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Abstract

This paper establishes and proves representation theorems for
cumulative propositional dependence logic and for cumulative
propositional logic with team semantics. Cumulative logics
are famously given by System C. For propositional depend-
ence logic, we show that System C entailments are exactly
captured by cumulative models from Kraus, Lehmann and
Magidor. On the other hand, we show that entailment in cu-
mulative propositional logics with team semantics is exactly
captured by cumulative and asymmetric models. For the lat-
ter, we also obtain equivalence with cumulative logics based
on propositional logic with classical semantics. The proofs
will be useful for proving representation theorems for other
cumulative logics without negation and material implication.

1 Introduction

The ability to reason is one of the central features of intelli-
gent agents and thus a major concern of artificial intelligence.
In this paper, we study the fusion of non-monotonic reasoning
with team-based reasoning. Such a combination is interest-
ing, as it allows reasoning in which one can express settings
involving a plurality of objects (the team-based compon-
ent) while also taking into account extra-logical information,
such as plausibility, exceptionality, reliability, preference, or
typicality (the non-monotonic component). Notably, the com-
bination of these approaches provides a setting that cannot
be formalized by neither of the approaches alone.

Less is known about how to construct non-monotonic en-
tailment relations for team-based logics. Known approaches
for non-monotonic propositional logics or non-monotonic
first-order logics rely heavily on the properties of the un-
derlying logics, such as, e.g., the availability of all Boolean
connectives, the law of excluded middle, and presence of ma-
terial implication. However, these properties are not (always)
available in team-based logics. There are many approaches
to non-monotonic logics that take inspiration from (Brewka,
Dix, and Konolige 1997), from which some are also generic,
e.g., MAK models (Makinson 1989), KLM-style reason-
ing (Kraus, Lehmann, and Magidor 1990), characterization
logics (Baumann and Strass 2025), or approximation fixpoint
theory (Denecker, Marek, and Truszczyriski 2000).

*The authors are ordered alphabetically.
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So far, there are only two pioneering works that consider a
combination of team semantics and non-monotonic reason-
ing. First, the work by Yan (2023), which considers a non-
monotonic team-based modal logic in the context of formal
analysis of natural language. The second is by Sauerwald,
Meier, and Kontinen (2025) (SMK), which also contains a
broader introduction and motivation, and focuses on non-
monotonic reasoning in the style of Kraus, Lehmann, and
Magidor (1990) (KLM).

KLM (1990) showed for classical propositional logic that
cumulative entailment relations provide a stable theory of
reasoning with multiple representations. Cumulative entail-
ment relations are obtained by reasoning via the axiomatic
system known as System C. Furthermore, a cumulative entail-
ment relation |~ can be represented by a cumulative model C,
by which ¢ |~ 1) amounts (intuitively) to checking whether
all minimal models of ¢ in C are models of ). SMK (2025)
show that entailment via preferential models (which are spe-
cific cumulative models) satisfies System C in the context of
propositional dependence logic. However, SMK provides no
representation theorems for any kind of general cumulative
reasoning in the context of team-based logics.

Contributions. This work establishes cumulative reasoning
as a stable approach in the context of team-based logics.
Specifically, we will encounter the cumulative counterparts
of the following team-based logics:

(TPL)
(PDL)

* Propositional logic with team-based semantics
* Propositional dependence logic

For each of these logics, we consider, both, reasoning via
System C and via cumulative models as in the approach by
KLM. This leads to System C-based entailment relations for
PDL, denoted by PDL. Also, we will consider PDL entail-
ment relations via cumulative models, denoted by PDL™,
With TPL*™ and TPL, we denote the respective approaches
for TPL. We will show the following representation results:

Representation Theorem for Cumulative PDL: PDL and
PDL™™ define the same entailment relations.

Representation Theorem for Cumulative TPL: TPL and
TPL“™ define the same entailment relations. Furthermore,
we show that the novel class of asymmetric models are a
sufficient subclass of cumulative models for representation.
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The proofs for showing these results demonstrate, in a prin-
cipled way, how similar relationships between these classes
of entailment relations can be obtained for other logics
without negation and material implication.

