ|). Let u € maxs , (|A A —B]).
Since A |~ =(T = (A — B)),w = —~(T = (A — B)).
Hence Jv in M s.t. v € maxs (W) and v = A A —B.
Lett € W be s.t. t >N u. By totality, either ¢ >y v or
v >y t. In both cases, v >x t, since v € maxs , (W).
By totality again, either v >y v or v >N u. In both cases,
u >N v, sincev = A A =B and u € maxy (|4 A =B|).
By transitivity, u >y t, and so u € maxs , (W). By Prop. 3,
wE T = —=b(r) forall rst r=O(B/A). Sou = b(r)
for all such r. Hence (O)(B/A) € V(u). Since s = A A B,
O(B/A) ¢ V(s). It follows that u }; s. Hence w k=
O(B/A). O

5 Embedding into Constrained 1/0 logic
5.1 Basic Definitions

This section begins with a brief description of unconstrained
I/O logic (Makinson and van der Torre 2000), defined on top
of classical propositional logic (PL). For readability, lower-
case letters a, x, ... are used to represent Boolean formu-
las. A normative code is a set /N of conditional norms, de-
fined as pairs of Boolean formulas (a, ), where a is the
body of the norm and z the head of the norm. The pair
(a,x) can be read as “if a, then x is obligatory.” The main
semantic construct is of the form x € out(N,a). This is
interpreted as follows: given an input a (state of affairs),
x (obligation) is included in the output under norms N.
out is defined in terms of detachment (or modus ponens).
This paper uses the reusable throughput operation out] as
the underlying I/O operation. It is based on the I/O opera-
tion outy, which is the strongest I/O operation among those
studied by (Makinson and van der Torre 2000). outi is
obtained from out4 by allowing inputs to reappear as out-
puts and adding (a,a) as an axiom. This leads to a col-
lapse into classical logic. Specifically, x € out) (N, a) iff
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x € outy(N U {(b,b) | bisaformula},a), which in turn
is equivalent to {a} U m(N) k=p1, @, where m(N) is the
materialization of IV, with the definition straightforwardly
adapted to the I/O setting."”

To deal with contrary-to-duties (CTDs) and defeasible
reasoning, constrained I/O logic (cIOL) adds a nonmono-
tonic mechanism that filters excess output via a set C' of for-
mulas, called constraints.?’ To avoid excess output—namely,
inconsistency—when too many norms apply, the set of norms
is cut back to just below the threshold of yielding excess; this
is the “threshold” idea,”! captured by the notions of maxfam-
ily and outfamily (here, out is out} ):

» maxfamily: maxf(N,a,C) is the set of C-maximal sub-
sets H of N such that out(N, a) is PL-consistent with C'

o outfamily: outf(N,a,C) = {out(H,a) | H €
maxf(N,a,C)}.

The so-called full meet constrained output under N given
input a, N (outf(N, a,C)), is the final output.

Here, C' = {a}. This choice is motivated by (Hansson
1969)’s view of the input as “settled”: what has occurred
cannot be undone, and the output must therefore be consis-
tent with the input (ought implies can).

5.2 Embedding

Let R® = ¢ and R® = {ry,...,7,}. The basic idea is to
rewrite ()(z/a) as an I/O pair (a, ) with a more detailed
body; this one also contains the negation of the bodies of all
its defeaters, viz. all the more specific obligations overriding
it. Let R2 represent the result of rewriting the obligations in
R in this manner, and Qg (2/a) stand for the Hanssonian
obligation operator, defined by putting Op(z/a) as true
whenever max,, (al]) < |z[.** Let R = (&, R°). The
main result of this section is that (&, R) |~ On(z/a) iff z
is in the full meet constrained output under R2 given input
a, with out; as the underlying I/O operation and C' = {a}.
Thus, the embedding is faithful, viz. it preserves and re-
flects validity.”? Validity-reflection means that the transla-
tion does not output more obligations. From this, a partial
result (of validity-reflection) for O)(—/—) under the 3V rule
(cf. Prop. 4) follows. Even thought the result is partial, it
gives some insights into the relationship between the two
accounts.

The result and the main steps of the proof are given below;
full details are provided in Appendix A. It is assumed that,
on the preference side, the given model is replete.

To each ; := (O(z/a), one associates the set of all its

PGiven X € N, m(X) is the set of all b — y with (b, )
When X is a singleton set, curly brackets are omitted.

Dsee (Makinson and van der Torre 2001; Parent 2011).

IFor a comparison with Horty’s approach, see (Parent 2011).

22Cf. (Hansson 1969; Makinson 1993).

