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Abstract

Computing certain answers is the standard approach when
data or knowledge is incomplete. This very natural concept
rooted in logical validity suffers from a severe weakness:
its generally intractable computational complexity. Conse-
quently, significant effort has been made to find tractable
cases, often at the expense of severe restrictions.

Here we explore a different approach, relaxing not the classes
of allowed queries but the very strict notion of certainty. Our
starting point is that replacing certainty with asymptotic prob-
ability 1 overcomes intractability for large classes of queries.
This theoretical observation was previously made for rela-
tional queries under a simple probabilistic model of uniform
distribution and an infinite domain of equally likely values;
these are hardly the realities of querying data. We there-
fore ask whether this phenomenon is robust enough to ex-
tend to other, realistic distributions, to be applicable to other
data models, and to help with practical query answering. We
answer all of these positively. After extending tractability
via naive evaluation to many distributions, we extend the ap-
proach to graph data, and then experimentally show that for
relational and graph queries from standard TPC and LDBC
benchmarks, convergence to high probability query answers
is fast and practical.

1 Introduction

Incomplete data is a recurring challenge when knowledge
representation techniques are applied to real-world datasets.
A classical and widely used formalization represents miss-
ing values by marked nulls, which are placeholders in-
tended to stand for existing but unknown values, as orig-
inally advocated in the relational model to capture miss-
ing information (Codd 1979). An incomplete instance de-
notes a set of possible worlds (or completions), obtained
by valuations that replace every null by a domain ele-
ment (Imielifiski and Lipski 1984; Abiteboul, Kanellakis,
and Grahne 1991). This setting appears in multiple ap-
plication areas: in ontology-based data access (OBDA),
where queries are answered over incomplete data sources
in the presence of an ontology (Bienvenu and Ortiz 2015;
Xiao et al. 2018); in RDF/SPARQL, where blank nodes can
be used to represent existing but unknown values (Hernan-
dez, Gutierrez, and Hogan 2018); and in data exchange and
data integration, whose semantics is naturally defined over
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spaces of admissible target instances (Arenas et al. 2014;
Lenzerini 2002).

The principled approach to querying incomplete data is
based on certain answers (Imielinski and Lipski 1984),
which are answers that hold in every possible world. This
comes at a significant computational cost. Even for fairly
modest extensions beyond conjunctive queries (the 3, A-
fragment of first-order logic), computing certain answers
becomes computationally hard in data complexity, and
coNP-hardness results are well established across standard
incomplete-database models and closely related settings
(Abiteboul, Kanellakis, and Grahne 1991; Calvanese et al.
2013). While much basic research went into finding (of-
ten severe) tractability restrictions, applications that require
scalable query evaluation need to adopt alternative strategies
to the strict certain query answering.

The alternative we explore here is based on relaxing the
definition of certainty itself from strict to asymptotic (Libkin
2018). The intuition behind it is as follows. Certainty of
a query answer means that it remains an answer for every
valuation producing a possible world, while almost certainty
means that it is an answer with asymptotic probability 1 if
we randomly pick a valuation.

To define precisely what it means to pick a valuation ran-
domly (as there are a countably infinite number of valua-
tions), (Libkin 2018) adopted the approach from the study
of 0-1 laws in logic (Fagin 1976; Glebskii et al. 1969). Con-
cretely, if we fix a domain size k and consider finitely many
valuations that map nulls into this domain, we can define the
probability that a tuple is in the answer, assuming all valu-
ations are equally likely. An answer is then almost certain
if this probability converges to 1 as k grows. Of course ev-
ery certain answer is almost certain, but the notion of almost
certainty also permits additional answers that become over-
whelmingly likely in large domains.

A justification for this approach came in the form of the
0-1 law for incomplete relational databases (Libkin 2018):

* the asymptotic probability of an answer always exists and
equals either O or 1;

* tuples for which it equals 1 are precisely those returned
by naive evaluation that treats each marked null as a fresh
constant and evaluates the query using standard proce-
dures (Imielifiski and Lipski 1984).
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While every certain answer is returned by naive evaluation,
the latter can produce false positives, i.e., answers that fail in
some possible worlds. We also know that naive evaluation
coincides with certain answers for queries that do not use
explicit negation and unrestricted universal quantification;
for more details see (Console et al. 2020).

To illustrate, consider a clinical trial recruitment sce-
nario. We need to populate a control group for a study
on a genetic neurodegenerative disorder identified by code
G10. To ensure the study’s validity, we must select candi-
dates who do not have a diagnosis of G10. Depending on
the database model, this query is written in SQL or GQL:

SELECT p.name MATCH (p:Patient)
FROM Patient p WHERE NOT EXISTS {
WHERE NOT EXISTS ( MATCH (p)
SELECT = —[:HAS_DIAGNOSIS
FROM Diagnosis d 1>
WHERE (d:Diagnosis)
d.p_id = p.id WHERE d.code =
AND d.code = 'G10'"}
'G10"'") RETURN p.name

Under naive evaluation, a patient’s name is returned even if
they have an incomplete diagnosis record where the disease
code is null (e.g., a pending lab result). This answer is not
certain: the pending result could turn out to be the exclusion
criterion G10, which would disqualify the patient. However,
there are more than 12,000 diagnosis codes in the ICD-10
standard (World Health Organization 2004). Under the as-
sumption that no single code carries a large probability mass
(i.e., the distribution’s maximum point probability is small),
the chance that an unknown code equals G10 is very small.
Hence, the naive evaluation answer is highly reliable even
when not strictly certain.

While the results of (Libkin 2018) provide a compelling
initial theoretical justification for using naive evaluation to
avoid the complexity curse of certain answers, several major
gaps are left:

e That investigation relied heavily on the uniform distri-
bution assumption, which is rarely met in real-world
data. Commonly encountered properties such as salaries,
grades, heights, enrollments, etc., are almost never uni-
formly distributed.

* The work applied exclusively to the relational model; it
was not clear if and how it would extend to the graph
model, which is heavily gaining in popularity due to its
use for knowledge graphs.

* Without understanding how quickly the probability of
query answers converges to 0 or 1, it is difficult to deter-
mine whether asymptotic certainty becomes meaningful
at the domain sizes encountered in practice.

