Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

ABox Abduction for Inconsistent Knowledge Bases under Repair Semantics

Anselm Haak', Patrick Koopmann?, Yasir Mahmood?, Anni-Yasmin Turhan®

Knowledge Representation Group, Paderborn University, Germany
2Knowledge in Artificial Intelligence, Vrije Universiteit Amsterdam, The Netherlands
3Data Science Group, Heinz Nixdorf Institute, Paderborn University, Germany

anselm.haak @uni-paderborn.de, p.k.koopmann@vu.nl, yasirmahmood @uni-paderborn.de,
turhan @uni-paderborn.de

Abstract

Given a knowledge base (KB) with a non-entailed fact, the
ABox abduction problem asks for possible extensions of the
KB that would entail this fact. This problem has many ap-
plications, ranging from diagnosis to explainability and re-
pair. ABox abduction has been well-investigated for consis-
tent KBs and classical semantics, but little is known for the
case of inconsistent KBs, which can be caused by erroneous
data. In this paper we define suitable notions of abduction
in this setting and propose criteria that guide abduction to-
wards “useful” hypotheses. To regain meaningful reasoning
in the presence of inconsistencies, we use well-established
repair semantics. We provide a comprehensive landscape of
the complexity of ABox abduction under repair semantics,
treating different variants of the abduction problem for the
light-weight description logics DL-Lite and EC .

1 Introduction

In computational logic, abductive reasoning can be defined
as follows: Given two formulas K (the background knowl-
edge) and @ (the observation), we are looking for a hy-
pothesis H st. K A H |= ®. The original idea dates
back to (Peirce 1878) as a type of non-monotonic reason-
ing towards finding a plausible explanation H for an un-
expected observation @, given our knowledge K about the
situation. Since then, it has been suggested for various
additional use cases: to provide possible explanations for
black box classifiers in machine learning (Ignatiev, Naro-
dytska, and Marques-Silva 2019), to explain missing entail-
ments from knowledge bases (“if H was in your knowledge
base K, @ would be entailed”) (Du, Wang, and Shen 2015;
Alrabbaa et al. 2024), and to suggest possible solutions
for repairing incomplete knowledge bases (Wei-Kleiner,
Dragisic, and Lambrix 2014; Du, Wan, and Ma 2017;
Haifani et al. 2022). Diagnosis, explainability and repair
are well-motivated in the area of ABox reasoning with de-
scription logic (DL) ontologies (Schlobach and Cornet 2003;
Baader et al. 2022): here, the ABox A contains a set of
facts like in a database, which is used together with an
ontology or TBox 7 to derive new implicit facts. ABox
abduction is the special case of abduction in which K is
such a DL knowledge base (7T,.A), @ consists of facts,
and we are looking for a set H of facts as hypothesis that
would ensure (7, AU H) = @ (Klarman, Endriss, and
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Schlobach 2011; Calvanese et al. 2013; Ceylan et al. 2020;
Koopmann 2021). To avoid nonsensical explanations, one
usually additionally requires consistency ({T, AUH) = 1),
non-triviality (H # &) and sometimes puts restrictions on
the signature of H (Elsenbroich, Kutz, and Sattler 2006;
Koopmann et al. 2020).

Example 1. Consider the following excerpt from a medical
ontology 7 on diabetes:

HighT Low C 1 dglucoseLevel High = GlycemicCrisis
dglucoseLevel.Low T GlycemicCrisis

dglucoseLevel High 1 OverdosedInsulin © DiabeticComa
GlycemicCrisis M Ketoacidosis C DiabeticComa

The following ABox .A; contains medical evidence about a
patient obtained through a glucose monitor:

glucoseLevel(patient, ) High(I)

We observe that the patient passed out. Based on his glu-
cose reading, a reasonable explanation is that he took too
much insulin. Indeed, using ABox abduction for the obser-
vation DiabeticComa(patient), a possible hypothesis would
be {OverdosedInsulin(patient)}.

If (T, .A) is inconsistent, every fact is entailed, and under
standard semantics, both abductive and deductive reasoning
cannot be used any more to make useful inferences. Un-
fortunately, consistency cannot always be assumed in real-
istic settings, as data often contains erroneous information.
To overcome this issue, a range of inconsistency-tolerant se-
mantics have been proposed (Maier, Ma, and Hitzler 2013;
Bienvenu and Bourgaux 2016; Bienvenu and Maniere 2026),
in particular repair-based semantics, repair semantics for
short, which are defined based on maximal consistent sub-
sets of the ABox called repairs.

Example 2. The doctor uses a finger stick sensor to get
additional evidence about the glucose level of the patient,
which leads to the additional ABox fact Low(l). The
new ABox A; is inconsistent and has two repairs, namely
A and {glucoseLevel(patient,[), Low(I)}. Under Brave
semantics, which considers repairs in isolation, High(I),
Low(l) and GlycemicCrisis(patient) are all entailed, while
under AR semantics, which considers all repairs at the same
time, of those only GlycemicCrisis(patient) is entailed. We
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can adapt the definition of abduction to consider those en-
tailment relations instead of classical entailment. Then,
{OverdosediInsulin(patient)} and {Ketoacidosis(patient)}
are both hypotheses under Brave semantics, while only
{Ketoacidosis(patient)} is a hypothesis under AR seman-
tics. Indeed, the cautious doctor should investigate this hy-
pothesis first.

It turns out that considering repair semantics changes a
few things compared to classical semantics. The consis-
tency requirement (7, AU H) = L becomes obsolete, and
we may instead require that hypotheses should not introduce
new conflicts in the knowledge base (that they are conflict-
confining), or at least focus on those hypotheses that min-
imise the newly introduced conflicts. Also, allowing for the
observation itself as the trivial hypothesis does not as easily
trivialise the problem as under classical semantics: It might
not always satisfy the conditions, and there are even cases in
which other hypotheses introduce less new conflicts than the
observation itself would.

While entailment under repair semantics is well-
investigated, and there is work on explaining missing entail-
ments under these semantics, to the best of our knowledge,
the only work that considers abduction under repair seman-
tics is by Du, Wang, and Shen (2015), who present a practi-
cal system for computing conflict-confining hypotheses with
rewritable ontology languages under IAR semantics, another
variant of repair semantics. Abduction has also been inves-
tigated for paraconsistent semantics (Bienvenu, Inoue, and
Kozhemiachenko 2024), a different inconsistency-tolerant
semantics, but only for propositional logic. A more com-
plete picture for ABox abduction under repair-based seman-
tics, considering different semantics and logics, and also
analysing how to appropriately define abduction in these set-
tings, has been missing so far.