B Validity-preservation (sometimes called soundness) is the left-
to-right direction of the bi-conditional in Th. 3; validity-reflection
is the right-to-left direction, for which no standard name exists.

e X.



Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

defeaters D(r;): D(r;) = {r; e R° : rj =r;}. Define
. {(a A Avjepiry b(r3), @) if Diri) = &

r. =
! (a, x) otherwise

Set R = {r7,...,7}.

Th. 1 and 2 provide the central bridge: an a-world is best
iff there exists a set in the maxfamily such that the world sat-
isfies the conjunction of all formulas obtained by converting
each I/0 pair in that set into a material implication.
Theorem 1 (cIOL2Pref). If w a and w
\/Hemaxf(Rg,a,a)(/\ m(H)), then w € max, (| al), with
out} as the background I/O operation.

Theorem 2 (Pref2cIOL). If w € maxy,(||a|), then both

wEaandw = \/Hemaxf(R;,a,a) (Am(H)), with outy
as the background I/0 operation.

The following follows:

Theorem 3 (Faithfulness, Hanssonian truth-conditions).
(@,R) |~ Oulw/a) iffw € ~(outf(RE.,a,a)), with out]
as the background I/0 operation.

Theorem 4 (3V truth-conditions). ({<Ca},R) |~ O(z/a)
if v € n(outf(R2,a,a)), with out] as the background I/O
operation.

This embedding implies that the entailment problem for
Op is in 11 (utilizing the corresponding result for I/O
logic (Sun and Robaldo 2017)). This matches the complex-
ity of similar nonmonotonic formalisms, like default logic
under skeptical reasoning (Gottlob 1992).

6 Related and Future Work

The combination of normality with deontic modalities has
been considered before, but mostly within a monotonic set-
ting; see, e.g., (Chellas 1974), although = is not interpreted
there as expressing normality. The strengthening problem
can be related to what Lehmann calls the “presumption of
typicality,” alluded to in f.n. 5: properties of a class are as-
sumed to hold for all its members unless there is evidence
to the contrary. To quote (Lehmann 1995, §3.1), “the pre-
sumption of typicality begins where rational monotonicity
[the principle that characterizes R] leaves off,” and its mod-
eling therefore requires going beyond the traditional KLM
systems. One such approach is Lehmann’s lexicographic en-
tailment or the system proposed by (Delgrande 2020). Other
nonmonotonic candidates include the multi-preference clo-
sure developed for description logic in, e.g., (Giordano and
Dupré 2020). To the best of my knowledge, the strengthen-
ing problem in deontic logic has not been explicitly treated
within a preference-based approach.

The present framework provides the basis for a number
of substantial extensions. Chief among them is the design
of a conflict resolution procedure based on a priority re-
lation among obligations, intended to capture varying de-
grees of strength (Horty 2007; Hansen 2006; Sergot 2025).
A key problem is to relate this priority relation to the ide-
ality ordering on worlds in such a way as to yield prior-
itized counterparts of the postulates mentioned above, or
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suitable variants thereof (Prakken and Sergot 1997; Del-
grande 2020). Another promising direction is the integra-
tion of permission-as-exception (Bulygin 1986). A fur-
ther direction is the generalization of the embedding—not
only to prioritized I/O logic (Parent 2011), but also to
other norm-based formalisms. Finally, the mechanization
of reasoning tasks in Isabelle/HOL, building on the au-
tomation of the monotonic basis of the deontic fragment
of the logic (Benzmiiller, Parent, and van der Torre 2020;
Parent and Benzmiiller 2024), remains an open problem.
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A Proof of Th. 3 and 4
Lemma 1. 7; € V(w) iff w = m(r]).

Lemma 2. Ifw > v, then 3r; € R® s.t. w = m(r]) and
v Em(ry).

Theorem 1 (cIOL2Pref). If w |
\/Hemaxf(R;,a,a) (Am(H)), then w € maxs, (|a
outy as the background /O operation.

PVOOf Let w ): a and w ': \/HEmazf(R;,a,a) (/\ IH(H))
Sow = A\ m(H) for some H € mazf (R, a,a).

Assume w ¢ maxs,(|la|). Hence v = a s.t. v >1 w.
So V(v) € V(w). By Lem. 2, 3r; € R° s.t. v = m(r])
and w = m(r}). Hence, {a} um(r) =pr, L, andso H =
&. (If not, H would not be S-maximal, since & < {r7}.)
Suppose to reach a contradiction that v = /\ m(H). There
is 77 € H such that v = m(r}) while w = m(r;). By
Lem. 1, r; € V(v) while r; ¢ V(w). This contradicts the
fact that V(v) < V(w). Hence v = A m(H). Butv = a
and v = m(rf). So outf (H u {r7},a) is PL-consistent
with a. Since w = Am(H) and w = m(ry), 77 ¢ H.
As a result, H is not C-maximal. Contradiction. Hence
w € max, , (Ja). 0

a and w
), with

Theorem 2 (Pref2cIOL). If w € maxy,(||la|), then both

wEaandw = \/Hemaxf(Rg,a,a) (Am(H)), with outy
as the background I/0 operation.