Contributions Our goal is to fill these gaps and ultimately
confirm the applicability of almost certainty as a way of
avoiding the high complexity of certain answers in both rela-
tional and graph querying. Specifically, we do the following:

* Generalize to Arbitrary Distributions We extend the
deep connection between almost certainty and naive eval-
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uation beyond the restrictive assumption of uniformity.
We introduce the condition of vanishing Maximum Point
Probability (defined as the probability mass of the most
frequent value in the domain) tending to zero. We prove
that convergence to naive evaluation holds for every dis-
tribution satisfying this condition, including Zipfian (with
s < 1) and discretized continuous models (Normal, Ex-
ponential), even in heterogeneous settings where distinct
nulls follow different distributions.

* Generalize to GQL We bridge the gap between relational
and graph data by defining conditional tables for rela-
tional algebra (Section 2.4) and adapting them to property
graphs as Conditional Path Tables (Section 4.3). We use
this technique to prove that pattern matching in GQL be-
haves similarly to relational queries, and naive evaluation
can be used to answer GQL patterns with a high degree of
certainty when property values in graphs can be nulls.

* Empirical Evaluation This investigation is split into two.
First, we investigate how often naive evaluation differs
from certain answers. This is enabled by the previously
established techniques based on conditional (path) tables,
as they annotate queries with symbolic Boolean formulas
that track dependencies on missing data, allowing us to
use state-of-the-art SMT solvers for comparing the fast
database evaluation with intractable certain answers.

We then switch to the convergence rates exhibited by
naive evaluation. Addressing the lack of insight into con-
vergence speeds, we perform experiments using TPC-
H and LDBC benchmarks for relational and graph data.
We identify scenarios where naive evaluation converges
rapidly to yield > 80% certainty on domains containing
5% nulls, and we characterize the interaction of negation
over numerous marked nulls and adversarial data skew
where convergence is too slow for practical utility.

In summary, our results show applicability of the notion
of almost certain answers as a way of avoiding the high com-
plexity of certain answers in different types of data models.

2 Preliminaries and Background

We briefly review the data model for incomplete informa-
tion, relational algebra, the semantics of generic queries, and
asymptotic certainty. We also introduce Conditional Tables
(c-tables), which serve as the analytical framework through-
out the paper. Standard notions from database theory can be
found in database texts (Abiteboul, Hull, and Vianu 1995;
Arenas et al. 2022); probabilistic concepts we use can also
be found in standard textbooks, e.g. (Ross 2008).

2.1 Incomplete Data and Certain Answers

We adopt the standard model of incomplete databases with
marked nulls (Imieliniski and Lipski 1984; van der Meyden
1998). Let Const = {¢1,ca,...} be a countably infinite
set of constants and Null = {L;, l,,...} be a countably
infinite set of marked nulls.

A database schema o is a finite set of relation sym-
bols {Ry,..., R}, each with a fixed arity. An incomplete
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database instance D over o associates with each k-ary re-
lation symbol R € o a finite subset R” of (Const U Null).
The (active) domain of D, denoted dom(D), consists of all
constants and nulls appearing in D. We write Const(D) for
ConstNdom(D) and Null(D) for NullNndom(D). A database
D is complete if dom(D) C Const.

The semantics of incomplete databases are defined via
valuations that map nulls to constants; the resulting com-
plete databases are interpreted as possible worlds under the
Closed World Assumption (CWA) (Reiter 1981).

Definition 1 (Valuation and Semantics). A valuation is a
partial mapping v : Const U Null — Const that is the
identity on Const, that is, v(c) = c¢ for each ¢ € Const.
For a database D, we let V(D) be the set of all valuations
defined on Null(D), and for such a valuation we let v(D)
be the result of applying v to all elements of dom(D), ie.,

R*(P) = {y(t) | t € RP} for each relation symbol R.

Relational Algebra Our queries for relational data are ex-
pressed in relational algebra (RA) under the unnamed per-
spective (Abiteboul, Hull, and Vianu 1995), where attributes
are identified by their position. RA expressions are built
from base relations R using the following operators: selec-
tion 0y (@), projection 7z (Q), cross product Q1 X (J2, union
Q1 U Q2, and difference Q1 — Q)2 (the last two between
queries of equal arity). Here 6 is a Boolean combination of
equality atoms of the form (#i = #7) or (#i = ¢), where
# denotes a position in a tuple and ¢ € Const, and Z is a
list of positions; for a tuple ¢, we write £[Z] for the tuple ob-
tained by projecting ¢ onto the positions in Z. Intersection
and natural join can be expressed with these primitives.

Certain Answers Let () be an RA query of arity n; even
more generally, () may be any query in a language £ that
does not invent new values, so ( maps a database D to a
subset of dom(D)™. We adopt the semantics of certain an-
swers with nulls (Lipski 1984).

Definition 2 (Certain Answers with Nulls). A tuple t €
dom(D)™ is a certain answer fo QQ on D, denoted t €
cert(Q, D), if every valuation yields the tuple in the query
result of the corresponding possible world:

Yo e V(D), v(t) € Q(v(D)).

It is common in the literature to restrict the above def-
initions only to tuples of constants (Imielifiski and Lipski
1984); for advantages of the above definition we refer, e.g.,
to (Console et al. 2020).

2.2 Generic Queries and Naive Evaluation

Genericity is a formalization of the data independence prin-
ciple: queries do not depend on particular data stored in a
database, except perhaps finitely many constants (Abiteboul,
Hull, and Vianu 1995; Arenas et al. 2022).

Definition 3 (C-Generic Query). Let C' C Const be finite.
A query Q is C-generic if it is preserved under every iso-
morphism that fixes C pointwise. That is, if D is a complete
database over the schema and f : Const — Const is a bi-
Jection such that f(c) = c forall ¢ € C, then

fQ(D)) = Q(f(D)),
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with f extended to tuples and relations in the natural way.

Standard query languages like first-order logic, relational
algebra, and Datalog express only C-generic queries, with C'
being the set of constants explicitly mentioned in the query.

For such queries, one can employ naive evaluation: treat-
ing nulls as if they were distinct new constants and evaluat-
ing the query directly. We formalize naive evaluation using
C-bijective valuations.