One central motivation of abduction is to explain missing
entailments, and indeed different authors have investigated
this problem using a different strategy: Specifically, Bien-
venu, Bourgaux, and Goasdoué (2019) and Lukasiewicz,
Malizia, and Molinaro (2022) explain missing entailments
under repair semantics by pointing to facts that “block™ the
entailment by creating conflicts in parts of the ABox that
would otherwise lead to the entailment. In other words,
while our explanations consist of facts that would need to be
added to make the entailment true, those explanations con-
sist of facts that need to be removed. However, it is easy
to construct examples where an abductive solution exists,
while it is not possible to make the entailment true by re-
moving axioms. Our results thus complement these works,
by providing explanations in case their approaches are in-
complete.

We provide the first comprehensive analysis of abduction
under repair semantics. Since complexity under these se-
mantics easily trivialises in logics that are ExpTime-hard,
we consider two prominent tractable description logics, EC |
and DL-Lite, which play a central role in many large-scale
knowledge bases. We consider different variants of the
problem that are suitable in the context of repair seman-
tics, for example by requiring the aforementioned conflict-
confinement as well as signature-restrictions, and also inves-
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tigate different optimality criteria for hypotheses. Along the
way, we show different properties of hypotheses under re-
pair semantics that help to develop a better understanding of
abduction for the analysed semantics. Some of our results
also apply to the consistent setting, but have to the best of
our knowledge not been published before. Our results are
shown in Table 1. We recently initiated this study, with pre-
liminary work presented at the DL workshop (Haak et al.
2025). Full proof details for our results can be found in the
technical report available online (Haak et al. 2026).

2 Preliminaries

For a general introduction to description logics, we refer
the reader to Baader et al. (2017). We assume familiarity
with computational complexity (Sipser 1997), in particular
with the complexity classes NL, P, NP, coNP, =% and TT5,
as well as DP, the class of decision problems representable
as the intersection of a problem in NP and a problem in
coNP.

2.1 The Description Logics ££ and DL-Lite

We use the following enumerable sets of names: N¢ for con-
cept names, N for role names, and N for individuals. An
ABox is a finite set of concept assertions (also known as flat
or simple assertions) of the form A(a) and role assertions of
the form r(a, b) for A € N¢, r € Ng, a,b € Ni. A TBox
is a finite set of concept inclusions of the form C C D for
concepts C and D and role inclusions of the form Q C S for
roles Q and S. Concept and role inclusions are also called
axioms. A KB is a tuple (T, A) for a TBox T and ABox A.
By signature of a KB K, we mean the set of (concept, role,
and individual) names appearing in K.

We next specify the syntax for £, and the considered
DL-Lite dialects, with semantics being defined as usual,
see Baader et al. (2017). For L, concepts, the syntax is
given by the grammar:

C:=CncC|3rC|A|T|L.

An &L, KB restricts the TBox to concept inclusions over
&L concepts.

We consider the DL-Lite dialects DL-Liteg and
DL-Litecore. In DL-Liteg (underlying the OWL 2 QL
profile), TBoxes may contain concept inclusions of the
form B T C and role inclusions of the form Q@ T S, where
B, C,Q and S are generated by the following grammar:

B:=A]3Q, C:=B|-8B,

Q:=R|R, S:=Q|Q,
where A € Nc and R € NR. DL-Litecore restricts DL-Liter
by disallowing role inclusions, so that only concept inclu-
sions of the above form are allowed. Semantics for all
three DLs are defined as usual. For an ABox A and TBox
T, we say that A is T-consistent, if (T, A) = L, and
T-inconsistent otherwise. Further, we say that A is a T-
support of a concept assertion a, if (T, A) = a.

For the rest of the paper, the general term DL-Lite refers
to either DL-Litecore Oor DL-Liteg. We do so since all of
our results apply to both DLs: our lower bounds apply to
DL-Litecore and our upper bounds apply to DL-Liteg.
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Existence Problem

Verification Problem

general signature  conflict-conf. non-trivial <-min C-min Cc-min <c-min  conflict-conf.
DL-Lite Brave NL T13 NL T16 NL T13 NL T16 NL T11 NL T17 NL T14 NL T14 NL T14
AR NL T13 coNP T19 NL T13 coNP T19 coNP T11 DP T20 NL T14 NL T14 NL T14
gﬁl Brave p T22 NP T23 Z; T27 NP T24 NP T21 Dp T31 n;’ T29 _ Dp T28
AR | coNPT2 P12 coNP 27 P14 | coNP T2 TIET31  coNP T2  coNP T30 coNP T2

Table 1: Complexity for existence and verification of hypotheses with different properties and repair semantics. All entries are completeness
results, with superscripts referencing corresponding theorems. Verifying general hypotheses has the same complexity as with <-minimality.

2.2 Repair Semantics

If a knowledge base is inconsistent, repair semantics can “re-
store” consistent versions and admit meaningful reasoning
again. We focus here on ABox repairs and define these as
well as two common kinds of repair semantics next.

Let L = (T,.A) be an inconsistent knowledge base. A
repair of KC is a T-consistent subset R C A and subset-
maximal with this property, i.e., there is no 7T -consistent
subset R’ C A that is a strict superset of R. The some-
what dual notion is a conflict or conflict set C, which is a
T -inconsistent subset of the ABox and subset-minimal with
this property. We denote by Conf(K) the set of conflicts of
K. We recall entailment under Brave (Bienvenu and Rosati
2013) and AR semantics (Lembo et al. 2015) for concept
assertions o:

* K EBrave « iff there is a repair R of K s.t. (T, R) = a.
* K [=ar aiff (T, R) = a for every repair R of K.

The complexity of entailment under repair semantics is well
understood (Bienvenu and Bourgaux 2016): Checking en-
tailment of concept assertions under Brave semantics is NL-
complete for DL-Litecoe and DL-Liteg, and NP-complete
for &£, in combined complexity, whereas under AR seman-
tics it is coNP-complete for all three DLs.

