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Abstract

The ability to abstract is important in Al systems and in prob-
lem solving, as generalizing over irrelevant details facilitates
finding solutions. In the context of Answer Set Programming
(ASP), abstraction has been recently investigated with a fo-
cus on the omission of unnecessary details, which is related
to forgetting, as well as on clustering vocabulary of similar
concepts into a common abstract representation. In the lat-
ter case, a characterization has been provided that identifies
when such abstraction is possible without affecting the an-
swer sets under the addition of any set of facts, in the spirit
of uniform equivalence and aligned with the ASP methodol-
ogy where a general problem encoding is used with varying
instances. However, when this characterization fails, no ab-
straction is possible, and even if it succeeds, computing an
abstracted program syntactically is only possible for a limited
subclass of programs. In this paper, we consider that not all
kinds of facts are required to be added in general, and inves-
tigate under which conditions such abstraction is indeed al-
ways possible as well as when and how to compute abstracted
programs, generalizing at the same time (compared to related
work) to a larger class of programs with wider applicability.

1 Introduction

Human reasoning relies on abstraction and generalization
to support flexible decision-making under changing condi-
tions and to simplify complex problem-solving tasks by ig-
noring irrelevant details. Similar goals arise in Al, where
systems must construct representations that allow solving
multiple related problem instances and also generalize be-
yond observed instances. In Symbolic Al, these challenges
have mainly been addressed along two complementary di-
rections: learning programs from examples, as pursued in
logic-based machine learning approaches such as inductive
logic programming (Cropper et al. 2022), whose tools con-
tinue to be enhanced and refined (Cerna and Cropper 2024);
and abstraction-based approaches, for example in planning,
where abstract representations are constructed to enable
finding generalized plans (Illanes and Mcllraith 2019) or
learning generalized policies (Bonet, Frances, and Geffner
2019). However, guarantees on the soundness and complete-
ness of the resulting models are often lacking in learning-
based settings, due to potential overfitting or limitations in
background knowledge. Although formal guarantees for
generalized planning have been investigated (Bonet et al.

412

2019; Cui, Liu, and Luo 2021; Giacomo, Lespérance, and
Mancanelli 2025), it remains unclear how these theoretical
results can be transferred to other domains.

In Knowledge Representation and Reasoning, removal
of (unnecessary) details in logical representations has been
approached with a number of different ideas. Forgetting
(Eiter and Kern-Isberner 2018) focuses on finding a rep-
resentation over a reduced language, thereby omitting in-
formation no longer deemed relevant, and has been stud-
ied together with closely related notions, including vari-
able elimination (Lang, Liberatore, and Marquis 2003), uni-
form interpolation (Visser 1996), or ignorance (Baral and
Zhang 2005). Another line of research is on representations
over a higher-level language that preserve certain properties
(Giunchiglia and Walsh 1992; Nayak and Levy 1995; Lo-
muscio and Michaliszyn 2014; Banihashemi, De Giacomo,
and Lespérance 2017). Although there are well-established
theoretical approaches to understand the properties needed
from abstracted programs, a domain-independent view on
how these techniques benefit generalization has only re-
cently gained traction.

For the framework of Answer Set Programming (ASP),
this intuition has recently been formalized through the clus-
tering of similar concepts into unified abstract representa-
tions (Saribatur et al. 2024). Such abstractions are typically
evaluated through the lens of uniform equivalence (Eiter and
Fink 2003), which ensures that an encoding remains faithful
to its original version regardless of the specific set of exter-
nal facts, i.e., the instance data, added to the program. This
perspective aligns with standard ASP methodology, where
a general problem encoding is designed to remain robust
across varying input instances. While uniform abstraction
can be viewed as an initial step towards a theoretical foun-
dation for generalized reasoning, in the spirit of generalized
planning, it often proves to be overly restrictive. Namely,
the notion requires an abstraction to hold under the addition
of any possible set of facts over the entire language.

In practical scenarios, however, many predicates in a pro-
gram are auxiliary or internal, and a developer can usually
guarantee that only a specific subset of the vocabulary will
be provided as input. This mirrors the motivation behind
relativized notions of strong/uniform equivalence (Woltran
2004; Eiter, Fink, and Woltran 2007), which recognize that
equivalence only needs to hold under contexts relevant to the
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program’s actual use. This also aligns well with the concept
of modularity in ASP (Janhunen et al. 2009), where ASP
programs with well-defined input-output interfaces are em-
ployed to restrict the language that is used externally and in
between them, and where forgetting has been studied as well
((UP)-forgetting (Gongalves et al. 2019)). In either case, ab-
straction would be desirable, but is prevented by the exces-
sively strong conditions on its applicability.

In this paper, we overcome these limitations by relaxing
the notion of uniform abstractions admitting the addition of
facts over a specific set of atoms.

Our contributions are summarized as follows.

* We introduce uniform B-m-abstractions to logic pro-
grams for clustering atoms in the vocabulary with a map-
ping m while satisfying relations resembling relativized
uniform equivalence w.r.t. a set B of atoms to be added.

* We provide necessary and sufficient conditions for testing
whether a program can have relativized uniform abstrac-
tions, while introducing a model-based representation to
capture these. We also identify conditions for which such
abstraction always exists.

* We employ extended logic programs, i.e., disjunctive pro-
grams with double negation in the body, which also gener-
alizes previous work in that aspect and broadens practical
applicability. In addition, we show for subclasses of pro-
grams when applying abstractions is closed.

* We define a syntactic operator for computing abstractions
that preserves the original rules as much as possible, but
with a considerably larger applicability than a previous
operator (Saribatur et al. 2024), and we identify concisely
the conditions under which it can be applied.

* We show how the existing notions of uniform simplifica-
tion and (UP)-forgetting can be seen as special cases, by
clustering the atoms into T. We show under which condi-
tions these special cases can be applied.

* We provide complexity results for the problems of de-
ciding relativized uniform abstractability and equivalence
testing that are often aligned with previous results on ab-
stractions, but affected by the increasing complexity of
checking relativized equivalence.

2 Extended Logic Programs

We recall necessary notions and notation on logic programs
including the different semantics we employ in this paper.
Here, we restrict our considerations to propositional pro-
grams over a set of propositional atoms {/, while programs
with variables can be reduced to their ground versions, cor-
responding to propositional programs, as usual.