A valuation v € V(D) is C-bijective (on D) if it is injec-
tive on Null(D) and maps nulls to constants distinct from C'
and Const(D), i.e., v(Null(D)) N (Const(D) U C) = .

Definition 4 (Naive Evaluation). Let Q) be a C-generic
query. Let v be any C-bijective valuation. The naive evalu-
ation of Q over an incomplete database D is:

naive(Q, D) := v~ " (Q(v(D))).

In other words, nulls are interpreted as new constants ac-
cording to v, query @ is evaluated on v(D), and then those
new constants are turned back into original nulls by v~1.
Due to C-genericity, this definition is independent of the

specific choice of v (see Proposition 1 in (Libkin 2018)).

2.3 Background: The Relational 0-1 law

This work builds upon the asymptotic analysis of certain
answers established in (Libkin 2018). We briefly recall its
main result under the uniform distribution assumption.

Fix an enumeration of constants Const = {c1,¢2,... },
and for each k € Nlet Cy, = {cy,...,ck}. The probability
space is defined over the set of valuations that map nulls into
C, denoted Vi (D) := {v € V(D) | v(Null(D)) C Ci}.
That is, for each k, we have a sample space Vi (D) of size
EINUICD)I “and each valuation v € V(D) is assigned a prob-
ability PP (v) € [0,1], called its probability mass, with
> veve(p) PP (v) = 1. Under the uniform model, each

valuation is equally likely, i.e., PY (v) = k=N for all
v € V(D). This assumption will be relaxed in Section 3.

Definition 5 (Measure of Certainty). For each k € N, the
probability that a tuple t € dom(D)™ belongs to the result
of Q over domain CY, is the total measure of the valuations
that yield the tuple:

>

PL(Q, D,t) := PP (v).
vEVE (D) and v(¥)EQ(v(D))

ey

We call Py the certainty measure and focus on tuples that
become “almost certainly” true as the domain grows.

Definition 6 (Almost Certain Answers). The set of almost
certain answers, denoted cert(Q, D), consists of the can-
didate tuples whose probability converges to 1:

certso(Q, D) := {te dom(D)"

lim Pk(Q,D,ﬂ = 1} .
k—o0

The following theorem establishes that under the assumption
of a uniform distribution over valuations, probabilistic cer-
tainty for C'-generic queries is dichotomous and converges
to the naive evaluation.
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Theorem 1 (Uniform 0-1 law (Libkin 2018)). Let QQ be an

arbitrary C-generic query, and D an incomplete relational

database. Assume the uniform distribution over all Vi, (D).

1. Ift is a tuple in dom(D)™, then limg_,o, Pr(Q, D, t) ex-
ists and is either O or 1.

2. The set of almost certain answers is exactly the result of
naive evaluation: certo(Q, D) = naive(Q, D).

2.4 Analytical Framework: Conditional Tables

To extend Theorem 1 to GQL, and to enable some aspects
of experimental validation, we use conditional tables (c-
tables) (Imielifiski and Lipski 1984) (see also (Abiteboul,
Hull, and Vianu 1995; Greco, Molinaro, and Trubitsyna
2019)) to symbolically represent conditions under which a
tuple is returned as a query answer. Throughout this section,
we consider Relational Algebra queries.

Definition 7 (Conditional Tables (c-tables)). A c-table T
is a finite set of c-tuples (f, ), where t is a tuple over
Const U Null and ¢ is a condition, i.e., a quantifier-free
Boolean formula built from atoms of the form (a b),
(a # b), true, and false (with a,b € Const U Null) using
A, V, and —. We require that for every tuple 1, there be at
most one c-tuple (t,p) € T.

A valuation v satisfies condition @, denoted v |= o, if p
evaluates to true when every null z is replaced by v(z).

We define the conditional evaluation of a query @, de-
noted [Q]S", as a function that takes an RA query @ and
a database D and returns a c-table. The inductive definition
is in Table 1, where T} abbreviates [Q;]53". Table 1 shows
how any RA query is compiled into a c-table, producing, for
every candidate answer tuple £, a condition ¢ that captures
exactly when  is in the result of Q under a given valuation of
the nulls. This symbolic representation will be used both in
our theoretical proofs (Section 3) and as the input encoding
for the Z3 SMT solver in our experiments (Section 5).

Example 1. Consider the query Q = (U#2¢3(R1)) — Ry
evaluated over the relations Ry = {(a,1),(b, L1)} and
Ry = {(b,2)}, where L1 € Null. The conditional evalu-
ation yields the following c-table:

[[Q]]%Md = {<(a7 1),true), <(b7 J—l)a (J—l 7é 3)/\(J-1 7é 2)>}

Theorem 2 (Correctness of Conditional Evalua-
tion (Imielifiski and Lipski 1984)). For every RA query Q,
database D, valuation v € V(D), and tuple t € dom(D)":

v(t) € Q(u(D)) <= (L, ) € [Q]S™ such that v |= .

Application: Proving the 0-1law Formulas produced by
query evaluation over c-tables will also be the key for us
to set up the experimental analysis. We now conclude this
section by giving a simple explanation of why Theorem 1 is
true for RA queries @, that relies on c-tables.

Fix an RA query @, a database D, and a tuple ¢ €
dom(D)™. Let (f,¢) be the c-tuple for £ in [Q]™ (if
no such c-tuple exists, set ¢ false). By Theorem 2,
Px(Q, D, 1) is exactly the probability that a random valu-
ation v € Vi (D) satisfies ¢. As k — oo, the probabil-
ity of v mapping distinct nulls to the same constant, or a
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Base relation R: [R]S™ := {(f,true) | £ € RP}
Selection g (Q1): [o6(Q1)]5™ := {(£, o AO(D)) | (£, ) € T1}
Projection 72 (Q1): [7z(Q1)]5™ :=
{ Vagger o) [ue iz @o) e T}

Cross Product Q; x Q2: [Q1 x Q2] :=

{((51752), 1 Ap2) | (T, 1) € Th, (T2, p2) € T2}
Union Q1 U Q2: [Q1 U Q2]5™ :=
(& en @V er,(®) |G ) € T1) v B0 (F4) € T2) }
Difference Q1 — Q2: [Q1 — Q2] :=