2 Preliminaries

In this paper, we consider propositional logics from a model-
theoretic perspective. We denote by Prop = { p; | @ €
N } the countably infinite set of propositional variables. We
consider propositional formulas in negation normal form, i.e.,
PL-formulas are formed by the grammar, where p € Prop:

pi=plplLITlerp[eVe
We write Prop(y) for the set of variables occurring in .

Classical Propositional Logic (CPL). For a non-empty finite
subset N C Prop of propositional variables, one defines for
valuations v: N — {0,1} over N and PL-formulas ¢:

[0l ={v: N ={0,1} | v = ).

The valuation function v is extended to the set of all PL-
Sormulas satisfying Prop(¢) C N, PL(N), in the usual way.
We denote by Ay the set of all assignments over N. We
write ¢ =¢ 9 for [p]¢ C [¢]° and ¢ =€ 1 if both ¢ = ¢
and ¢ ¢ ¢ are true.

Prop. Logic with Team Semantics (TPL). Next, we define
team semantics for PL-formulas (cf. (Hannula et al. 2018;
Yang and Viinidnen 2016)). A team X is a set of valuations
for some finite N C Prop. The domain N of X is denoted
by dom(X), and T denotes the set of all such teams.

Definition 1 (Team semantics of PL). Let X be a team. For
any PL-formula o with dom(X) D Prop(¢y), the satisfaction
relation, X = o, is defined inductively as:

XEp ifforallve X :v = p,
XE-p ifforallv e X :v [~ p,
XET is always the case,
XEL if X =0,

XEeny ifXEpand X 9,
XEpVYy ifthereexistY,Z C X

.. X=YUZY =y, and Z = 1.

The set of all teams X with X = ¢ is denoted by [¢]*. For
any two PL-formulas ¢, ¥, we write ¢ = 9 if [¢]* C [¢]".
Write ¢ =t 9 if both ¢ =t 1 and v =t ¢ are true. We
define the following properties for a formula ¢:

c X Eyp < forallve X, {v} Eo.
e
cIfXEypand Y C X, thenY [ o.

Proposition 2. TPL has the properties flatness, empty team,
and downward closure.

(Flatness)
(Empty team)

(Downward closure)

Due to the flatness property, logical entailment of pro-
positional logic with team-based semantics ="' and classical
semantics =° coincide.

Propositional Dependence Logic (PDL). A (propositional)
dependence atom is a string =(d, b), in which@ = a1, ..., ax
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and b are propositional variables from Prop. A team X sat-
isfies a dependence atom, X |= =(d,b), if for all v,v’ € X,
v(@) = /(@) implies v(b) = v'(b). A dependence atom
where the first component is empty will be abbreviated as
=(p) and called a constancy atom. The language of proposi-
tional dependence logic (PL(dep)) is defined as PL-formulas
extended by dependence atoms.

Example 3. Consider the team X over {p, q,r} defined by:
Here, we have that X |= =(p,q) and

r

L g X E =(r). Moreover, we have that
v 100 ¥ E =(p) V =(p), however it is true
vz 010y x = =(p) as the value of p is not
vs 0 1 0 oyerall constant.

Proposition 4. PDL has the empty team and the downward
closure property, but not the flatness property.

Generic View on Logics. Some parts of this paper require
a generic perspective on logics, which we discuss next. A
satisfaction system is a triple S = (£, 1, =), where L is the
set of formulas, Q is the set of interpretations, and = C Qx L
is the satisfaction relation. We write [¢]° = {w € Q |w =
¢} for the set of all models of the formula @ € L. An
entailment relation for a satisfaction system is a relation I C
L x L such that ¢ |F ~ if and only if ) [ ~, whenever [¢]° =
[v]°. A satisfaction system S together with an entailment
relation IF is called a logic and denoted by £ = (L, Q, |=, IF).
The propositional logics discussed in this section fit into this
general model-theoretic view for each N C Prop as follows:

CPLy = <PL(N)7 AN? ':a ':C>
TPLy=(PL(N),Tn, =, EY)
PDLy= (PL(dep, N), Ty, E, ')
When there is no ambiguity, we will write |= instead of 1.
Moreover, we will use CPL to denote the class consisting of

all logics CPL y for any non-empty finite subset N C Prop.
The classes TPL and PDL are defined analogous.