Besides the complexity of entailment under repair seman-
tics, both DL-Lite dialects share the following properties for
DL-Lite KBs K = (T, A) (Bienvenu and Bourgaux 2016):

« conflicts of IC are of size 2, and

* subset-minimal T -supports of concept assertions a are of
size 1.

3 ABox Abduction for Inconsistent KBs

The central task of abduction is to compute hypotheses. We
define these for non-entailed concept assertions under repair
semantics.

Definition 3. Let = (7,.A) be an inconsistent KB,
a a concept assertion (called an observation) and S €
{Brave, AR} such that K [~s . Then, the pair (K, o) is
called an S-abduction problem. A solution for such a prob-
lem, called S-hypothesis, is an ABox H using only individ-
uals occurring in K and a s.t. (T, AUH) s a.

Additionally, for a set X (signature) containing individ-
ual, concept and role names, we define the triple (K, o, X)
to be a X -restricted S-abduction problem. A solution for
such a problem is an ABox H using only symbols from X
that is an S-hypothesis for (IC, a).
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For an S-abduction problem (IC, o) we require that KC is
inconsistent and K [£s a. This means we consider only
the so-called promise problem, i.e. the problem restricted to
these particular inputs. The restriction aligns with the intu-
ition that one asks for an S-hypothesis if it is already known
that the knowledge base is inconsistent and the observation
is not S-entailed in K. In contrast, if we instead assume that
IC is consistent and « is not entailed by K under classical
semantics, we obtain classical abduction problems. In this
case, we call an ABox ‘H hypothesis for o under classical
semantics, if (T, AUH) £ L and (T, AUH) = a. Note
also that we do not admit fresh individuals beyond the spec-
ified signature as it is done in Koopmann (2021). This can
sometimes make the problem ExpTime-hard already in the
classical case, and is left for future work.

To obtain hypotheses that are meaningful for explana-
tion purposes, one often considers additional properties of
hypotheses as well as minimality criteria that yield pre-
ferred hypotheses. We transfer some of this terminology al-
ready defined for abduction under classical semantics, and
extend it to repair semantics by additional properties and
minimality notions based on conflicts. Of those, the no-
tion we call conflict-confining was already used in Du, Wan,
and Ma (2017). For two sets S;, S, we may abbreviate
|S1] < [S2| by S1 < So.

Definition 4. Let S € {Brave, AR}, (K, o) be an S-
abduction problem, and < € {C, <}. An ABox H is

(T, A), provided that

1. conflict-confining for IC
Conf((T, AUH)) = Conf(K).

If H is an S-hypothesis for (IC, o), we call it

2. non-trivial, if a € H,

3. =<-minimal, if there is no S-hypothesis H' for (I, &) such
that H' < H, and

4. <c-minimal, if there is no S-hypothesis H' for (IC, &)
such that Conf((7, AU H")) < Conf((T, AUH)).

While Condition 2 and 3 are standard for abduction, Con-
dition 1 and 4 adapt the idea of a hypothesis not (resp., min-
imally) introducing new inconsistencies to the KB, which is
already inconsistent to begin with. Conflict-confinement can
be equivalently defined by requiring that (7, R UH) & L
for every repair R of K. Furthermore, the minimality in
Condition 4 generalises this notion and allows to minimally
add new conflicts. Note that hypotheses introducing new
conflicts can be desirable, as erroneous facts might need
to implicitly be replaced by new facts, leading to conflicts
when considering both together.
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We use the term subset-minimal for C-minimal and
cardinality-minimal for <-minimal. Further, we also con-
sider minimal variants of hypotheses with additional prop-
erties: For example, a C-minimal conflict-confining AR-
hypothesis need only be C-minimal among all conflict-
confining AR-hypotheses.

Conflict-confinement is a general property of an ABox
and does not depend on the semantics or additional proper-
ties of abduction problems. Hence, we can already establish
the complexity of checking for this property here.

Lemma 5. Given a KB KC and an ABox ‘H, checking whether
H is conflict-confining for K is (1) NL-complete, if K is a
DL-Lite KB, and (2) coNP-complete, if IC is an EL, KB.

Proof sketch. NL-membership for DL-Lite follows from the
fact that conflicts are of size at most 2, so we can iterate over
all possible conflicts in logarithmic space and verify that
they are indeed fresh conflicts introduced by H. Hardness
can be shown by reduction from directed non-reachability,
constructing for a directed graph G = (V, E) and s,t € V
the TBox

Tonreach = { A C Ay | (v,w) € Eand t € {v,w}}U
{AAEAJU{A C-A |(v,t) €E}

This TBox encodes edges of G by concept inclusions, but
replaces all edges incident to t by a single edge from t to
s and disjointness of t with all of its predecessors. This
ensures that existence of an s-t-path in G is equivalent to A;
being satisfiable w.r.t. Tupreach, and hence to {A;(a)} being
conflict-confining for (Tunreach, 0)-

For membership in case of EL, we universally guess a
potential conflict and verify that it is not a fresh conflict in-
troduced by H in polynomial time. Hardness is obtained
by a straightforward reduction from non-entailment under
Brave semantics. O

We investigate the following reasoning problems for a
given (X -restricted) S-abduction problem.

Definition 6 (Reasoning Problems). Given an S-abduction

problem (K, a) (resp. X-restricted S-abduction problem

<’C ! a' Z >)9

1. the existence problem asks whether (K, ) (resp.
(K, e, X)) has a solution, and

2. the verification problem asks whether a given ABox H is
a hypothesis for (IC, &) (resp. for (IC, a, X)).

Note that X -restriction and non-triviality are trivial to
check for a given hypothesis, which is why we do not con-
sider them for the complexity of verification. On the other
hand, existence of minimal hypotheses is equivalent to exis-
tence of any hypothesis for all considered cases.

Under some repair semantics, already standard reasoning
tasks can behave in unexpected ways. This also holds true
for abduction under repair semantics, with sometimes dif-
ferent effects depending on the DL. For instance, there is
an interesting form of non-monotonicity in the case of C-
minimal AR-hypotheses, which applies to both DL-Lite and
EL,.
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Observation 7. Let (K, ) be an AR-abduction problem,
where IC is an DL-Lite or EL, KB. Then, the set of AR-
hypotheses for (KC, &) does not need to be convex.