(& onw) | o) et}

N\ e AE=1)).
(t',¢")ET2
Tuple equality (£ = t') abbreviates the conjunction of component-
wise equalities.

where Vi :=

Table 1: Conditional evaluation [Q]3™ for relational algebra. Let
T; = [Q:]$S™. For a c-table T, define pr () := ¢ if (,¢) € T,
and false otherwise.

null to a constant in (C' U Const(D)), vanishes as being at
most inversely proportional to k£ under the uniform assump-
tion. Thus, almost all valuations are C-bijective. But for
any C-bijective valuation v, the condition ¢ evaluates to
a constant truth value because all equality checks between
distinct terms fail and all inequalities succeed. Therefore,
limg oo Pr(Q, D, t) = 1 if o evaluates to true, and 0 oth-
erwise. Since naive evaluation is the same as evaluation
under a C-bijective valuation, the limit is 1 if and only if
t € naive(Q, D).

3 0-1 Law Beyond Uniformity

‘We now generalize the 0—1 law to arbitrary distributions, and
also move beyond the identically distributed assumption, by
showing that the O—1 Law holds even when distinct nulls
follow different probability distributions. This result makes
one mild assumption that the distribution is not very skewed.

3.1 Probabilistic Framework
We closely follow the setting of Section 2.3. Recall that

C = {Ck}ren is a sequence of finite domains with
Cr = {c1,...,¢x}. Let D be an incomplete database with
Null(D) = {Ll4,...,Ln}. A heterogeneous model of in-

completeness is given by a family Py, = {P,El), ce P,Em)}
of independent probability distributions on C}, for each k.
In this model, each null L ; is drawn independently from the

set C'} according to the distribution P,Ej ). The probability

mass function p,(g ) (¢) = P,gj ) ({c}), gives the probability
that the value ¢ € Cj, is assigned to the null L ;.

As in Section 2.3, we lift these distributions to a distribu-
tion on the space of valuations Vj;, (D) that assign values in
C to nulls in Null(D). Since each null L; is drawn inde-

pendently from P,Ej ) on Cy,, with probability mass function
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p,(cj ), by independence the joint probability of a valuation v

is the product of individual probabilities:

m

= [ » (e(1)

When all p,(j ) are uniform on Ck, Eq. (2) gives PP (v) =
E—INUICD) - which is precisely the setting of the uniform
model in Section 2.3.

Then again just as in Section 2.3, for a query () and a tuple
t we define Py (Q, D, t) by Eq. (1), and set cert..(Q, D) to
be the set of tuples ¢ for which limy_, o Px(Q, D, ) = 1.

To analyze the asymptotic behavior of IP’kD , we define a
metric that dictates convergence.
Definition 8 (MPP Metric). For a domain Cy, of size k, we

define the Maximum Point Probability (MPP) for each null
Ljas

forv e V(D). (2

M(J) _ (4)
=g

We say that the heterogeneous model has a vanishing MPP
if limy o0 M( = 0foreveryj e {1,...,m}

Intuitively, M, ,5 7) measures how concentrated the distribution
for L ; is. If MPP vanishes, then no single value that can be
assigned to a null dominates when the number of possible
values is large.

3.2 The General 0-1 Law

With the probabilistic framework in place, we present our
main result, which generalizes Theorem 1 to a heteroge-
neous model with arbitrary independent distributions for
nulls.

Theorem 3 (General 0-1 Law). Let Q be a C-generic
query and D an incomplete database with Null(D)
{L1,...,L,}. Under the heterogeneous model defined
above, and the vanishing MPP assumption, we have:

L limy 00 Pr(Q, D, t) exists and is either 0 or 1 for every
tuple t € dom(D)", and
2. certoo(Q, D) = naive(Q, D).

Proof: Itis known (Libkin 2018) that the 0—1 law follows if
the probability of a valuation being C-bijective converges to
1. This is because for any C'-generic query (), all C-bijective
valuations v yield the same result, which corresponds to the
naive evaluation naive(Q, D). What remains is to show that
PP (v is C-bijective) — 1.

For this, as the first step, we define Col as the prob-
ability that the values independently drawn for 1; and L;

coincide. . Seea, 21 ()9 (0)
We claim that Col\"” < min (M”, M), and hence

that limy_, o, Col{"”

i,7)

Formally, Col,(j’j )=
= 0 under the vanishing MPP as-
sumption. Indeed, since p,(;)(c) < M,gl) for every ¢ €
C, we have Col(m) < D eeo, M,gl) (J)( ) = M(l)

Yeccn pg)( ) = ( ): the symmetric bound Col(z’]) <
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Mlgj ) follows by exchanging the roles of ¢ and j. Thus
Col"? < min (M, M), which tends to 0 as k grows
under the vanishing MPP assumption.

Let X := C U Const(D) be the finite set of constants
that a C-bijective valuation must avoid when assigning fresh
values to nulls. A valuation v € V(D) is not C-bijective
if and only if either (i) it maps some null to an element of
X, ie., v(L;) € X for some j, or (ii) it identifies two dis-
tinct nulls, ie., v(L;) = v(L;) for some i < j. Write
MP = maxj<m M( 7). For (1), for any x € X we have
PP(v(Ll;) = x) = p,i)( ) < M,gj) < M, hence by a
union bound PP (35 : wv(Ll;) € X) < m|X| MM, For
(i), PP(v(L;) = v(L;)) = Coll? < MY < pmax
for each pair i < j, and thus PP?(3i < j : wo(Ll;) =
v(L;)) < (%) MP*>. Combining the two failure events
gives PP (v is not C-bijective) < (m|X |+ (7)) MPa* — 0
since M;*** — 0 by the hypothesis and m, \X | do not de-
pend on k, proving PP (v is C-bijective) — 1. O

3.3 Applicability to Specific Distributions

We now assess the applicability of Theorem 3 to probability
distributions encountered in practice. Recall that our frame-
work relies on one sufficient condition: the Maximum Point
Probability (Mj) must vanish as the domain size k£ grows.
In this section, we verify this condition for common discrete
(binomial, Zipf) and discretized continuous distributions.