3 System C and Cumulative Models
We consider the construction of entailment relations.
System C. We make use of the following rules for calculi:

p=v ppy oEY Yo
Yy (LLE) vy (RW)

PANY Py o oY phy
oy (Cut) APy ()

Note that = is a placeholder for the entailment relation I-
of an underlying logic .Z = (L£,Q, ,IF), and = is the
respective semantic equivalence from .. System C consists
of the rules (RW), (LLE), (CM), (Cut) and reflexivity (Ref)
© P~ ¢ for all formulas (Kraus, Lehmann, and Magidor 1990;
Gabbay 1984). We say that an entailment relation |~ satisfies
System C if |~ is closed under all rules of System C.

Relational Models. For a relation R C § x Son aset S
and a subset S C S, an element s € S is called minimal in
S with respect to R if for each s’ € S does not hold s’ R s.
Then, min (.S, R) is the set of all s € .S that are minimal in S
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with respect to R. Moreover, for a set of interpretations M
and a formula ¢ of £ = (£, Q, |=,IF), we write M | ¢ if
for all w € M we have that w = .

Definition 5 (Shoham 1988, Dix and Makinson 1989; 1992).
Let & = (L,Q, =, IF) be a logic. A relational model for &
is a triple Ml = (S, ¢, R) where S is a set, {: S — P(Q),
and R is a binary relation on S.

Intuitively, a relational models ‘orders’ interpretations of
the underlying logic .. However, to permit multiple appear-
ance of interpretations in the relation, states are introduced.
This construction was shown to be necessary (KLM, 1990;
Freund, 1993).

We will deal, in this paper, with specific types of relational
models, which we define next. We say S C S is smooth if
for each s € S, we either have that s € min(S, R), or there
exists a state s’ € min(S, R) with ' R s. For ¢ € L, we de-
note by S(p) = { s € S| £(s) = ¢ } the set of states that sat-
isfy . With min([¢], R) = U{ 4(s) | s € min(S(p), R) },
we denote the set of all interpretations that appear in £(s) for
any minimal state s that satisfy .

Definition 6 (KLM, 1990). A relational model C = (S, ¢, R)
for a logic & = (L£,Q, .} is called cumulative if for
all ¢ € L the set S(p) is smooth. A cumulative model
C is strong if R is asymmetric (x Ry implies —(yRx)) and
min(S(p), R) is a singleton for each formula v € L.

Because cumulative models satisfy smoothness, they avoid
the problem of reasoning via arbitrary relational models, in
which the set min([¢], R) might be empty, even when S(¢)
is non-empty. Entailment relations, which are induced by a
relational model, are defined as follows.

Definition 7 (KLM, 1990). Let . = (L, |=,IF) be a logic.
The entailment relation |~y C £ X L for a relational model
M = (S, ¢, R) for £ is given by

@ o ¢ if min([o], R) € [4] -

An entailment relation |~ C £ x L is called (strongly)
cumulative if there is a (strong) cumulative model C for .¥
such that v = p~c.

Classes of Entailment Relations. If L is a class of logics
(such as PDL, TPL, or CPL), we denote with L€ the class of
all entailment relations |~ for (£,Q, |=, IF) € L that satisfy
System C. Similarly, we use 1™ (1™} for the class of all
(strong) cumulative entailment relations.

4 Representation Theorems

In this section, we will establish representation theorems for
cumulative logics, i.e., logics that satisfy System C. A classic
result is that cumulative classical propositional logics coin-
cide with classical propositional logics that satisfy System C.

Proposition 8 (KLM, 1990). CPL*™ = CPL™s = CPL-,

Here we will prove that when basing System C on propos-
itional dependence logic, there is also the same connection
between cumulative logics and cumulative models. We will
also show that logics based on preferential and cumulative
models for TPL correspond to System C logics for CPL.
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4.1 Propositional Dependence Logic

We will show the following representation result that estab-
lishes an equivalence between the class of cumulative pro-
positional dependence logics and propositional dependence
logics that satisfy System C.