Proof Let w ): a and w ': \/Hemamf(Ro ,a,a) (/\ I'Il(H))
So (x) w = Am(H) for all H € mazf(R2,a,a). Let
Rt ={r":wpEm("™

Casel: RT = ¢J. Since w = a, A RT A a is satis-
fiable, and hence PL-consistent. Hence RT™ < H for
some H € mazf(R2,a,a). By (x), Rt < H. By
H € mazf(R2,a,a), a A m(H) is PL-consistent. By
repleteness, v s.t. v = a A A\ m(H).



Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

Let r; :== O(y/b) € V(v). By Lem. 1, v | m(r]).
Suppose w |: m(rl ) By definition, 77 € RT < H.

Sincev = Am(H),v Em(ry), a contradiction. Hence

wEm(ry)andsor; € V( )s by Lem. 1. Hence V (v) <
V(w), and SOV >1 W.
Since RT < H, Irs st ry € Hand i ¢ R'. Since

vE Am(H),v m( ), andsobyLem 1,7 ¢ V(v).
Since 5 ¢ R™, w = m(ry). So again by Lem. 1,
rj € V(w). Hence V(w) ¢ V (v), viz., w *; v.

The two imply v > w, so that w ¢ maxs, (|a|).

Case2: RT = . By Lem.1, V(w) = R°. Intuitively,
w violates all the obligations in R°. Without loss of gen-
erality, assume that IH = &J € mazf(R2,a,a). For, if
mazf (R, a,a) = {Z}, then one would get w = A\ &
(aka T), contradicting (x). By definition, a A A\ m(H
is PL-consistent, and thus by repleteness Jv s.t. v =
an Am(H). V(v) € V(w) = R° sov >; w. But
H = ,and so 3ry € H st. v = m(ry). By Lem. 1,
rp ¢ V(v), and so V(w) ¢ V(v). Hence w *; v, and so
v > w, which suffices for w ¢ maxs, (|al)). -

Theorem 3 (Faithfulness, Hanssonian truth-conditions).

(T, R) |~ Ou(z/a) iff v € n(outf (R, a,a)), with out]
as the background I/0 operation.

Proof. Left-to-right. Let ({T},R) |~ Oun(z/a). Hence,
for all R-ordered model M and w in M, w = Qu(x/a).
Let H € mazf(R2,a,a). Suppose, for a reductio, that
{a} vm(H) EpL x. Then {a} v m(H) v {—x} is PL-
consistent. By repleteness, v s.t. v = Am(H), v | a

and v ): Zz. Clearly, v ': \/Hemaxf(R;,a,a)(/\m(H))'
By Th.1, v € maxy,(|a|), and so v = =z, a contra-
diction. Hence {a} U m(H) f=p1, x, which suffices for

x € out] (H,a). Hence x € n(outf (R, a,a)).
Right-to-left. Assume = € n(outf (R, a,a)). Let M be
an R-ordered model, and w in M. Let v € maxy,(||a]).
By Th. 2’ v ): a and v ): \/Hemazf(Rg,a,a)(/\m(H))'
So 3H € mazf(R2,a,a) st. v E Am(H). Butz €
out) (H,a), viz. {a} U m(H) Epr 2. Sov = . This
shows that w = Ou(z/a). Hence, ({T},R) |~ Qu(z/a).
O

Theorem 4 (3V truth-conditions). ({Ca},R) |~
if x € n(outf(R

operation.

Ofz/a)

° ,a,a)), with out] as the background 1/0

Proof. Assume z € n(oulf(R2,a,a)). Let M be an R-
ordered model, and w in M be s.t. w = <a. Hence, Jv s.t.
v = a. By smoothness, Ju € maxy,(|a]). The same ar-
gument as used for the right-to-left direction of Th. 3 yields
w = On(z/a). Hence, u = a A x. Let sbe s.t. s >1 u
and s = a. We claim that s € max.,(|a]). Let ¢ be s.t.
t >; sand t = a. By transitivity, ¢ >; u. Hence u > t,
since u € maxy,(||a]). By transitivity again, s >; t. So
s € maxs,(|al), and so s = z. By Prop.4, w = O(z/a).
Hence, ({ca},R) |~ O(z/a). O
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