For aggregate counters or summation queries, data is of-
ten modeled by the Binomial Distribution B(k,p), where
the asymptotic parameter is the number of trials k.

Proposition 1. The Binomial distribution satisfies the con-
dition limy,_, o, M} = 0.

Proof: We analyze the Maximum Point Probability for
the binomial distribution B(k,p) as the number of trials
k grows. By the De Moivre-Laplace theorem, for large
k, the binomial distribution converges to a Gaussian PDF:
P(X =x) ~ (2rkp(1 —p)) "% exp (— L=kl ) mh
Pt —p XD\~ 2kp(i-p) )- 1€
maximum probability (M}) occurs at the mode (z kp),
where the exponential term is 1. When p is constant, M
is proportional to the inverse square root of k, i.e., My ~
(27kp(1 — p))~ Y2 o< k~1/2. Hence, limy_,oo M}, = 0. O

The Zipf (Power-Law) distribution models skewed data,
such as node degrees in social graphs or word frequencies
in text. The probability mass function over a domain of size

kis P(X = x) = {—, where s is the skew parameter and

Hj, ¢ is the generahzed harmonic number.

~
~

~
~

Proposition 2. The Zipf distribution satisfies the condition
for the 0—1 Law if the skew s < 1.

Proof: The maximum point probability is M} = 1/Hj, ,.
For s > 1, the series converges to the Riemann zeta func-
tion {(s), so limg_, o My > 0, while for s < 1, the series
diverges (limy o0 Hy s = 00), thus limy_yoo My = 0. [

Hence, for nulls distributed according to the binomial or
Zipf distributions with s < 1, naive evaluation captures al-
most certain answers.
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Extension to Continuous Distributions Our framework
naturally accommodates continuous probability models via
discretization of continuous PDFs. Given a parameter k, this
is done in a two-step process:

1. Truncation: Restrict the distribution to a fixed bounded
interval [A, B].

2. Discretization: Partition this interval into & intervals (or
“segments”). Let IT, = {A4,..., Ax_1} sothat A = A,
and Ag < A1 < --- < Ap_1 < A, where B = Aj.
This forms a partition of [A, B] into k intervals, defined
as Si = [Ai—l, Az] for: = 1,.. .,k.

This approximates the continuous PDF with a discrete

distribution on {57, ..., Sk} where the probability pl(-k) of

the ith element is (f[Ai—hAi] f(ac)dx)/(f[A’B] f(:v)dx),

and puts us back in the realm of discrete measures and makes
it possible to talk about the maximum point probability Mj,.

To ensure it asymptotically approaches zero, we require
the mesh size (or norm) of the partition, denoted ||II;| =
max;<x(A4; — A;_1), to vanish as k — oc.

Lemma 1 (Vanishing Mesh implies Vanishing Mjy). Let
f(x) be any PDF on R. If a bounded domain [A, B]
is discretized by a sequence {Il} as above such that
limy, s o0 HHk” =0, then limy,_, oo M}, = 0.

Proof: Let f; be the normalized PDF on [A, B]. Since
fir € LY([A, B)), the integral is absolutely continuous: for
every € > 0, there exists § > 0 such that for any set S with
measure m(S) < 4, the integral [ f;, is bounded above by
e. Since the partition norm vanishes (limy_, ||IIx|| = 0),
for sufficiently large k, every segment S; € Il has mea-
sure at most . Consequently, the probability mass of every
segment is bounded by e, implying M} = max; pgk) <e.
Thus, limy_, oo My = 0. O
With this technical lemma established, we can now state the
main result for continuous data.

Theorem 4 (0-1 law for Discretized Continuous Data). Let
Q be a C-generic query and D an incomplete database
where nulls are drawn from independent continuous distri-
butions discretized according to a partition sequence with
vanishing norm. Then, the set of almost certain answers is
exactly the result of naive evaluation.

Proof: By Lemma 1, the discretization ensures that
limg_,o M} = 0. This satisfies the sufficient condition of
the General 0—1 Law (Theorem 3). Thus, the naive evalua-
tion is asymptotically correct. O

Summary of Applicability In summary, we have shown
that all of these distributions—the Binomial distribution, the
Zipf distribution (with s < 1), and every discretized contin-
uous distribution with a vanishing partition norm—satisfy
the condition for the 0—1 Law.

4 Robustness: Extension to Property Graphs

We now demonstrate that the general 0—1 law applies be-
yond the relational model. Specifically, we look at a very
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popular model of property graphs that led to two new re-
cent ISO standards SQL/PGQ and GQL. We work with a
recently proposed theoretical core of GQL that also captures
many features of other graph languages such as Cypher,
PGQL, GSQL etc. (Francis et al. 2018; van Rest et al. 2016;
Deutsch et al. 2020).

4.1 Incomplete Property Graphs

We consider a model where the graph’s topology and la-
bels are complete (have no nulls), but its properties may be
incomplete. The reason for this choice is twofold. First,
in real-life implementations of the property graph models,
nulls only apply at the level of properties: node and edge
identifiers act as primary keys and by design cannot be null.
Second, it is known that if nulls are allowed at the level of
node and edge ids, then even very simple queries become
intractable and naive evaluation no longer helps (Barceld,
Libkin, and Reutter 2014).

Assume disjoint sets of labels L, keys K, and sets Const
of constants and Null of marked nulls as in the relational
case. An incomplete property graph is a tuple G =
(Ng, Eg,labg, sreg, tgt e, prop ). Here, Ng and E¢ are
finite sets of node and edge ids; labg : Ng U Eg — oL as-
signs label sets to nodes and edges; srcq, tgt, : Eg — Ng
define source and target of an edge, and prop, : (Ng U
E¢) x K — (Const U Null) is a partial function that asso-
ciates values (constants or nulls) with keys. We assume that
for every key k& mentioned in a query, prop(-, k) is defined
on all nodes/edges that the query may access; missing infor-
mation is represented by marked nulls.

The active domain of G, denoted dom(G), is the set of all
constants and nulls in the image of prop. Sets Const(G)
and Null(G) are defined as for the relational model.