We consider rules r of the form

A1V~--VA1<—AZ+1,... .,not A,
not not A,41,...not not A,

y A, not Ay, ..

where 0 < I < m < n < o, A € U, forl <
i < o, and not is default negation. We also write
r as H(r) «+ B(r) or H(r) < B™(r), not B~(r),
not not B~ (r). We call H(r) = {A4,...,A;} the head
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of r, BY(r) = {A141,..., Ay} the positive body of r,
B~ (r) = {Am+1,...,A,} the negative body of r, and
B~ (r) = {An41,. .., A, } the double-negated body of r.
If H(r) = (), occasionally written as L, then r is a con-
straint; and if B(r) = () and [ = 1, then r is a fact. A
rule 7 is disjunctive if B~ (r) = (), normal if additionally
I <1, and positive if also B~ (r) = 0. A rule is Horn, if it
is normal and positive.

An extended (logic) program (ELP) is a finite set of rules,
a disjunctive program (DLP) is a finite set of disjunctive
rules, and a normal program (NLP) is a finite set of nor-
mal rules. Unless stated otherwise, the term program refers
to an extended logic program.

The (labeled) dependency digraph Dp is the digraph de-
fined on the set | J, . p(H(r) UB*(r)UB~(r) UB~~(r))
of atoms, where for every rule r € P, two atoms b €
Bt(r)UB (r)UB~(r) and a € H(r) are joined by
an edge (b,a) labeled by “—" if b € B~ (r) and “+” if
b € BY(r) UB "~ (r). A cycle in Dp is a sequence
v1, U2, . . . U, Of vertices s.t. there is an edge from v; to v;41,
1 <7 < n,and v1 = v,. An odd cycle of P is a cycle in
Dp that contains an odd number of negative labeled edges.

An interpretation [ is a set of atoms from I/ that are true.
As usual, [ is a model of a program P, denoted by I |= P,
if it maps all rules of P to true. The semantics of answer
set programs are commonly defined via program reducts.
The following reduct was defined by Eiter and Wang (Eiter
and Wang 2008) and extends the original GL-reduct (Gel-
fond and Lifschitz 1988) to support double negation. The
reduct of a program P w.rt. an interpretation I is given
by P! {H(r) < B*(r) | r € PB (r)nI
0, B~—(r) C I}, and I is an answer set of P if it is a
minimal model of P/. We denote the set of all answer sets
of P by AS(P). Two programs P;, P, are equivalent if
AS(Py) = AS(P,), strongly equivalent (SE), denoted by
P, = P, if AS(PLUR) = AS(P, U R) for every pro-
gram R over U, and uniformly equivalent (UE), denoted by
P, =, P>, when R is restricted to set of facts over 4. Rela-
tivized notions of strong/uniform equivalence consider a re-
laxation on the vocabulary of the added programs. Formally,
two programs P; and P, are strongly equivalent relative to
B, denoted P, =B P, iff AS(P, U R) = AS(P, U R) for
all programs R over B C U, and uniformly equivalent rel-
ative to B, denoted P, Ef P,, when R is restricted to set
of facts over B. These naturally cover strong and uniform
equivalence for B = U.

These equivalence notions have also been captured in
model notions founded in the logic of Here-and-There
(Pearce 1996), and we recall these next.

An SE-interpretation is a pair (X,Y) suchthat X CY C
U; it is total if X = Y and non-total otherwise. An SE-
interpretation (X, Y") is an SE-model of a program P if Y =
Pand X = P*, and we denote by SE(P) the set of all SE-
models of P. A set Y of atoms is also an answer set of
P if (YY) € SE(P) and no non-total (X,Y) € SE(P)
exists, and two programs P; and P; are strongly equivalent
iff SE(Py) = SE(P,) (Turner 2001).

While SE-models capture strong equivalence, relativized
SE-models admit considering only a subset B of I/.
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Definition 1 ((Eiter, Fink, and Woltran 2007)). A pair of
interpretations (X,Y') is a (relativized) B-SE-interpretation
iff either X =Y or X C (Y N B). The former are called
total and the latter non-total B-SE-interpretations.
Moreover, a B-SE-interpretation (X,Y') is a (relativized)
B-SE-model of a program P iff:
(i) Y = P;
(ii) forallY'CY with(Y'NB)=(Y NB),Y'¥ PY; and
(iii) X C Y implies existence of X' CY with X'NB = X,
such that X' |= PY holds.
The set of B-SE-models of P is given by SE® (P).
Two DLPs Py, P» are strongly equivalent relative to B iff
SEP(P)) = SEP(Py).
The following Lemma generalizes results on the relation

between B-SE-models and SE-models [Lemma 4, (Eiter,
Fink, and Woltran 2007)] from DLPs to ELPs.!

Lemma 1. Let P be a program and A be a set of atoms.
(i) If(Y,Y) € SEB(P), then (Y,Y) € SE(P).
(ii) If (X,Y) € SEB(P) with X C Y, then (X',Y) €

SE(P), for some X' CY with (X' N B) = X.

The converse of (i) does not hold in general, as (ii) of
Def. 1 imposes an additional condition on total B-SE mod-
els. Also, the non-total B-SE-models of a program P are in
general indeed not a subset of its non-total SE-models:

Example 1. Consider program P and B = {a,b}:

c+a a4 c,notb a<+b

We obtain the following B-SE-models of P:*
(0, 0) 0, ac) {ac, ac)
(0, abc) (a, abc) {abc, abc)

Yet, the SE-models of P do not contain {a,abc), but rather
(¢, abc) and {ac, abc), where the latter is the SE-model cor-
responding to the B-SE-model {(a, abc) by (ii) of Lemma 1.
Unlike SE-models, B-SE-models are not closed under
program composition, i.e., SEP(P U Q) = SE®(P)n
SEP(Q) does in general not hold. It is only true if B = U.

Example 2. Consider program P = {d + a,c; b} and
B = {c}. We have SE?(P) = {(b,b), (i, bc), (bc,bc)}.
Yet, SEB({b}) = {(b,b)}, while SEP({d « a,c}) =
{(0,0),(0,¢),{c,c)}. Clearly, closure does not hold.

As argued (Eiter, Fink, and Woltran 2007), this is not re-
ally surprising as otherwise, for B = (}, answer set seman-
tics would be monotonic. Still, we can show that B-SE-
models permit determining answer sets under composition.

Proposition 2. Let P be a program and B and F sets of
atoms s.t. F C B. We haveY € AS(PUF) iffi) F C Y, ii)
(YY) € SEP(P); and iii) for each M with F C M C Y,
(M,Y) ¢ SEB(P).