Theorem 9. PDL*™ = PDL™*" = PDL.

First, we like to remark that the original proof of Propos-
ition 8 makes heavy use of classical negation and material
implication of the underlying propositional logic. As neither
classical negation nor material implication are available (and
also not definable) in PDL, the proof of Theorem 9 requires a
new approach that circumvents the usage of implication and
negation. We present the proof in the following, and mark
those steps that are borrowed from KLM (1990).

Our first observation is that entailment relations in PDL*™
satisfy System C. This is a novel result as the proof of Sys-
tem C satisfaction for CPL”" given by KLM does not carry
over to preferential propositional dependence logic.

Proposition 10. PDL™™ C PDL-.

Proof (idea). One checks case by case that every postulate
of System C is satisfied. A full proof is provided in the arXiv
version of this paper!. O

In the remainder of this section, we will show that every
entailment relation |~ € PDL is strongly cumulative. For
that, we will first show that one can characterize all the con-
sequences of a formula ¢ via |~ semantically.

For a given formula ¢, we denote the set of all teams that
satisfy all consequences of ¢ with respect to |~, by

Norm(y, ) ={ X | X E ¢ forall ¢ with o |~ ¢ } .

In the following, we will show that for every ¢ the set
Norm(¢p, |~) characterize semantically the consequences of
|~ drawn from . For all formulas ¢, all sets of formulas
F C L, and all sets of teams M we define:

Crlp) ={v e v}, Cul@)={v[vEv}
Th(M)={pel| X Eeforal X € M},

Cn(F)={v|¢pEvforallp € F}.

The following lemma provides basic insights into the closures
Cp. and Cn, and the theory operator Th.

Lemma 11. The following statements are true:

(a) For |~ € PDL we have that C_(¢) = Cn(Ci.(¢)).

(b) For each formula o there exists an M C P(Ty) such
that Cn(¢) = Th(M) and M = [¢].

(c) For each set of formulas F with F' = Cn(F) there exists
a formula op such that F' = Cn(pr) is true.

Proof. Because (b) is a direct consequence of the semantics,
we omit a proof here.

Next we consider the proof for (a). We obtain C. () C
Cn(Cj.(¢)) by definition and reflexivity of =. Now assume
that Cj.(¢) € Cn(Cj(p)) is true, i.e., there is 1) € Ci ()
and v € Cn(Cj.(y)) such that ¢ = vy and v ¢ Cp(p).

!Consult the reference Kontinen, Meier, and Sauerwald (2026).
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Now recall that |~ satisfies (RW), and hence, we also have
© P~ 7, because ¢ =y and ¢ |~ 1 is true. From ¢ |~ ~, we
obtain the contradiction v € Cy.(¢).

Finally, we prove (c). We will employ the underlying
logic PDL yy, where we have a finite signature N C Prop. It
has been shown that classical disjunction is expressible in
PDLy, i.e., for two formulas ¢, ¢ there is a formula ¢ @ ¢
with [ @ ¥]' = [¢]* U [¢]* (Yang 2014). Moreover, every
downward-closed set of teams is M definable, i.e., there is a
o with [ops]t = M. Because N is finite, for every set of
formulas F the set [F]" is a finite disjunction of downward-
closed sets of teams, i.e., [F]! = M1 U...U M,,. Hence, for
or = Q" poum, we have [F]! = [¢r]". O

Note that the proof of Lemma 11 relies on the fact that
PL(dep) is expressively complete for team properties (Yang
2014), i.e., every set of teams that is closed under subteams is
the models set of some formula. We show the central insight
that Norm(p, |~) characterizes all consequences of ¢ by |~.
Theorem 12 (Definability of Consequences). For all entail-
ment relations |~ € PDL and all formulas ¢ we have that:

(a) For all formulas 1) we have that:
¢ P~ 1 if and only if Norm(ep, |~) |= 9.
(b) There is a 0, such that for all formulas 1) we have that:

@ ¢ ifand only if 0, }= 1.