A graph G is complete if the property map prop, does
not map to any marked null. Valuations v are mappings
from Const U Null to Const as defined in the relational case
(Definition 1). Let V(G) denote the set of all such valua-
tions. For v € V(G), we define v(G) as the property graph
(Ng, Eg, labg, steg, tgt e, v o prop,; ), with v applied to all
property values.

4.2 CoreGQL Syntax and Semantics

As a theoretical model, we use the recently proposed lan-
guage CoreGQL that captures many features of the GQL
standard including the essentials of pattern matching while
being amenable to theoretical analyses (Gheerbrant et al.
2025). We focus on path patterns here, as the remaining
components of the language consist of standard relational
operations to which results in Section 3 apply directly.

Syntax Letx,y € Vars, k € K, ¢ € Const, and ¢ € L.
Let 1 < n < m < oco. Variables in node () and edge

patterns —, <~ can be omitted. The syntax for CoreGQL
path patterns 7 and graph conditions 6 is:

m

mi= () |2 & | mom | mo+ o | 7)) | T

lex.kzy.k‘JC.k:C‘l‘Ié‘el/\eg|01\/92|—\9
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[O1E™
[(2)]&
(51
[y - ma] 8™

[y + mo] "

and " = @ if (p,p, ) € [mil&
[r(O) &

{(p. 1,0 NOM) | (p, 11, p) € [m] 2™

{{path(n), {z + n},true) | n € Ng}

}

{{path(n), ug,true) | n € Ng} (anonymous node pattern binds no variable)

{(path(u, e,v),{z — e},true) | e € Eq,srcg(e) = u,tgt(e) = v} (< is defined similarly)
{(p1 © pa, 1 U pa, 01 Apa) | (pi, i, 0i) € [mil @™, pa ~ pa, p1 © po defined}

(o @V G5 | (b,11) € My UMy | where My i= {(p, ) | 3. (p, 1, 0) € [l

cond /e false.

where (x:0)* := true if ¢ € labg(u(x)) else false
and (z.k = ¢)* := (propg(u(x), k) = c); others (z.k = y.k, A, V, —) defined similarly.

[[ﬂ.n..m]]cémd

k=n

MFE = {<p7 uw,V (P1,--Pk)

P1O---Opr=p

U MP*, where MF is defined recursively: M := {(path(n), ug, true) | n € Ng}

(A§=1 ‘Pj>> ‘ D1, 1150105 - - - Pk ks 1) €[]S }

Table 2: Conditional Path Table construction of CoreGQL patterns ([r]&™).

Free variables A pattern 7 exposes a set FV(7) C Vars
of free variables that become the columns of the relation re-
turned by pattern matching. For atomic patterns, we have
FV(()) = FV(=) = 0, and FV((z)) = FV(3) = {2} (and
similarly for +— and <%). Inductively, FV(;-72) = FV(m;)U
FV(m2) and FV(7(6)) = FV(r). Finally, FV(7™™) = (), in
order to disallow lists as possible atomic output values. To
further guarantee that pattern matching returns strictly rela-
tional outputs, we use set semantics, and only allow disjunc-
tions 71 + w2 when FV(my) = FV(mg).

Semantics. A match for a path pattern 7 is a pair (p, 1) with

e Path (p): An alternating sequence ng, e, ni,..., €k, Nk
from G, where each edge e; connects n;_; and n;.

* Binding (1:): A partial mapping p : Vars — (Ng U Eg)
assigning graph elements to variables.

For a complete graph G, the evaluation of a pattern m,
denoted 7], yields the set of all matches (p, 11) that satisfy
7 (Gheerbrant et al. 2025). We now provide the definition
while also generalizing to conditional path tables.

4.3 Conditional Path Tables (CPT)

These extend the framework of Conditional Tables (Sec-
tion 2.4) to property graphs.

Definition 9 (Conditional Match). A conditional match is a
triple (p, 11, ) where p is a path, p is a binding, and ¢ is a
condition (as defined in Section 2.4).

A Conditional Path Table (CPT) is a set of such con-
ditional matches. The evaluation of a pattern m, denoted
[r]nd, produces a CPT according to the rules in Table 2,
that use the following conventions and notations.

The empty binding is denoted pg. With a slight abuse
of notation, we use dom(u) to denote the set of variables
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defined in . Two mappings are compatible, written pq ~
2, if p1(v) = pe(v) for all v € dom(uq) N dom(us). We
write p; ® po for the concatenation of two paths, defined
when the last node of p; is the first node of ps.

Following the relational case, Table 2 pairs each candidate
match (p, 1) with a Boolean formula ¢ that encodes exactly
when the match holds under a given valuation.

By induction on the structure of the expressions, in the
spirit of the proof of Theorem 2, one can show:

Theorem 5 (Correctness of Conditional GQL Evaluation).
For every CoreGQL pattern w, incomplete property graph
G, valuation v € V(QG), and path pattern match (p, p):

(pa :U‘) € [[ﬂ]]v(G) g El<pa H 90> € Hwﬂcé)nd such that v ': p-
4.4 The 0-1 law for GQL

‘We now show that, similarly to the relational case, CoreGQL
queries satisfy the 0—1 law, and almost certainty can be cap-
tured by naive evaluation. As in the relational case, we work
over a sequence of finite domains C, = {¢1,...,cx} and
the valuation space Vi (G) mapping the nulls of a graph G
to Cy. The certainty measure Py (7, G, p, u) is the total mea-
sure of valuations v € V(G) such that (p, i) € [7]y ().
As for the naive evaluation of a graph pattern m, no-
tice that pairs (p, u) it produces refer only to nodes and
edges, which are not affected by valuations of nulls. Let
C be the set of all constants mentioned in 7, and let v, v’
be two C-bijective valuations. It is then easy to see that
(p, 1) € [7]u() if and only if (p, 1) € [7], (). Hence, we
define [ " as the set of all pairs (p, 1) that are in [7] (¢
for some (and hence for all) C'-bijective valuations v.
Theorem 6 (GQL 0-1 Law). Let m be a CoreGQL pat-
tern and G an incomplete property graph with Null(G) =
{L1,...,Lin}. Under the heterogeneous model and the
vanishing MPP assumption of Section 3.1, we have:
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1. limg_yo0 Pr(m, G, p, 1) exists and is either O or 1 for ev-
ery path p and binding u, and
2. (p,p) € [7]EY <= limpoo Pr(m, G, p,p) = 1.
The proof follows the approach of the proof for relational
algebra using c-tables, sketched at the end of Section 2.4.