"For full versions of proofs throughout the paper see https:/
www.dbai.tuwien.ac.at/user/saribat/pub/kr26-supp.pdf.

2We follow a usual convention and abbreviate sets in (B-)SE-
interpretations, such as {a, ¢} with the sequence of its elements.
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Note that for F' = (), this yields Y € AS(P) iff (Y,Y) €
SEP(P)and (X,Y) ¢ SEB(P) forany X C Y.

The characterization of uniform equivalence of programs
can be captured by their UE-models (Eiter, Fink, and
Woltran 2007) which are defined as UE(P) = {(Y,Y) €
SE(P)} Umaz>{(X,Y) € SE(P)and X C Y} where
maz> chooses the maximal elements of a set according to
a given relation >, and (X' Y') > (X, ) iff Y/ = Y
and X C X'. Then P,=,P; iff UE(P,)=UE(P,). Sim-
ilar to relativized B-SE models, relativized B-UE-models,
which are defined analogous to UE-models (Eiter, Fink, and
Woltran 2007), allow to consider equivalence under the ad-
dition of facts chosen from a set B. DLPs P;, P, are uni-
formly equivalent relative to B iff UE® (P)) = UE® (P,).

3 Relativized Uniform Abstractions

Uniform abstractions (Saribatur et al. 2024) admit general-
izing atoms in a program to common terms while preserving
the answer sets of the original program in the resulting ab-
straction, independently of the set of facts that is added. This
aligns with uniform equivalence and the idea of maintaining
an ASP encoding and only changing the instance data. It
turns out that this notion sometimes may be too strong.

Example 3. Consider the course plan of a computer science
master’s course, where a number of different courses are of-
fered in different terms, in part with overlapping schedules,
and students can choose their courses, while abiding with a
number of requirements. Suppose one time slot offers doing
the KRR course (a) or, alternatively, the software systems
seminar (b). Also, doing the KRR course ensures doing an
Al course (c). We can represent this in a program P:

a <+ notb b+ nota c+a

Now, suppose we want to generalize this small program, fo-
cusing on the aspect of doing core courses from certain ar-
eas and that an Al course is such a core course, i.e., we want
to cluster a and c into the concept core course (k). Such an
abstracted program over b and k would be required to have
the original answer sets {a, c} and {b}, projected under the
clustering, i.e., {k} and {b}, but also ensure correspondence
of answer sets under any addition of facts. Notably, since
a and c are conjoined, adding them to P should yield the
same result after clustering. However, adding a to P yields
a single answer set, {a, c}, corresponding to {k} after clus-
tering, while adding c to P yields two answer sets, {a,c}
and {b, c}, corresponding to {k} and {k,b} after cluster-
ing, and therefore no abstracted program can exist. Yet, the
only atoms we would want to add to such a program are
the actual courses the student takes, not those that represent
auxiliary concepts.

A solution to the problem in the previous example would
be not admitting to add all possible atoms as facts, but rather
only those from a predetermined set.

Before we introduce our corresponding new notion, we
formalize mappings following (Saribatur et al. 2024).

Definition 2. Given sets of atoms U, U’ with [U| > |U’
mapping m is a surjective functionm : U — U’

, a
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For a set S of atoms the inverse of the mapping is defined
asm~1(S) = {a | m(a) € S}. Mappings and their inverses
can also be applied to sets of sets of atoms, SE-models, sets
of rules/facts, i.e., programs, in a pointwise manner.’

Given a mapping m : U — U’', we can consider the
largest set [Y],, C U that has the same image over m as Y,
which includes all clustered atoms that have some represen-
tative in Y. Formally, given Y C U, [Y],, = m~*(m(Y)).

We can then identify the subset of U of clustered atoms
Ueg = {u € U : |[{u}]m| > 1}, and the subset of U’ of
cluster atoms U.; = {m(u) : u € Ueiq}. In the remainder,
w.l.o.g., we only consider mappings m such that all elements
in U \ Ueiq are mapped to themselves, and we represent for
m only explicitly the atoms that are clustered.

Example 4. Take U = {a,b,c} for the program P from

Ex. 3 with m : {a,c} — k. Then, {a,b}aqs = {a},

{6,k = {k}. [{a,b}m = {a,b,c}, and [{b}],, = {b}.
We can now introduce relativized uniform abstractions:

Definition 3. Given a program P (over U), a set B C
U, and a mapping m, Q (over U’') is a (uniform) B-m-
abstraction of P if, for any set F of facts over B, we have

m(AS(PUF)) = AS(Q Um(F)). ))]
If such a @ exists, we say P is uniform B-m-abstractable.

It is easy to observe that this generalizes the notion of
uniform abstraction (Saribatur et al. 2024).

Proposition 3. P is uniform m-abstractable iff P is uniform
U-m-abstractable.

It is also clear that for the trivial mapping, i.e., Ueg = 0,
this corresponds to relativized uniform equivalence.

Corollary 4. Given a program P over U, a set B C U,
and a mapping m s.t. Uy = 0, Q is a a uniform B-m-
abstraction of P iff P =58 Q.

As we have observed in Ex. 3, abstractions may not be
achievable for P if a mapping clusters atoms that, when
added separately to P, yield different answer sets. The fol-
lowing notion captures when such problems do not arise.

Definition 4. Given a program P, a set B of atoms, and a

mapping m, we say that P is B-m-preserving (of answer

sets) if it satisfies the following:

Forall sets Z,Z' C B s.t. m(Z') = m(Z):
m(AS(PU Z)) =m(AS(PU Z"))

Note that Definition 4 technically gives the following.

@

Lemma 5. P is B-m-preserving iff it satisfies the following:
For all Y and all sets of facts Z,Z'CB s.t. m(Z")=m/(Z):

IfY € AS(PU Z), then
Y’ st m(Y')=m(Y)andY' € AS(PUZ') (3)

In Ex. 3, P is not {a, c}-m-preserving. Yet, if P is B-m-
abstractable, then it is B-m-preserving, i.e., we can establish
a necessary condition.

3For individual atoms or facts, we may abuse notation and apply
m and its inverse directly, and, unless stated otherwise, domain and
codomain of m are always I and U’ respectively.
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Proposition 6. If there is a B-m-abstraction of P, then, P
is B-m-preserving.