Proof. Let |~ and ¢ be as above. We let 6, be a formula such
that [6,,] = Norm(¢, ) which exists due to Lemma 11.
[Case “p |~ 9 = Norm(p, ) = ¢”1If ¢ P 1, then we
obtain 6, |= 1 by definition of Norm(, |~).

[Case “O, = ¥ = ¢ |~ ¥”] By Lemma 11, there exist
M C P(Ty) such that C}(¢) = Th(M) is true.

We show that M C Norm(yp, ) is true. Suppose not,
i.e., there is an X € M such that X ¢ Norm(y, |~). From
the latter, we obtain that there is a formula y with X B~
and ¢ p~ 7. Now, from Cy. () = Th(M), we can deduce
X [ dforall § € Cp(p). Consequently, X |= v, as we
have that v € C} (). This shows M C Norm(¢p, |~).

We then obtain that Th(Norm(p, ~)) € Th(M) by
employing M C Norm(ep, |~). Consequently, from
Norm(yp, ~) = 9, we deduce that M |= 1. Thus, by em-
ploying [0,] = Norm(y, p) and Cj.(p) = Th(M), from
which we have that 6, |= 1 implies ¢ |~ 9. O

Next, we construct a cumulative model that captures |~.
The construction is inspired by the construction of Kraus,
Lehmann, and Magidor (1990). Let ~ be the equivalence
relation, respectively <. be the relation, defined by

e~y ifppyandy o,
[pl~ =0 [th]~  if there exists v € [¢]~ with ¢ .
Define C\. = (S, 4, R), with S := PL(dep)/~ as follows:
= {([¢]~, Norm(p, v)) | ¢ € PL(dep) } ,
R={([¢]~, W) | [p]~ # [¥]~ and [p]x =20 [¥]~ )

The states of C. are the equivalence classes of ~. The
function £ assign to every state [p].. the normal worlds of ¢,
and we have that [¢]. R [¢]~ if [¢]~ and [¢]~ are different
and [p]~ <o [Y]~ is true.
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Proposition 13. PDIL¢ C PD[em!st,

Proof. First, we show that (CPV is a strong cumulative model.
One sees easily that C|. is a relational model and R is asym-
metric. It suffices to show that for every formula ¢ the state
[¢]~ is the unique element of min(S(p), R). Suppose not,
i.e., there is a state [¢]. € min(S(y), R) different from
[¢]~. By definition, we have ¢([¢)]..) = Norm(¢, ) and
hence, that Norm(¢, ) C [¢]* is true. We obtain from
the latter that ¢ |~ ¢ is true by employing Theorem 12.
From ¢ € [p]~ and ¢ |~ ¢, we obtain [p]. <o [¥]~.
Consequently, we have that [p]. R [¢]., because of
(¢l < U]~ and [g].. # U] However, [o].. R []. is
a contradiction to [¢]. € min(S(p), R).

To complete the proof, we show that |~ and |~c,_ coincide.
Due to Theorem 12, we have that ¢ |~ ¢ if and only if
Norm(y, pv) [= 1. By construction of C., it is true that
min([¢]?, R) = Norm(ip, ). By definition, we get ¢ PVC‘N
1 exactly when Norm(¢p, ) = 1. Consequently, we have
that ¢ p~ ¢ if and only if ¢ |~c _ ¥. O

Because PDL“™s C PDL™ holds, we obtain Theorem 9
from Proposition 13 and Proposition 10.

4.2 Propositional Logic with Team-Semantics

In this section, we relate reasoning via System C and via
cumulative models over propositional formulas when team-
semantics and classical semantics is used. Intuitively, be-
cause, cumulative models for CPL order set of valuations and
cumulative models for TPL order sets of teams, one would
expect that the inclusion CPL*™ C TPL“™ is strict. How-
ever, as we will show, CPL“™ and TPL®“™ contain the same
entailment relations.

First, we define cumulative models with singleton teams
in labels and an asymmetric relation.