Example 8. We demonstrate this by constructing a DL-Lite
KB IC = (T, A) that can easily be transformed into an L |
KB, and ABoxes B; C B, C B3 such that B; and B3 are
AR-hypotheses for (IC, A(a)), but B, is not, as follows:

T:={BiC By, G;E~C;, BiLCA B3L A}
A ={Ci(a), C2(a)}, B: = {Bi(a)},
B, =B U {82(3)}, B3 =By U {B3(a)}

The TBox T can readily be transformed into a ££; KB by
changing the disjointness axioms to the appropriate form.

This observation implies that for C-minimality, it is gen-
erally not sufficient to locally check all subsets that remove
one assertion at a time. This leads to TT5-hardness for ver-
ification of C-minimal AR-hypotheses in E£ (see Theo-
rem 31). In contrast, we can circumvent the need for a global
check in DL-Lite by building hypotheses bottom-up from
singleton sets, using that in this case T -supports are always
of size 1. This results in DP-completeness here, as shown in
Lemma 18 and Theorem 20.

3.1 Effect of the Trivial Hypothesis

Because we only consider concept assertions as observa-
tions o, the ABox {a} is already a candidate hypothesis
for (K, a) for any KB K. We study next how such triv-
ial hypotheses affect certain cases of the existence and the
verification problem in our framework. Regarding Brave se-
mantics, the following is easy to see.

Proposition 9. Ler (IC, o) be a Brave-abduction problem.
There is a Brave-hypothesis for (IKC, a) iff {a} is a Brave-
hypothesis for (IC, a).

Proof. {a} is a Brave-hypothesis for (IC, o) if {o} is T-
consistent, as in this case « is contained in some repairs of
(T, AU{a}). Otherwise, if {a} is T -inconsistent, there is
no Brave-hypothesis for (IC, ). O

We next show that for existence of general AR-
hypotheses, it is sufficient to check the trivial hypothesis.
Furthermore, for the trivial hypothesis, the properties of be-
ing an AR-hypothesis and being conflict-confining coincide.
Note that the trivial hypothesis {a} being conflict-confining
for the KB K means that there is no repair R of IC s.t.
R U {a} is T-inconsistent. Intuitively, this can be seen
as non-entailment of the negation of o under Brave seman-
tics. This provides some intuition for why the complex-
ity of checking whether an ABox is conflict-confining for
a KB has the same complexity as the complement of Brave-
entailment for both DLs, cf. Lemma 5.

Lemma 10. Ler (IC, ) be an AR-abduction problem with
I = (T, A). The following are equivalent:

1. there is an AR-hypothesis for (IC, a),

2. {a} is an AR-hypothesis for (K, a), and

3. {a} is conflict-confining for K.
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Proof sketch. (2) = (1) is obvious.

(3) = (2): For any repair R of (T, AU{a}), we argue that
a € R and hence o is AR-entailed: If instead oo € R, then
R is a repair of K, so R U{a} is T-consistent contradicting
maximality of R.

(1) = (3): If {a} is not conflict-confining for IC, there is a
conflict of (T, AU{a}) containing c. This yields a repair R
of (T, AU {a}) not containing . Now for any ABox H,
there is a repair R’ of (7, AU H) with R C R’. But since
R U {a} is T-inconsistent, we have (T, R') £ a, so H is
not an AR-hypothesis for c. 0

The above properties simplify the corresponding ex-
istence problems, and guarantee that <-minimal AR-
hypotheses are of size 1. For AR semantics, existence of
conflict-confining hypotheses is similarly affected, while for
Brave semantics, the existence even becomes trivial if the
concept name in « is satisfiable w.r.t. 7.

4 The Case of DL-Lite

We establish the complexity results for abduction problems
over DL-Lite KBs, and establish a number of interesting
properties of these problems and the corresponding hypothe-
ses. An overview of the results is found in Table 1, whereas
this section is structured by the involved proof techniques
of the results. We begin by noting that verification of (gen-
eral) S-hypotheses is essentially equivalent to S-entailment.
By Proposition 9 and Lemma 10, this extends to <-minimal
hypotheses under both repair semantics.

Theorem 11. Verification of general and of <-minimal
S-hypotheses is (1) NL-complete for S = Brave, and
(2) coNP-complete for S = AR.

Proof sketch. The upper bounds are obtained from those for
S-entailment, as argued above. The lower bound for Brave
semantics follows by a reduction from directed reachability,
based on the following construction. Given a directed graph
G =(V,E)ands,t € V, define

T = {AV C A, | (Vv W) € E}. Hreach = {As(a)}

Now there is an s-t-path in G iff (T, Hreach) E Ac(a).
Adding a dummy inconsistency to obtain a KB K, yields
the desired reduction. Note that this is a simpler variant of
the construction used in the proof of Lemma 5.

The lower bound for general AR-hypotheses follows by
reduction from unsatisfiability, adapting a construction from
Bienvenu, Bourgaux, and Goasdoué (2019). For a CNF
o(x1, ..., xn) ={c1, ..., ek}, set Kynsat = (T, A) where

T={3UCA 3IP C-3IN }U

{3IPC-3U~, INC -3V},

A= {P(CJ',X,') | Xj € Cj} U {N(cj,x;) | X € Cj}, and

He={U(a,q) | j <k}

It is known that (T, AUH) Ear A(a) iff ¢ is unsatisfiable,
yielding the desired reduction.

For <-minimal AR-hypotheses, we use the same con-

struction, but first transform ¢ into a normal form, where ¢
has the property that removing the last clause ¢ from ¢

always yields a satisfiable formula. This then allows us
to obtain a singleton hypothesis candidate in the con-
struction, which ensures <-minimality. Given a formula
¢ = {c1, ..., ckt with clauses ¢;, the normal form can be
achieved by letting ¢’ = {c{, ..., Clyp) With

¢l = ¢ U{xp1}forl <i<k,
/ .
Ck+1 = T Xp+1 V Xn+2, and
o
Ck2 = T Xnt2

We observe that ¢’ and ¢ are equisatisfiable, but removing
the clause ¢, from ¢ yields a satisfiable sub-formula.

Now for a formula ¢ in our normal form with last
clause c, let T and A be as above, and define

K'=(T,Au{U(a,c) | €p\{c}})

Here, H' := {U(a, c¢)} is an AR-hypothesis for (K', A(a))
iff ¢ is unsatisfiable, since ¢ \ {c} is never unsatisfiable. As
|H'| = 1, <-minimality is ensured. O

Turning towards the existence problem, Proposition 9 and
Lemma 10 show that for general Brave-hypotheses as well
as for general and for conflict-confining AR-hypotheses, it is
sufficient to check the trivial hypothesis. We next show that
for DL-Lite, the same applies to conflict-confining Brave-
hypotheses by showing that here, Brave-hypotheses have a
very simple structure.