Proof. Suppose @ is a B-m-abstraction of P, and consider
any Y, and any sets of facts Z C B and Z’ C B such that
m(Z'"y = m(Z)and Y € AS(P U Z). The latter, by (1)
(of Def. 3), implies that m(Y) € AS(Q Um(Z)). Since
m(Z") = m(Z) we have that m(Y) € AS(Q U m(Z")).
Finally, using again (1), we can conclude that there is some
Y' e AS(PU Z’) such that m(Y") = m(Y"). O

Observe that for a mapping m with U,q N B = 0, any
program becomes B-m preserving, as Z = Z'.

4 Characterization of Abstractions

In this section, we provide necessary and sufficient condi-
tions for relativized abstractability and a semantic character-
ization of relativized abstractions.

These conditions generalize the ones introduced for uni-
form abstractions in Proposition 3 of (Saribatur et al. 2024).
The former conditions, intuitively, capture the correspon-
dence of answer sets between a program and its abstraction
on the level of SE-models. Namely, any non-total SE-model
(X,Y) of P being abstracted into a total one requires the ex-
istence of another total SE-model that admits an answer set
if X is added to P (A7}}); for any total SE-model (Y,Y") of
P, if adding X to P would turn Y into an answer set, then
this behavior must be mirrored for any X’ that coincides
with X under abstraction (A7 ); and if a total SE-model
contains any clustered atoms, then there also is a total SE-
model containing all of those abstracted into them (AZ’3 ).

For relativized abstractions, instead of determining such
conditions on SE-models to identify those answer sets for all
possible sets ' of facts to be added, we are interested only
in the cases when adding sets I’ of facts over B. Therefore,
B-SE-models are more suitable to provide such conditions.

However, as we have seen in Section 2, B-SE models are
not closed under program composition and there is no exact
match between the SE-models and the B-SE-models of a
program, which complicates such characterization. It turns
out, though, that lifting the conditions from SE-models to
B-SE-models works because of the restrictions imposed by
adding only atoms over B, as we illustrate next for A7’ .

Example 5. Consider program P from Ex. 1. If we were
to cluster a and b to k, then, seemingly, there is no non-
total B-SE-model that under such a mapping would be ab-
stracted into a total one. (Recall that such abstraction
of a B-SE-model can be achieved simply by applying the
mapping to the model itself.) Yet, there is a non-total SE-
model ({ac,abc)) that can be abstracted into a total one,
which raises the question if and how this has to be taken
into consideration. It turns out that such condition for SE-
models would only be meaningful for (X',Y) € SE(P)
with X' C (Y N B), as, otherwise, X' cannot be added to P
anyway (by Definition 3) and no answer set will result from
it. In fact, as we will show next, such lifting to B-SE models
can be achieved without referring to SE-models.

Similar observations can be obtained for the cases of Aum2
and AZ;. For the former, to facilitate such characterization,
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we can establish a tight connection between SE-models and
B-SE-models regarding the non-existence of non-total mod-
els.

To that end, we introduce notation to refer to sets X
where a non-total (B-)SE-model of a given Y that is equal or
larger than X does not exist. Formally, Amod~(X,Y) (resp.
PmodP~(X,Y)) represents that, for each M with X C
M C Y, (MY) ¢ SE(P) (rtesp. (M,Y) ¢ SEB(P)).
We obtain the following tight connection.

Lemma 7. Let P be a program, B a set of atoms, (YY) €
SEB(P), and X C Y N B. Then #mod®~(X,Y) implies
Pmod>(X,Y).

We can now state the necessary conditions for relativized
abstractability based on B-SE-models.

Proposition 8. If there is a B-m-abstraction of P, then P
satisfies the following:

AB™: For each (X,Y) € SEP(P) with X C Y and
m(X) = m(Y), there exists Y 2 X with m(Y")
m(Y), (Y, Y') € SEP(P) and 3mod®~(X,Y").

AB™: For each XY, X' with X C (Y N B), (Y,Y) €
SEB(P), Pmod®~(X,Y) and m(X) = m(X"), there ex-
ists (Y',Y') € SEB(P) with m(Y') = m(Y), X' C Y’
and fmod? 5 (X', Y").

ABm.(vY) € SEP(P) implies (Y UC',)Y UC') €
SEP (P) for some C" s.t. ([Yeia)m N B) € C" C [Yeid)m

Proof. Let QQ be a B-m-abstraction of P.

ABm: Consider (X,Y) € SEP(P) with X C Y and
m(X) = m(Y). This, together with X C (Y N B) (Def. 1),
implies Y C B. Also, by Lemma 1, (X")Y) € SE(P),
for some X' C Y with (X’ N B) = X. Then m(X) =
m(X'), and also m(Y N B) = m(X’ N B). We also have
(Y,Y) € SEB(P), and thus, by Prop. 2, Y € AS(PU(Y N
B)). Given @, by Lemma 5 and Prop. 6, there exists Y s.t.
m(Y") =m(Y)andY’ € AS(PU(X'NB)). We check the
three conditions. 1. Since X C (Y N B), X C B, and since
X'NB=X,X C X' Also,m(X")=m(Y) =m(Y’), so
indeed X C Y” holds. 2. Clearly, (Y’,Y') € SE(PU(X'N
B))and (X", Y'y ¢ SE(PU (X' N B)) forany X" C Y".
Then, (Y',Y") € SE(P), and, forany X" C Y’ with (XN
B) = (X'NB), (X",Y') & SE(P). Asm(X' N B) =
m(Y N B), by Def. 1, (Y, Y') € SEP(P) as required. 3.
Assume there exists M suchthat X C M C Y/, (M,Y’) €
SEP(P). By (ii) of Lemma 1, there is (X", Y") € SE(P),
for some X" C Y’ with (X" N B) = M. We derive a
contradiction to our observation in part 2. above, and thus
Pmod B (X,Y").