5 Empirical Experiments on Convergence

Sections 3 and 4 establish a qualitative guarantee: for C'-
generic queries under independent null valuations with van-
ishing maximum point probability, naive evaluation charac-
terizes exactly the almost certain answers. We now address
quantitative questions that go beyond our theoretical results:

1. How often do naive answers differ from certain answers?

2. At what domain sizes do naive answers become reliable
in practice?

Regarding the first question, had naive evaluation almost
always produced certain answers in practice, there would not
have been any need to find solutions to the certain answer
problem, except in rare cases. We shall see, however, that
this is not the case; the challenge in this first set of exper-
iments is to solve the generally intractable certain answer
problem for real-life queries.

Regarding the second question, recall that the 0-1 law
talks about asymptotic behavior. The convergence to it may
be fast, or slow, and it depends on how many domain ele-
ments are there for each null to be mapped into. What we
would like to see is the high values of the certainty measure
at realistically achievable ratios of domain values to nulls.

5.1 Naive Evaluation versus Certainty

We now analyze the frequency of false positives. While
naive evaluation is easy to compute, certain answers for
queries we consider are coNP-complete, rendering verifica-
tion computationally prohibitive for large datasets. To over-
come this, our strategy is to combine conditional tables with
powerful solvers. Specifically, if (£, o) is a c-tuple in [Q]55™
(see notations in Section 2.4), then it is certain if and only
if ¢ is valid. To ensure such formulas, whose size now de-
pends on the size of the database, can be handled by a solver,
we restrict our exact ground truth validation to small scale
factors (SF 0.01 for the TPC-H benchmark, and SF 0.1 for
the LDBC benchmark) with 1%-5% injected nulls. We are
interested in queries that have negation in some form; other-
wise we know that certain answers and naive evaluation co-
incide. Thus, we took Q1 — Q4 from (Guagliardo and Libkin

2016), which are queries over the TPC-H schema slightly

modified to retain only features expressible in relational al-

gebra, alongside one graph query (GQL Q5).
We implemented a three-step evaluation pipeline!:

1. Engines: We use PostgreSQL and Neo4; to execute naive
evaluation.

2. C-Table Construction: For each query, we apply the
conditional (path) tables construction from Sections 2.4
and 4.3 to derive the logical condition ¢ for each naive
evaluation answer.

!Source code and datasets are available at https:/github.com/
liuhengl/KR26_01laws
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3. Verification: We use the Z3 SMT Solver (de Moura and
Bjgrner 2008) to simplify and check the validity of ¢, sep-
arating certain answers from false positives.

The following table details the results across varying null
rates. In each cell, we report the absolute number of false
positives identified by the SMT solver, followed by the false
positive rate in parentheses.

Null Rate Q1 (SQL) Q2(SQL) Q4 (SQL) Q5 (GQL)
1% 1(0.4%) 165 (100%) 294 (0.4%) 243 (36.2%)
2% 4(1.6%) 165(100%) 617 (0.8%) 337 (50%)
3% 2(0.8%) 165 (100%) 1035 (1.4%) 409 (60.2%)
4% 7(3.0%) 165 (100%) 1418 (1.9%) 440 (64.2%)
5%  11(4.9%) 165(100%) 1888 (2.5%) 469 (67.9%)

*Q3 had 0 false positives and is omitted from the table.

This confirms that in general naive evaluation could be
unsound in practice. One query (Q2) fails for every answer
(100% false positive rates), and the graph query (Q5) sees
rates climb from 36.2% to 67.9% as null density increases.
This justifies more detailed analysis of convergence rates, to
see how quickly these false positives become almost certain.

5.2 Evaluating Convergence

Before presenting our experimental results, we discuss how
the experiments need to be set up, and what would be a good
result. There are two hypotheses we would like to test:

* RH1 (Typical Fast Convergence): For typical bench-
mark queries and common probability distributions, the
certainty of naive answers rises quickly toward 1 as the
domain grows.

* RH2 (Existence of Slow Convergence): There exist at
the same time adversarial cases, with a significant skew
in distributions, where convergence is too slow for naive
answers to remain reliable.

The parameter we are interested in is the number of pos-
sible values a null can take. More specifically, along the

1.0

0.8
= GOOD: Rapidly Towards 1
€ 06
[
3 *
o _ W= —X""
~ 04 IRV L
] ’x—é(’

X
0.2 /X BAD: Slow Convergence
X
0.0
0 5 10 15 20 25 30

Effective Domain Ratio (k/ne)

Figure 1: Illustrating Convergence. Comparison between fast
(good) and slow (bad) behavior.


https://github.com/liuhengl/KR26_01laws
https://github.com/liuhengl/KR26_01laws

Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

1.0
0.8
0.6
0.4
0.2
0.0

0

10 20 300

10 20 300

10 20 300 10 20 30

1.0
0.8

(a) SQL Q1 (netr = 1): Robust, fast convergence.
0.4
0.2

-
0.0

0 10 20 300 10 20 300 10 20 300 10 20 30
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(b) SQL Q2 (nest ~ 345): Slow convergence in worst case.
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(d) GQL Q5 (ner &~ 5.6): Graph query exhibits fast convergence.

Figure 2: Convergence Analysis (SQL & GQL). Each subfigure (a—d) shows the certainty measure Py (y-axis) as a function of the effective
domain ratio k/neg (x-axis), across four plots representing Uniform, Zipfian, Normal, and Exponential distributions (left to right). For non-
uniform distributions, we compare average-case (solid lines; random probability-mass assignment) and worst-case (dashed lines; adversarial
assignment chosen to lower P). Shading indicates 95% confidence intervals.

x-axis, we consider the effective domain ratio k /1, where
k is the domain size, and n.s is the count of distinct nulls
appearing in the (Z3-simplified) condition ¢ for a specific
candidate tuple obtained by the c-table evaluation. On the
y-axis, we track the certainty measure Py, (Definition 5), i.e.,
how close to 1 the answer is. Note that conditions ¢ associ-
ated with different candidate answers contain varying num-
bers of nulls, and thus convergence behaviors are not directly
comparable using the absolute domain size k. Hence, nor-
malizing k by n.g standardizes the scale, effectively mea-
suring the inverse of the null-to-constant ratio. While n.g
is bounded by the total number of nulls in the database, it is
typically a much smaller number reflecting only the subset
of nulls relevant to the specific candidate answer.