Lemma 12. Let (K, o) be a Brave-abduction problem,
where K = (T, A) is a DL-Lite KB, and assume there is
a Brave-hypothesis ‘H for (IC, o). Then there is an asser-
tion B € H s.t. {B} is a Brave-hypothesis for (K, o). Fur-
thermore, Conf((T, AU {B})) C Conf((T, AU H)) and
for any conflict {a,v} € Conf((T, AU {a})), we have
{B.7} € Conf((T, AU{B})).

In particular, the last part of the lemma shows that exis-
tence of any conflict-confining Brave-hypothesis is equiv-
alent to {a} being one. Now, using the upper bound for
checking that an ABox is conflict-confining in Lemma 5,
we obtain following complexity results. Surprisingly, the
complexity under AR semantics drops below even that of
AR entailment. This can be explained by the relationship to
brave non-entailment noted before Lemma 10.

Theorem 13. The existence problems for general and for
conflict-confining S-hypotheses are NL-complete for S €
{Brave, AR}.

Proof sketch. For general Brave-hypotheses, membership
readily follows from Proposition 9. The remaining cases are
equivalent to checking that {a} is conflict-confining by lem-
mata 10 and 12, and the complexity follows from Lemma 5.
Hardness for Brave-hypotheses can be shown by a similar
reduction as the one used in Lemma 5, adding a dummy in-
consistency. O

Building on these techniques, we next show that verifica-
tion of conflict-confining and conflict-minimal hypotheses
enjoys the same low complexity.
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Theorem 14. Verification of conflict-confining and of <.-
minimal S-hypotheses is NL-complete for < € {C, <} and
S € {Brave, AR}.

Proof sketch. Hardness for all cases follows by reduction
from directed reachability as in the proof of Theorem 11,
noting that He,c, is conflict-confining for KCpeuen. To ver-
ify that H is a conflict-confining Brave-hypothesis, ver-
ify separately that it is a Brave-hypothesis and that it is
conflict-confining, each possible in NL. For the latter, use
that conflicts are of size at most 2, similar to Theorem 13.
For AR, first note that here, a hypothesis is <.-minimal iff
it is conflict-confining by Lemma 10, so we can focus on
the conflict-confining case. We show that conflict-confining
hypotheses have a simpler structure than general ones: to-
gether with the TBox, such a hypothesis already entails «
classically, leading to an NL-algorithm. For the case of <.-
minimal Brave-hypotheses, we first look for a singleton hy-
pothesis {8} C H, which must exist in any hypothesis by
Lemma 12. This simplifies the minimality-checks, yielding
NL-algorithms for both cases by carefully comparing con-
flicts for {a} and {8} and using Lemma 12. O

The remaining cases under Brave semantics behave simi-
larly, with membership again following from Lemma 12. In
case of existence of non-trivial hypotheses for some obser-
vation A(a), one may be tempted to only consider the direct
subsumees of A at least for Brave semantics. Notably, this
is not sufficient, as demonstrated by the following example,
which is also incorporated in the construction for hardness.

Example 15. Define
T={BC3r,arC AAC -3r ,CC =C},

and let K = (7,{C(a)}). Then (K, A(a)) is a Brave-
abduction problem, as K is obviously inconsistent and
K Hprave A(a). The ABox B = {r(a, a)}, based on
the direct subsumee Jr of A, is not a Brave-hypothesis for
(K, A(a)), as (T, B) = L. Still, there is such a hypothesis,
namely H := {B(a)}.

Intuitively, not allowing fresh individuals in a hypothesis
has the effect that we have to find a subsumee satisfiable
with the limited number of individuals present in the KB.
Note that the last TBox axiom and the assertion C(a) in the
ABox are only necessary to ensure inconsistency, and do not
interfere with the rest of the construction.

Theorem 16. The existence problems for X -restricted and
for non-trivial Brave-hypotheses are NL-complete.

Theorem 17. Verification of C-minimal Brave-hypotheses
is NL-complete.

The remaining cases of existence of AR-hypotheses
would seem to require guessing a hypothesis and verifying
using AR-entailment, which would result in a 5 -algorithm.
At first, this seems further evidenced by the non-convexity
of AR-hypotheses, seen in Observation 7: For example, for
C-minimality, it is not sufficient to check all direct subsets
only removing one element. Surprisingly, we can still get
around this obstacle, due to the following property.
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Lemma 18. Let (IC, o) be an AR-abduction problem, where
IC = (T, A) isaDL-Lite KB, and let BB be a set of assertions.
There is an AR-hypothesis H C B for (IC, &) iff for each
repair R of K, there is a T-support {§} C AU B of a s.t.
R U{B} is T-consistent.

Proof sketch. (<) Let Rq, ..., Ry be the repairs of /C and
Bi,...,Bm the T-supports of o, where R; U {B;} is T-
consistent. Each repair R of (T, AU {Bi,..., Bm}) must
contain at least one of the B;, and hence a T -support of a:
Otherwise, R C A and R U {8;} must be T -consistent for
some j, leading to contradiction.

(=) Any repair R of K is contained in some repair R’ of
(T, AUH). As H is an AR-hypothesis for , there is some
T-support {} C R' of . AsRU{F} C R'and R’ is a
repair, R U {8} is T -consistent. O

We use this to find hypotheses H C B in coNP. This re-
solves the remaining cases, starting with the remaining exis-
tence problems.

Theorem 19. The existence problems for X -restricted and
for non-trivial AR-hypotheses are coNP-complete.

Proof sketch. The following is a coNP-algorithm for exis-
tence of X -restricted AR-hypotheses by Lemma 18: Given
a X -restricted AR-abduction problem (IC, o, X), let B be the
set of assertions over 2. Guess a repair of /C and check for a
T-support {8} C AU Bs.t. RU{B} is T-consistent. Both
checks are in NL C P. The non-trivial case can be handled
with the same algorithm, only changing B to be the set of
assertions over the signature of (IC, o), except for « itself.