AB-m: Consider X, Y, X’ with X C (Y N B), (Y,Y) €
SEB(P), 3mod®5(X,Y), and m(X) = m(X'). By (i) of
Lemma 1, (Y,Y) € SE(P). By Lemma 7, #imod>(X,Y),
and therefore Y € AS(P U X). By Prop. 6, and since
m(X) = m(X'), there is Y’ s.t. m(Y’') = m(Y) and
Y' € AS(P U X'). Then, (Y',Y') € SE(P U X')
and (X" Y") ¢ SE(P U X') for any X" C Y’. Then,
Pmod~ (X', Y')and (Y',Y') € SE(P), and, for any X" C
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Y’ with (X" 0 B) = (Y’ N B), (X",Y') ¢ SE(P).
By Def. 1, (Y',Y") € SE®(P) as required. Also, as
Y' € AS(P U X'), X’ C Y'. Finally, assume there is
M suchthat X’ € M C Y',(M,Y") € SE®(P). By (ii) of
Lemma 1, there is (X", Y) € SE(P), for some X" C Y
with (X" N B) = M. We derive a contradiction to our
observation mod~(X’,Y"), and thus Amod® (X', Y").
ABm: Consider (Y,Y) € SEP(P). By Prop. 2, Y €
AS(PU (Y N B)). Given @, by Prop. 6, for any set of facts
Z' st. m(Z') = m(Y N B), there exists Y’ s.t. m(Y’) =
m(Y)andY’' € AS(PUZ’). We know that m(Y UC") =
m(Y) and m((Y U C’”) B) = m(Y N B) for any C”
S.t. ([Y;ld]m N B) " C [ cld] . Thus, (Y U C”) €
AS(P U ((Y UC”)N B)). Then, (Y UC",Y UC") €
SE(PU((YUC")NB)) and (X,Y UC") & SE(P U
(YuC”)n B)) forany X C (Y UC”). We obtain that
(YuC”,YUC") € SE(P) and that, forany X C (YUC”)
with (XNB) = (YuC”)NB),(X,YUC") & SE(P). By
Def. 1, (Y UC"),(Y UC")) € SEB(P) forsuch C”. O

We use the abbreviation that P satisfies AB-™ iff it satis-
fies the conditions Aﬁjm forl <i<3.

Condition Ai’m deviates a bit from its correspondent
AZE for uniform abstraction (Saribatur et al. 2024), which,
in comparison, is quite simpler. The following example il-
lustrates why this is the case.

Example 6. Consider the following program P

b < not notb
c+a

a < not not a
d < not not d

with answer sets 0, {b},{d}, {a,c},{a,b,c},{a,c,d}, and
{a,b,c,d}. Take m {a,¢,d} — k. When adding
0 to P, the resulting program must have the answer
sets {},{b}, {k}, {b,k}. A suitable Q would be {b +
not not b;k < not not k}. Now, if we consider B =
{a,b,c,d}, then AB™ is indeed valid. We would expect
that the same holds True for any B' C B. However, with
the equality condition, for the case of B’ = {a,b,d}, this
fails. The reason is: in this restricted setting, there is a B'-
SE model (d,d) which for B’ requires exactly {ad,ad) to
be a B'-SE model (it is not, not even if we consider B it-
self). For B, the construction maintains c, i.e., it requires a
model {acd, acd) which exists. The relaxed condition admits
that C' be such that it necessarily contains all the clustered
atoms that occur in B, but also other clustered atoms, not
contained in B.

For B = U, the conditions Af '™ exactly match the con-
ditions of uniform abstraction (Saribatur et al. 2024).

On the other hand, if B is such that U.q N B = 0, the
conditions AZ-™ become immaterial.

Proposition 9. Ler P be a program, m a mapping, and B C
U s.t. BN Ueg = . Then, P satisfies A5,

We now proceed by constructing a set of UE-models
aimed to represent B-m-abstractions. UE-models are in-
deed adequate here as they capture uniform equivalence, i.e.,
equivalence under addition of facts.
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The main idea of the construction is to first capture all
total B-SE-models of the given program, as well as certain
non-total B-SE-models of it, and then effectively applying
m to these models.

To that end, we first collect all those non-total B-SE mod-
els (X,Y) that, for each Y’ that is mapped to Y and for
which a B-SE-model (Y’ Y") exists, have a non-total rel-
ativized UE-model that contains an X’ compatible with X
under m. Intuitively X is included as non-total model if no
matter what variant of X under abstraction we add to P, it
does not result in an answer set. As we are interested in the
largest possible such cases, B-UE-models with their inher-
ent maximality condition are well-suited here.

Definition 5. Let P be program, B a set of atoms,
m:U—U" a mapping, andY C U':
SE™(P) = mazs{X | m(X) C (Y N m(B)) and
VY'CU st m(Y')=Y and
(YY) € SEP(P) and
VX' c (Y NB)stm(X')=m(X):
AM s.t. X' C M CY' and
(M,Y') € UE®(P)}
Example 7. Recall program P from Ex. I and consider m :
{a,b} — k. For Y = 0, no subset of Y can exist and
Sf’m(P) = (. The only other option is Y = {k,c}, and
we have two Y' with m(Y') =Y, and Sﬁc’rg}(P) = {0}.

Note that adding () does indeed not create an answer set of
P containing {a, c}, while adding {a} would.

With this in place, we can determine a set of models as
outlined, defining B-relativized m-UE-models, as the B-
relativized UE-models under mapping m.

Definition 6. Let P be program and m a mapping. The set
of B-relativized m-UE-models of P, denoted UEZ (P), is
defined as:

{(m(X),m(Y)) | X € S, 3 (P),(Y,Y) € SEP(P)}

U{{m(Y),m(Y)) | (Y,Y) € SEP(P)}
Example 8. (Ex. 7 ctd.) By construction, we obtain
UEZ(P) = {(0,0), (0, ke), (kc, k) }.

We can show that for a uniform m-abstraction of a

program, its B-relativized m-UE-models and the m(B)-
relativized UE-models coincide.

Proposition 10. Let P be program and m a mapping. If Q
is a B-m-abstraction of P, then it satisfies

UE,,(P) = UE™(Q). @
Proof sketch. For the inclusion UEZ (P) C UE™P)(Q),
we assume that (X,Y) € UEE(P), but (X,Y) ¢
UE™®)(Q). The non-trivial case is when X C Y, and
we have two cases: there exists (M,Y) € UE™B)(Q) s.t.
XcMcCY; orﬂmodg(m (X,Y). Inboth cases, we reach
a contradiction with X* € SP"™(P) with m(X*) = X.
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For the reverse inclusion, assume (X, Y) € UE™®)(Q),

but suppose (X,Y) ¢ UEE(P). The non-trivial case is
X C Y. We consider X* = m~1(X) and have two alter-

natives: X does not satisfy the conditions of Sg "(P); or
X* is not maximal among those that satisfy 55 (P). In
both cases this contradicts (X,Y) € UE™P)(Q). O

With Cor. 4, for a trivial mapping m, this also yields
P, =B Py iff UEP (P,) = UE®(Py) for ELPs Py, P;.