Definition 14. A relational model C = (S, £, R) for a logic
£ is called asymmetric if C is cumulative, < is asymmetric
and for each state s € S, the set {(s) is a singleton.

With TPL™ we denote the class of entailment relations
based on asymmetric models over TPL. Note that in strong
cumulative models min([[¢], S) is a singleton and each £(s)
may contain arbitrary many elements, where in asymmetric
models, £(s) is a singleton and the cardinality of min([¢], S)
is not restricted.

The next theorem provides equivalence of various reason-
ing approaches for CPL and TPL with cumulative models and
System C. This includes the equivalence TPL = TPL“™,
which shows that asymmetric models for TPL can be seen as
a standard representation for TPL.

Theorem 15. TPL™* = CPL* = CPLY = TPL* = TPLY
is true for all x,y € { cuml, cuml[str], c }.

Proof. Note first that Proposition 8 implies that CPL =
cprem CPLmstl - Furthermore, we have that
TPLvmEst) € TPLIU™ and TPLE = CPL are immediate con-
sequences of the definitions. Finally, the analogue of Propos-
ition 10 can be used to show that TPL™™ C TPL is true.
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(TPicemies = TP = CPIe=TPI“m = CPI=m]  (PDLS=PDL™)
ﬁmaﬂw
(TPr° =.’.CPL"=CPL""‘“]

Figure 1: Landscape of classes of entailment relations. For not
defined classes, consult SMK (2025).

( PDL ) (por)

[PDLP'ef[*l =PDLP2 = pDI N PDLP]

Let us then show that CPL*™ C TPL™= | Let )¢ €
CPL*™ and C = (S,, R) be the respective strong cu-
mulative model for CPL. We reinterpret C as a strong cu-
mulative model C' = (S', ¢, R’) for TPL with &’ = S,,
0 = {(s,{€(s)}) | s € S}, R'= R. Because in TPL is
holds that (x) {v'} |= ¢ if and only if v |=° ¢ for all singleton
teams {v'}, we obtain then ¢ = |~¢/. Next, we show that
CPLeemst T € TPL™ ) i5 true. Note that any strong cumu-
lative model C = (S, ¢, R) for CPL can be reinterpreted
(U(s) = {vi,...,vm } becomes £(s) = {{v1,...,um} })
as an asymmetric model for TPL, hence by the flatness prop-
erty of TPL-formulas and (x) above the claim follows. Fi-
nally, we show that TPL*™*! C CPL®“™ holds. Note that any
asymmetric model C = (S, ¢, R) for TPL can be interpreted
((s) = {{v1,...,vm} } becomes £(s) = {v1,...,um })
as a cumulative model C for CPL. By the flatness property of
TPL-formulas and (%) above it follows that ¢ = e/, O

5 Conclusion

In this paper, we proved representation theorems between
entailment relations based on System C and based on cu-
mulative reasoning for propositional dependence logic and
propositional logic with team semantics. Hence, they are
forming, in the context of these logics, a stable class which is
justified to be denoted as cumulative logics. The results from
SMK (2025) and KLM (1990), and the novel results from
this paper, yield a diverse landscape as shown in Figure 1.
On our future agenda, we will extend our work to other
team-based logics. Furthermore, we will study other sub-
classes of the rich landscape of cumulative reasoning, such
as c-inference (Kern-Isberner 2001), lexicographic infer-
ence (Lehmann 1995) or System W (Komo and Beierle 2022).
Of special interest is the open relationship of the classes con-
sidered here to TPLP* and PDLI”™, i.e., entailment relations
via preferential models (Kraus, Lehmann, and Magidor 1990),
i.e., cumulative models in which for every state s, the set £(s)
is a singleton, and R is a strict partial order. Related to this
problem is the open axiomatics for TPL*" and PDL”". Note
that reasoning via System C over PDL plus the following rule

ey Yy
Vi hy
denoted PDIP, was shown to be different from PDL"f (SMK,

2025). Note that TPI® C TP is a consequence of the
results shown here, but it is unknown if the inclusion is strict.

(Or)
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