Hardness for existence of X -restricted AR-hypotheses is
shown by adapting the construction used in Theorem 11: we
choose the signature ¥ = {U,a,¢; | j < k} and pre-
vent the only remaining unintended hypothesis {U(a, a)} by
adding the axiom 3U C -3U~.

To show hardness for non-trivial AR-hypotheses, we
instead reduce from checking whether a given V-QBF
VXp(X) is true, where ¢ = {Cy,...,C} is in DNF. We
encode ¢ into the KB IC = (T, A) as follows:

T={GCA|1<j<m}uU
{TeE-Gl-xeC}u
{FRE-GlxeC}u
{Tw E-F, |1<i<n}and

A={Ty(a) Fs(a) |1 <i<n}.

Here, T encodes that ¢ is true, if at least one clause C; is
true, and a clause C; is falsified when at least one of its lit-
erals is falsified. It remains to show that V.X¢(X) is true
iff there is a non-trivial AR-hypothesis for (IC, A,(a)). For
this, note that the repairs of K correspond to assignments

over X, and that the only non-trivial assertions that can help
entailment of A(a) are assertions of the form C;(a). O

Even though verification of C-minimal AR-hypotheses
has higher complexity than the previous cases, the upper
bound again relies on Lemma 18.

Theorem 20. Verification of C-minimal AR-hypotheses is
DP-complete.
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Proof sketch. To verify a C-minimal AR-hypothesis H =
{B1.---, Bn}, one needs to check that it is an AR-hypothesis
in coNP, and that it is C-minimal. For the latter, define
the direct subsets B; := H \ {B;}, noting that H is not C-
minimal iff there is any AR-hypothesis H' C B; for some /.
Hence, we can check non-minimality in coNP using n sub-
sequent runs of the algorithm from the membership proof
of Theorem 19, replacing B by the different 13;. This yields
an NP-algorithm for C-minimality, and DP-membership in
total. For hardness, we reuse the construction in the proof
of Theorem 11. Specifically, we reduce from the known DP-
hard problem of checking whether a set of clauses ¥ C ¢
is a minimal unsatisfiable subset (MUS) of ¢ (Liberatore
2005). O

5 The Caseof L |

For complexity in EL,, we begin with cases that behave
analogous to the corresponding cases for DL-Lite. Verifi-
cation of general hypotheses is again essentially equivalent
to entailment for both semantics. Moreover, Proposition 9
and Lemma 10 allow us to extend results to the <-minimal
case and to handle existence of general hypotheses.

Theorem 21. Verification of general S-hypotheses and <-
minimal S-hypotheses is (1) NP-complete for S = Brave,
and (2) coNP-complete for S = AR.

Theorem 22. The existence problem for general S-
hypotheses is (1) P-complete for S Brave, and
(2) coNP-complete for S = AR.

We next address each property of hypotheses in turn. An
appropriate X -restriction can disallow the trivial hypothe-
sis, so that for deciding existence in this setting, reasoning
for only the trivial hypothesis is not sufficient. This interest-
ingly leads to existence of Brave-hypothesis still enjoying
the same complexity as Brave-entailment, while the com-
plexity for AR semantics jumps to the second level of the
polynomial hierarchy.

Theorem 23. The existence problem for X -restricted S-
hypotheses is (1) NP-complete for S Brave, and
(2) Z5-complete for S = AR.

Proof sketch. Membership for (1): Guess an ABox H over
signature X as well as a candidate repair R C A U H, and
verify that R is T -consistent and (7, R) &= a in polynomial
time. Membership for (2): Guess an ABox H over X and
check that (T, AUH) =ar a. The latter can be handled by
an NP-oracle, yielding 5 -membership.

Hardness for (1) follows by reduction from SAT. Let
o(X) ={c1, ..., cn} be a CNF with clauses ¢;. We model
the satisfaction of ¢ by the TBox

T={AMNA:CL|xeX}U
Let o == Ay(m) and X = {A,, Az | x € X} U {m}. The
reduction actually works with an empty ABox and hence

[1A-C A,

{AgEAcMGc,cG(p}U{
cep
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also applies to the existence of a hypothesis over X in a con-
sistent KB /. Any hypothesis H over X corresponds to an
assignment 6, over X, and entailment A,(m) in (7, AUH)
is equivalent to 63, = .

Hardness for (2) follows by reduction from 3V-QBEF, util-
ising a similar construction as in (1). Given an 3FV-QBF
® = JYVZ.p with ¢ in DNF, the main differences are that
we encode satisfaction of a DNF instead of a CNF, and that
the assertions encoding an assignment over Z are included
in the KB, while those encoding an assignment over Y have
to be part of the hypothesis. O

Existence of non-trivial hypotheses turns out to have the
same complexity as existence of X -restricted hypotheses,
but for Brave semantics requires us to incorporate the idea
from Example 15 into the reduction for NP-hardness.

Theorem 24. The existence problem for non-trivial
S-hypotheses is (1) NP-complete for S Brave, and
(2) £F-complete for S = AR.

Proof sketch. Membership in both cases is shown similar as
in the proof of Theorem 23, so we focus on hardness.

For (1), we build on the construction from the proof of
Theorem 23. The main change is to use the idea from Exam-
ple 15 to replace the explicit signature-restriction, enforcing
use of the assertions of the form Ag(m) for a literal £ in any
hypothesis. This can be achieved by replacing each A, C A.
by A, C Jrc.B and using the axiom [, 3rc.B C Ag to
entail A, instead. Moreover, we add A, 1 B C L to trig-
ger a conflict when trying to entail A,(m) using assertions
re(m, m) and B(m) instead of the intended assertions of the
form A,(m). Note that this makes use of the fact that fresh
individuals are not allowed, and that that non-triviality rules
out using the assertion A, (m) in the hypothesis.

As before, the reduction works with an empty ABox and
hence also applies to consistent KBs. Our TBox takes the
following final form:

T ={AMNA:C 1L |xeX}uU

{Aggﬂrc.Beec,cew}U{

[]3r.BC Aw} :

ceyp

For (2): we reduce directly from an instance of 3V-QBF. Let

V¥ = 3YVZ.1 be a formula with ¢ .= {t1,..., t,} a DNF

where each t; is a term over X = Y U Z. We construct the
et

KB K = (T, A), where
} , and
A={A;(m),As(m) |z€ Z}.