More importantly, we obtain sufficient conditions for rel-
ativized uniform m-abstractions.

Theorem 11. Let P be program, B a set of atoms, and m a
mapping. There exists a B-m-abstraction of P iff P satisfies
ABm

For this, we show that a program () over U’ satisfying
UEE (P) = UE™®)(Q) is a B-m-abstraction of P.

This also allows to conclude that if B N,y = 0, then we
can always find a m-abstraction of P w.r.t. B.

Corollary 12. Let B C U and m a mapping with BNUyq =
(), then any program is B-m-abstractable.

5 Closure of Abstractions

In this section, we study closure of abstractions w.r.t. sub-
classes of logic programs. In general, even if we start with a
DLP, we may end up with an abstraction which is not a DLP.

Example 9. Let us consider again program P from Ex. 3.

a<+ notb b+ nota c+a

Suppose the cluster mapping is m : {a,b} — k, and take
B = {c}. In this case, the answer sets of P are {a,c}
and {b}, which implies that a B-m-abstraction of P must
have {k,c} and {k} as answer sets. Yet, the existence of
non-minimal answer sets immediately clarifies that no cor-
responding DLP exists. Still, a B-m-abstraction of P exists
(though not a DLP). Consider Q:

¢ < not not c k +

It is easy to check that Q is a B-m-abstraction of P. The
same is true for m : {b,c} — k and B = {c}. In this
case, the abstracted program must have {k,a} and {k} as
answer sets. Again, there are non-minimal answer sets, o
no matching DLP can exist. Still, the following extended
program Q) is a B-m-abstraction of P:

a <+ not not a k <+

So, in both cases, although P is a DLP (in fact an NLP),
and there are B-m-abstractions of P, none of these can be
a DLP. Also note these two choices of m and B are rep-
resentatives of the two disjoint cases when U.q € B: i)

UgaN B = Q)andii)uddﬂB 75 0, but Uzg N (U\B) 75 (.

Although closure for DLPs does not hold in general, we
are able to prove that if /.;q C B, such result holds. For this,
we recall the semantic characterization of DLPs (Eiter et al.
2013). A set S of SE-interpretations is said to be complete
if, whenever (X,Y) € S, then (Y,Y) € S, and if, whenever
(X, YyeSand(Z,Z) € S,withY C Z,then (X, Z) € S.
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Proposition 13 ((Eiter et al. 2013)). A set S of SE-
interpretations is complete if and only if there is a DLP P
such that SE(P) = S.

In the relativized case, we can also consider similar char-
acterizations, both for B-SE-models and B-UE-models.
Definition 7. A set S of B-SE-interpretations is said to be
complete if the following conditions hold:

o if (X,Y) €S, then (Y,Y) €S, and

s f (XYY € Sand (Z,Z) € S, withY C Z, then
(XNB,Z)eS.

For B-UE-models, one extra condition is needed.
Definition 8. A set S of B-SE-interpretations is said to be
quasi-complete if the following conditions hold:
 if (X,)Y) e S then (YY) e S
¢ if(X,Y) e S then (X')Y) ¢ Sforevery X C X' CY.
s if (X\)Y) e Sand (Z,Z) € S, withY C Z, then there

exists M O X N B such that (M, Z) € S.

We can now present novel results that provide necessary
and sufficient conditions for a set of B-SE-interpretations
to be the set of models of a DLP. These follow from the
results in (Eiter, Fink, and Woltran 2007) on SE” and UE®-
models and those in (Eiter et al. 2013) on DLPs.
Proposition 14. Let S be a set of B-SE-interpretations.

o Sis complete iff S = SEB(P) for some DLP P;

* S is quasi-complete iff S = UE® (P) for some DLP P.
We now focus on the particular case of U,y C B, which

means that all clustered atoms are part of the set of atoms
that can be added as additional facts to the program, when
comparing answer sets. As mentioned before, in both cases
of Ex. 9, i.e.,Ueq = {a, b} with B = {c}, and Uejq = {b, ¢}
with B = {c}, this condition does not hold.

We begin with a simple result showing that in this partic-
ular case, condition Afs’m can be written in a simpler way.
Lemma 15. Let P be program, m a mapping, and B such
that Uzq C B. Then, Afg’m can be written as:

(Y,Y) € SEB(P) implies {[Y]m, [Y]m) € SEZ(P).
Observe that this matches Aum3 (Saribatur et al. 2024).
We now show that, in this particular case, and provided

that P is a DLP, the constructed set of B-SE-interpretation

UEZB (P) satisfies the DLP characterization conditions.

Proposition 16. Let P be a DLP, m a mapping, and B such
that Uy C B. If P satisfies AB™, then UEE (P) is quasi-
complete.

Since UEZ(P) is the characterization of any B-m-
abstraction of P, this result entails the closure of abstraction
with respect to DLPs.

Theorem 17. Let P be a DLP, m a mapping, and B s.t.
Uqq C B. If P satisfies Af’m, then there is a DLP @) that
is a B-m-abstraction of P.

For the closure w.r.t. NLPs, we need to recall that every
DLP is uniformly equivalent to some NLP (Eiter et al. 2013).
This, together with the fact that we only characterize the
result of abstraction up to B-UE-models, implies that such
closure result also applies to NLPs.
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Corollary 18. Let P be an NLP, m a mapping, and B such
that U.;q C B. If P satisfies Af’m, then there is an NLP Q)
such that Q) is a B-m-abstraction of P.

This also applies to the non-relativized case with B = U
(Saribatur et al. 2024), but was not proven before.

Corollary 19. Let P be a uniform m-abstractable program.
Then, if P is a DLP (resp. NLP), then there is a DLP (resp.
NLP) Q s.t. Q is an m-abstraction of P.

6 Computing Abstractions

In this section, we investigate the construction of B-m-
abstractions. For this, we consider an intuitive syntactic
operator that preserves the rules of the original program as
much as possible. The operator considered in (Saribatur et
al. 2024) had a similar motivation, replacing occurrences of
the elements mapped to the same cluster simply by that clus-
ter atom to obtain the mapping of P, i.e., m(P). However, it
only is applicable to a subclass of DLPs where the negative
bodies of all rules do not contain atoms to cluster, referred
as m-positive. Here, we propose an operator that does not
apply any such limitation on the program P to be abstracted,
thereby also lifting to ELPs.