The Figure 1 illustrates what we would expect to see in
the case of good vs. bad behavior.

Success Criteria As these experiments do not optimize
for runtime, we judge outcomes by whether naive answers
become reliable at practically plausible ratios. We use
P, > 0.8 as an interpretable marker of “high reliability”
and report the ratios at which curves cross this threshold.

Results and Conclusions We sampled 20 distinct formu-
las ¢ per query (across the four queries with false positives)
to capture structural diversity. We computed the certainty
measure P using the valuation distribution P2 from Sec-
tion 3, with domain sizes k reported via the effective domain
ratio k/neg. The distributions include Uniform, Zipfian
(s = 0.5), Normal (N (50, 25)), and Exponential (A = 0.05)
types, discretized and mapped via Average-Case (random)
or Worst-Case (adversarial) strategies. Plots show the mean
of P, with 95% confidence intervals.

The aggregated convergence results are shown in Fig-
ure 2; in the figure captions we report n.gs averaged over
the sampled formulas.

RH1: Typical Fast Convergence. Across all cases, we
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observe fast convergence under Uniform, Normal, average-
case Exponential, and average-case Zipfian distributions.
The certainty measure [P, exceeds 0.8 once the effective do-
main ratio k/ner ~ 20. This suggests that when the do-
main is moderately larger than the number of relevant nulls
(roughly 5% or smaller null density, which is very common),
naive answers are highly reliable.

RH2: Skew and Slow Convergence. For the query Q2 with
a high count of relevant nulls (n.gs ~ 345), worst-case Zip-
fian skew dramatically delays convergence, as seen in Fig-
ure 2b. The ratio required to reach P, > 0.8 increases from
~ 4.5 (Uniform) to ~ 1735 (Worst-case Zipfian). This iden-
tifies a clear boundary: while the 0—1 law guarantees even-
tual convergence to 1, the rate is impractically slow due to
high n.¢ and adversarial skew.

6 Related Work and Conclusion

Related Work The high complexity of certain answers
motivated a wide range of alternative approaches. A promi-
nent line of work addresses incompleteness via data im-
putation. Techniques range from statistical methods such
as Multiple Imputation (MI) (Rubin 1987; van Buuren and
Groothuis-Oudshoorn 2011) to learning-based approaches,
including deep generative models such as GAIN (Yoon, Jor-
don, and van der Schaar 2018), and their integration into
database systems (Perini and Nikolic 2024). These meth-
ods estimate missing values in order to obtain a completed
dataset on which standard query processing can be applied.
In contrast, we do not attempt to repair or complete the data,
providing instead guarantees for query answering directly
over incomplete databases.

Another well-studied strategy for regaining tractability
is to compute sound under-approximations of certain an-
swers (Guagliardo and Libkin 2016; Greco, Molinaro, and
Trubitsyna 2019; Feng et al. 2019). These approaches rely
on query rewriting or restricted evaluation techniques that
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sacrifice completeness in exchange for efficiency. Our ap-
proach is orthogonal: we obtain efficiency by shifting to
asymptotic certainty, eliminating the need for rewriting.

The most relevant theoretical parallel of our results is clas-
sical zero—one laws in logic (Glebskii et al. 1969; Fagin
1976). However, the source of randomness and the technical
setting are fundamentally different. Classical zero—one laws
apply to fully random finite structures whose size tends to in-
finity, whereas our setting involves a fixed incomplete struc-
ture in which randomness arises from valuations of unknown
values over an expanding domain. Both lines of work share
the phenomenon that asymptotic reasoning lowers complex-
ity: finite validity of first-order sentences is undecidable, but
almost-sure validity is PSPACE-complete (Grandjean 1983).
Our results can be seen as a database counterpart of this.

Our work also differs from probabilistic database mod-
els such as the tuple-independent semantics of (Dalvi, Mik-
lau, and Suciu 2005), where uncertainty concerns the pres-
ence or absence of tuples and the expected database size
remains bounded. Such models do not satisfy a zero—one
law and lead to fundamentally different complexity and se-
mantic properties. The zero—one law for semiring seman-
tics (Gridel et al. 2022) relies on axioms that enforce truth
values for facts, whereas uncertainty in our setting arises
from the standard model of nulls in a database, without as-
suming probabilistic independence at the fact/tuple level.
The probabilistic database model was generalized to the set-
ting of different distributions for individual nulls rather than
tuples (Console, Libkin, and Peterfreund 2023), in the same
way we do, but their focus was on establishing measurability
of query answers rather than certainty.

Conclusions This work establishes asymptotic certainty
as a principled, experimentally validated foundation for rea-
soning over incomplete relational and graph-structured data.
We showed that query answering over incomplete data ad-
mits a robust zero-one behavior once certainty is interpreted
asymptotically: under minimal probabilistic assumptions,
every candidate answer is almost surely true or almost surely
false, and the almost-sure answers coincide exactly with
those produced by naive evaluation. This substantially gen-
eralizes prior results by removing uniformity assumptions
and accommodating realistic uncertainty models, and ex-
tends asymptotic reasoning beyond the relational setting to
property graphs and GQL. Our empirical study supports
these results. The frequency of false positives, established
via SMT solvers computing the generally intractable certain
answers, justifies the need for asymptotic reasoning. Con-
vergence to almost-sure correctness is rapid even at moder-
ate ratios of domain sizes to the number of nulls, holding
across many common distributions, although large skews
could limit practical applicability. Overall, this work posi-
tions asymptotic certainty as a viable practical alternative to
classical certain answers in both relational and graph-based
knowledge representation.

Future work may explore extensions to other graph and
ontology-based query languages, dependencies between un-
knowns, and tighter connections with finite model theory.
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