T={ANAC1l|xeX}U
Moreover, we let a = Ay(m) be our observation. Intu-
itively, although {a} is a trivial AR-hypotheses, any non-
trivial AR-hypothesis corresponds to a satisfying assign-
ment over Y for ¥. Thus, V¥ is true iff & admits a non-trivial
AR-hypothesis in . O

{CHHA[;AMtegb
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Existence of conflict-confining AR-hypotheses behaves
very similar as for DL-Lite, with our proofs mostly rely-
ing on Lemma 10. In sharp contrast, the setting behaves
very different under Brave semantics. While this seems
counter-intuitive, the following observation applies to L,
as demonstrated in the example below.

Observation 25. There is a Brave-abduction problem
(K, &) s.t. there is a conflict-confining Brave-hypothesis for
(K, o), but {a} is not such a hypothesis.

Example 26. Let K = (T, A), where

T={ANBLC 1,BNCC 1,CNDCA} and
A={B(a),C(a) },

and let « = A(a). It is easy to see that {a} is a
Brave-hypothesis for (IC, ), but results in a new conflict
{A(a), B(a)} of (T, AU {a}). Hence, {a} is not conflict-
confining in K. However, H := {D(a)} entails A(a) in the
repair {C(a), D(a)} and is consistent with all repairs of C.
Intuitively, the only repair of A U H where « is entailed, is
the one that already got rid of the conflict with c.

This contrasts with the situation for DL-Lite, where a
Brave-abduction problem with this property does not exist
due to Lemma 12. Surprisingly, the result is that adding the
conflict-confining restriction decreases the complexity un-
der AR semantics, while it increases it for Brave semantics.
Note that this is the opposite behaviour to what was seen
for X -restriction and non-triviality in Theorems 23 and 24,
where complexity increased under AR semantics and stayed
the same for Brave semantics.

Theorem 27. The existence problem for conflict-confining
S-hypotheses is (1) X5-complete for S Brave, and
(2) coNP-complete for S = AR.

Proof sketch. For membership in (1): although one can
guess a hypothesis and a witnessing candidate repair si-
multaneously, the conflict-confinement of this hypothesis re-
quires oracle calls. In contrast, the membership for (2) holds
due to the observation that if there exists some conflict-
confining AR-hypothesis, the observation itself must be
conflict-confining and hence an AR-hypothesis. Hence, one
only requires to check this later condition for the observa-
tion, which can be done in coNP due to Lemma 5.

For hardness in (1): we reduce from 3V-QBF reusing and
adapting ideas from the reduction for AR semantics in the
proof of Theorem 23. Intuitively, the outer quantifier sim-
ulates the existence of a hypothesis, whereas the inner one
now checks the conflict-confinement. The required changes
include (1) shifting from AR to Brave entailment, (2) caus-
ing new conflicts when a hypothesis contains an assertion for
concepts outside X, and (3) encoding the situation when a
partial assignment over Z already satisfies the formula. Here
(3) is essential to encode that new conflicts are not subsumed
by existing ones. O

Verification of conflict-confining and C.-minimal hy-
potheses for can be treated using similar ideas. Again, the
complexity under Brave semantics increases when requir-
ing the hypotheses to be conflict-confining (or C.-minimal),
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while it stays the same as for verification of general hypothe-
ses in case of AR, due to the effect of the trivial hypothesis.

Theorem 28. Verification of conflict-confining S-
hypotheses is (1) DP-complete for S Brave, and
(2) coNP-complete for S = AR.

Theorem 29. Verification of C.-minimal S-hypotheses is
(1) IS -complete for S = Brave, and (2) coNP-complete for
S =AR.

Proof sketch. We sketch the proof for (1). For member-
ship: Given an ABox H, we check whether H is a Brave-
hypothesis and guess a counter-witness H’ to H being C.-
minimal. Verifying that either H is not a Brave-hypothesis,
or H' is a Brave-hypothesis and causes fewer conflicts than
Hpis done using an NP-oracle. This yields membership in
1T5.

For hardness: we reuse the reduction from the proof of
Theorem 27. To this aim, we construct the KB K’ from K in
the previous construction by adding to the TBox the axioms

CygMXCC and XNYLC L

and to the ABox the assertion Y (m). Then, let « := C(m) as
before and take H := {X(m)}. Intuitively, H uses these new
axioms to entail o while inducing exactly one new conflict
in K', namely {X(m), Y (m)}. We then argue that  is not a
C-minimal hypotheses for (I, C(m)) iff (I, C(m)) admits
a conflict-confining Brave-hypothesis. For this, observe that
the latter is also a conflict-confining Brave-hypothesis for
(K, C(m)), and therefore a hypothesis introducing less con-
flicts than H. O

The case of <.-minimal Brave-hypotheses is more chal-
lenging: Here, when adapting the algorithm for the case of
C.-minimality, we would have to compare the number of
conflicts introduced by the given candidate hypothesis H to
the number of conflicts introduced by a potential counter-
witness. As it is not hard to see that the number of conflicts
can be exponential, this would naively require an oracle for
the counting class #P. It seems likely that this case requires
quite different techniques, and we for now only observe that
the problem is certainly in PSPACE by a straightforward al-
gorithm that counts the number of conflicts, and T[g -hard
by the same proof as for the case of C.-minimality above.
In contrast, verification of <.-minimal AR-hypotheses can
again be handled using similar techniques as above, due to
the effect of the trivial hypothesis.

Theorem 30. Verification of <.-minimal AR-hypotheses is
coNP-complete.

Finally, C-minimality increases the complexity of veri-
fication for both semantics compared to the <-minimality.
In case of AR semantics, the non-convexity of the set of
AR-hypotheses comes into play. In contrast to the case of
DL-Lite, where Lemma 18 allowed us to circumvent this,
we can here combine the idea of Example 8 with an encod-
ing of a V3-QBF to show TT5-hardness using conjunction.

Theorem 31. Verification of C-minimal S-hypotheses is
(1) DP-complete for S = Brave, and (2) TI5-complete for
S =AR.
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Proof sketch. Membership for both semantics is relatively
straightforward. For hardness under Brave semantics, we
use a reduction from the combination of an entailment (NP-
hard) and a non-entailment question (coNP-hard) under
Brave semantics, which is DP-hard.