Example 10. Consider program P and m : {a,b} — k.

b <« nota a < notb c+a c+b

P is uniform m-abstractable, i.e., B = U, though it is not
m-positive. In this case, program Q = {k;c + k} is a
U-m-abstraction of P, that can be obtained by applying m
to P while omitting negated atoms if there is an atom in the
head of the rule they are being clustered with.

Now consider program P = {b < not a;a <« b},
which is {b}-m-abstractable. Here, we have Q = {k +
not k; k < k} as the abstraction, where clustered atoms in
the negative body are not omitted, as the odd cycle among
the atoms needs to be preserved.

With this in mind, we can now propose our syntactic op-
erator. For this, for a given program, let L., , ..., L., denote
all disjoint sets of atoms involved in an odd cycle, if exists.

Definition 9. Given a ruler : H(r) < B(r) and a mapping
m, the m* operator applied to r, denoted by m*(r), yields

m(H(r)) < m(B(r)),m(B~(r) \ L),m(B~"(r))

where L C B~ (r) N Ugq satisfying V¢ € L Ja € H(r) :
m(a) = m(l) and {a, 0} € L, forall j.

By applying m* to P, we mean m*(P) := |, p m*(r).

The aim of m* is to apply the mapping to each atom in the
rule, and remove the atoms from the negative body that are
being clustered together with an atom from the head of the
rule, except when they are involved in an odd cycle. Observe
that the operator obtains the abstractions in Example 10.

Clustering inside of B We begin with showing that for the
cases of only abstracting those atoms that are in the vocabu-
lary of the added facts, i.e., U,y C B, the operator m* can
obtain the abstraction. To reach this result, it is sufficient
to look at the case for P being B-m-preserving (Defn. 4)
without going into the details of SE/UE-models.
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Proposition 20. Let P be a program, B a set of atoms, and
m a mapping with U.q C B. If P is B-m-preserving, then
Q = m*(P) is a B-m-abstraction of P.

Proof (Sketch). We prove by contradiction, assuming that,
for some ' C B of facts, we have m(AS(P U F)) #
AS(m*(P) U m(F)). Since P is B-m-preserving, we
choose F’ = [F1],, N B which contains all of those atoms
clustered in m(F") in relation with B. We do a case analysis
for all cases that invalidate the equality, taking into account
the rules in P that are modified by m*, reaching a contradic-
tion for each case. We make use of the fact that /.,y C B
when reaching a contradiction to Defn. 4 while traversing
over F’s (while remaining within B) that agree on the map-
ping, but turn out to not agree on the answer sets. O

Note that this establishes that for U,y C B, P being B-
m-preserving is also a sufficient condition for obtaining a
relativized abstraction.

Corollary 21. For a mapping m with Uy C B, the follow-
ing are equivalent:

(i) P is B-m-preserving.

(ii) m*(P) is a B-m-abstraction of P.
(iii) There is a B-m-abstraction of P.
(iv) P satisfies ATB.

Clustering outside of B Even though it is always possi-
ble to cluster when clustering atoms outside of B (Corol-
lary 12), simple syntactic clustering might not be possible.
We observe that this occurs when the clustering loses the
distinct behavior of the atoms.

Example 11 (Example 9 ctd.). For B {c}, the ab-
straction contains double negation, thus cannot be achieved
with m*. We see that AS(P U {a}) = {{a,c}} while
AS(PU{b}) = {{b}} which can no longer be distinguished
if a and b are clustered into k.

Furthermore, for the cases when we cluster atoms both
from inside and outside of B into one, it is not sufficient to
check P being B-m-preserving to ensure whether the syn-
actic operator obtains the desired abstraction.

Example 12. Consider program P = {d «+ a,c; b}, map-
ping m : {a,b} — kand B = {b,c}. Here P is B-m-
preserving. However m*(P) = {d + k,c. k.}isnota B-
m-abstraction of P, since AS(m*(P)U{c}) = {{k,c,d}}
while AS(P U {c}) = {{b,c}}. When renaming b in P
with the clustered atom k, one loses the distinction of the
rule that appears when the fact c is added. For such a P an
abstraction would be Q = {k}.

7 On Simplification and Forgetting

In this section, we show how the related notions of forget-
ting and simplification in ASP can be seen as a special case
of relativized uniform abstractions. For this we introduce
a notion of relativized uniform simplifications, that relaxes
uniform simplification (Saribatur and Woltran 2023).

In order to capture removal of atoms from the vocabulary,
we extend the co-domain of the mapping m with T, and fo-
cus on the mapping m’ : U — U' U {T }. Here mapping one
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or more elements to T is intended to represent the removal
of the atoms. For simplicity, we omit T from the result of
the mapping, which is aligned with the idea that the special
element T corresponds to the logical constant T, in which
case, in a set of facts, it can indeed be removed. Since a
mapping m’ : A — T can be fully determined by the set
A of atoms to be removed, here we explicitly refer to A in-
stead of m/, and call these A-omission mappings. Moreover,
given a set X C U/ we use the notation X ato refer to the

projection onto the remaining atoms, that is, X \ A. This
notation extends naturally to sets of sets and sets of facts.

7.1 Relativized Uniform Simplification

We start with adjusting Definition 3 to consider the special
case of removing atoms from Uf.

We can adapt the notion of a B-m-abstraction to a corre-
sponding notion of omission as follows.

Definition 10. Given A, B C U and a program P (over
U), program @Q (over A U\ A) is a uniform B-A-
simplification of P if for any set F' C B, we have

AS(PUF) 5 = AS(QU Fy). (5)

We say that P is uniform B-A-simplifiable if there exists a
program @ such that (5) holds.

Observe that, for B = U, this exactly amounts to the no-
tion of uniform simplification (Saribatur and Woltran 2023).

Next, we can lift the result on the necessary and suffi-
cient conditions for uniform B-m-abstractability to uniform
B-A-simplifiability. For this, we reuse the notion of B-m-
preserving (Definition 4) and Lemma 5, but now w.r.t. the
set of atoms to be removed.

Definition 11. Given a program P and sets A, B C U of
atoms, we say that P is B-A preserving (of answer sets) if it

satisfies the following:
For all Y and all sets of facts Z, Z'

C Bs.t. Zl’Z

IfY € AS(PU Z), then
Y7 s.t. YIIZ =YzandY' € AS(PUZ') (6)

The observation regarding the relation with relativized
simplifiability and answer set preserving then follows.

Proposition 22. If there is a uniform A-simplification of P
relative to A, then, P is B-A preserving.

We can now present the A conditions for relativized sim-
plification. Below, we may again say that P satisfies AZ:4
iff it satisfies the conditions Ai Aforl <i<3.

Proposition 23. If there is a uniform B-A-simplification of

P, then P satisfies the following:

ABA: For each (X,Y) € SE®(P) with X C Y and
X\Z = Y|Z’ there exists Y' O X with Y|/Z = Y\Z’
(YY) € SEP(P) and 3mod " 5 (X, Y").

ABA: For each X,Y, X' with X C (Y N B), (Y,Y) €

SEP(P), 3mod®(X,Y) and Xz = X[, there exists

£
(YY) € SEP(P) with Yl =Yg X' C Y and
PmodB5 (X", Y).
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ABA (YY) € SEP(P) implies (Y UC',Y UC') €
SEP (P) for some C" s.t. (Y UA)NB) CC' CY UA.

The main result on the necessary and sufficient conditions
can be shown with a proof following that of Theorem 11,
making use of the adjusted versions of Definitions 5 and 6
for the case of removing atoms, which we omit here due to
space reasons.

Theorem 24. Let P be program, and A, B sets of atoms.
There exists a uniform B-A-simplification of P iff P satisfies
ABA]

Similar to the case of clustering, when we remove atoms
A belonging to B, we require that P satisfies AZ4 to be
relativized simplifiable. However when we remove atoms
that are not in B, AB+4 conditions are trivially satisfied, and
P is always relativized simplifiable.

Corollary 25. Let A,B be sets of atoms. Any program is
uniform B-A-simplifiable for B C A.

This observation allows us to connect to forgetting next.

7.2 Relation to UP-forgetting

Let us recall the following property in the scope of forget-
ting in ASP (Gongalves et al. 2019), where F' is a class of
forgetting operators and C a class of programs:

(UP) F satisfies Uniform Persistence if, for each f € F,
PeCand A CU,wehave AS(f(P,A)UR) = AS(PU
R) 7 for all sets of facts 12 € C over A.

Here, f(P, A) denotes the result of forgetting about A from
P. Uniform persistence is also considered for a particular
forgetting instance (P, A), for P € C and A C U, denoted
by (UP)< P, A)» respectively (Gongalves et al. 2019).

It is easy to see that when setting B = A in Definition 10,
the definitions coincide.

Proposition 26. A forgetting operator [ satisfies (UP) p a)
iff f(P, A) is a uniform A-A-simplification of P.

In (Gongalves et al. 2021), a general operator was intro-
duced that can be iterated and that satisfies (UP). This means

that (UP)-forgetting is always possible. It is interesting to
observe that this is in line with Corollary 25.

8 Complexity

We assume familiarity with basic concepts of complexity
theory. For comprehensive details we refer to (Papadim-
itriou 2003; Arora and Barak 2009).

For checking whether some () is a uniform B-m-
abstraction of a program P, obtaining a lower bound is triv-
ial by utilizing the observation in Cor. 4, where we have
seen that for the trivial mapping m this check amounts to
relativized uniform equivalence between P and ) (which is
17’ -complete). We next establish a non-trivial upper bound
for this problem. We anticipate that matching lower bounds
can be obtained but leave this for future work.

Theorem 27. Given a mapping m, a program P which is
B-m-abstractable, and a program Q, checking whether QQ
is a uniform B-m-abstraction of P is in 11 and 1% -hard.
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Proof. For given P, (), B, and m, we check for the equality
(1) defining @ to be a uniform B-m-abstraction. For the
complementary problem, we guess a set F' of facts checking
F C B and an interpretation I checking its containment
in AS(P U F) and the containment of m(7I) in AS(Q U
m(F)), but that it does not hold for both. As answer set
computation for propositional ELP is in I1Z’, the equality
check is contained in %2 O

We present complexity results on deciding relativized ab-
stractability, and start with two distinct cases on clustering.

Proposition 28. Let P be a program U, B C U a set of
atoms, and m a mapping.

(i) For BN U.q = 0, deciding whether P is uniform B-
me-abstractable is trivial.

(ii) For U,q C B, deciding whether P is uniform B-m-
abstractable is in 115 .

Proof. ITtem (i) is trivial Corollary 12. For item (ii), due to
Corollary 21, it is sufficient to construct the program m* (P),
and then check whether it is a relativized uniform abstraction
of P. Since the construction is done in polynomial time, we
remain in TT% . O

In general, complexity of this problem may increase.

Theorem 29. Let P be a program over U, m a mapping,
and B C U a set of atoms. Deciding whether P is uniform
B-m-abstractable is in 115 and 115 -hard.

The increase in complexity, when compared to uniform
abstraction, is due to relativized SE-model checking, which
is DP-complete, and thus one level higher than SE-model
checking. It remains an open question whether we can
confirm the gap compared to the problem of deciding ab-
stractability for a given program P (Thm. 27) as it was
not present for uniform abstractions (Saribatur et al. 2024).
Note also that uniform equivalence typically incurs addi-
tional complexity compared to strong equivalence, and sim-
ilarly for relativized strong equivalence (see (Eiter, Fink,
and Woltran 2007)). The fact that we consider both uni-
form and relativized versions of equivalence, together with
an abstraction mapping, accounts for the increase in com-
plexity. In any case, if we consider P without any dis-
junction (but possibly double negation), then we obtain I1Z -
completeness. This holds essentially because relativized SE-
model checking is P-complete for NLPs and because, with-
out the minimality check required for disjunctions in DLPs,
relativized SE-model checking for ELPs without disjunction
is the same.

9 Conclusions

We have introduced the notion of relativized uniform ab-
straction that is more flexible than uniform abstractions by
allowing abstractions to be tailored to specific input signa-
tures. We have lifted the logical framework to extended
logic programs for wider practical applicability, while also
proposing a syntactic operator to obtain an abstraction that
resembles the original program as much as possible for the
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case of clustering within the added facts and preserving clo-
sure within the program class. This framework also unifies
existing techniques, such as uniform simplification and UP-
forgetting, into a single theoretical lens.

Next steps involve lifting the UP-forgetting operator into
the clustering framework, in order to have some handle on
obtaining syntactic abstractions even when we cluster out-
side of the added facts. Our observations hint that incorpo-
rating symmetry detection might be a promising direction
for identifying atoms that behave identically and automat-
ing the discovery of abstractions. Additionally, resolving the
structural reasons for the complexity gap observed between
checking abstractions and checking abstractability will be
essential to better understand the computational limits of rel-
ativized abstractions.
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