Hardness for S = AR is more involved. Here, we reduce
a V3-QBF @ = 3YVZp(Y, Z) to an AR-abduction problem
(KC, A(a)) and ABox H s.t. H is always an AR-hypothesis
of (IC, A(a)), and there is some AR-hypothesis H' C H of
(IC, A(a)) iff @ is true. Intuitively, subsets H' C H encode
assignments over Y.

The construction builds on two main ideas: First, two dis-
joint concepts By and B, split the set of repairs into two
parts. Each repair R in the first part encodes an assignment
over Z, and entailment of A(a) in (7, R) is equivalent to ¢
being true under assignment encoded by H' and R. The sec-
ond part contains a single repair ensuring that H' encodes a
full assignment over Y. Second, building on the idea from
Example 8, we use an additional axiom to ensure that ‘H is
always an AR-hypothesis for (IC, A(a)) without interfering
with the rest of the construction. O

6 Conclusion and Outlook

We extend abduction from the classical setting to KBs that
admit inconsistencies. This is achieved by designing proper-
ties that govern abductive hypotheses under commonly stud-
ied repair semantics. We present a comprehensive, detailed,
and almost complete complexity landscape under all con-
sidered criteria, with only the complexity of verification for
<.-minimal Brave-hypotheses in ££ remaining open. In
summary, abduction for DL-Lite behaves largely similarly to
entailment under the corresponding semantics, with certain
cases where it becomes even easier (e.g., the existence of
conflict-confining AR-hypotheses). Nevertheless, member-
ship in many cases for DL-Lite is derived using new insights
for considered properties. For L, the situation differs,
as there are cases where the complexity exceeds the one of
the corresponding entailment problem under both semantics.
Our complexity classification highlights how different prop-
erties of preferred hypotheses affect the considered (Brave
and AR) semantics.

Additional findings are certain effects observed for ab-
duction under the considered semantics. ~We mention
two notable cases here. First, non-convexity (Observa-
tion 7) applies to both DLs but leads to higher complex-
ity only for L, as a workaround exists for DL-Lite (see
Lemma 18). Second, an observation may admit a conflict-
confining Brave-hypothesis even if the observation itself is
not conflict-confining for ££; KBs (Observation 25). Re-
garding EC |, it is also worth noting how the complexity
landscape compares to the setting of consistent KBs. While
brave semantics often behaves as in the consistent case,
conflict-confinement increases complexity and has no mean-
ingful counterpart in the consistent setting. Moreover, veri-
fication in nearly all cases incurs higher complexity, in con-
trast to the classical setting, where the problem reduces to
classical entailment and can be decided efficiently. This can
be partially explained again by the non-convex nature of the
space of admissible hypotheses.
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We see several directions to further pursue this work.
Beyond completing the picture by determining the precise
complexity for the only remaining open case, an obvious
next step is to study combinations of properties and see-
ing their effects on the complexity. We can already make
interesting observations that further motivate this investiga-
tion. First, considering signature-restriction or non-triviality
together with conflict-confinement, the complexity for both
semantics jumps to the second level of the polynomial hier-
archy.

Corollary 32. For EL,, the existence problem for
signature-restricted (or non-trivial) conflict-confining S-
hypotheses is X5 -complete for S € {Brave, AR}.

Interestingly, when considering X -restriction, one might
expect that non-triviality can be obtained “for free” by omit-
ting from the signature some of the symbols of the obser-
vation, disallowing the trivial hypothesis. However, a non-
trivial hypothesis may reuse the symbols of the observation
in a different manner, e.g., to satisfy an existential restric-
tion involving the concept from the observation. This effect
is illustrated in the following example, and motivates to also
study the combination of non-triviality with X -restriction.

Example 33. Let K (T, A) be the KB with T =
{ANBLC C,DN3rCC A} and A = {B(m), r(m, n)}.
Moreover, let a := C(m) and X := {C, D, m, n}. Here, the
trivial hypothesis {C(m)} is in fact also X -restricted, while
the hypothesis H1 := {A(m)} is non-trivial, but outside our
signature. Finally, H = {C(n), D(m)} is non-trivial and
2 -restricted. It uses C and m, that is, both the concept name
and the individual from the observation.

It also seems interesting to study the so-called data com-
plexity of abductive reasoning. Here, one looks at the
complexity purely in terms of the ABox while keeping the
TBox fixed, motivated by the situation in practice, where the
amount of data often far exceeds the size of the TBox. While
several of our results for DL-Lite already extend to this set-
ting, as the construction for hardness uses a TBox of con-
stant size (e.g. coNP-hardness in Theorem 11), a systematic
complexity analysis remains open for further exploration.

Allowing fresh individuals in hypotheses also seems in-
teresting, as it may impact the complexity in certain cases.
Indeed, even some of our hardness proofs rely on the fact
that we do not admit fresh individuals (e.g., Theorems 22
and 24). With fresh individuals in the hypotheses, an in-
triguing case arises for ££,: (1) existence of non-trivial
Brave-hypotheses becomes easy, since one now only needs
to consider direct subsumees of the concept appearing in the
observation, and (2) existence of conflict-confining hypothe-
sis might get harder as there is no obvious polynomial bound
for the size of hypotheses in this setting. Indeed, it is known
that admitting fresh individuals in the signature-restricted
setting may lead to exponentially large hypotheses (Koop-
mann 2021).

Another prominent future direction is to consider expres-
sive observations in an abduction problem. This includes ex-
tending our analysis from flat to complex concepts in an ob-
servation, as well as to Boolean (conjunctive) queries. The
hardness results from our work already transfer, whereas we
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anticipate increased complexity in certain cases. Additional
future work includes exploring alternative definitions of pre-
ferred hypotheses, such as semantically minimal ones (Du,
Wang, and Shen 2015). In classical abduction, a hypothesis
H is semantically minimal, if there exists no hypothesis H'
such that (T, AUH) E H', but (T, AUH') £ H. We
argue that while such a minimality criterion is natural for
AR semantics, its meaning is unclear for Brave-hypotheses.
Further exploration of this minimality criterion is therefore
left for future work.

Recently, contrastive explanations (Koopmann et al.
2026) have been introduced to explain why an individual
(the fact) is entailed to belong to a concept, while another
(the foil) is not, by identifying ABox assertions that would
entail the foil. Adding such assertions may introduce con-
flicts and the current approach considers entailment in some
repair that avoids all such conflicts. As future work, we
propose to extend this notion using repair-based abduction,
enabling contrastive explanations that explicitly account for
and resolve such conflicts.
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