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Abstract
Aiming to harmonise finite and infinite model reasoning, we
initiate the study of partially finite models, where the rea-
soning task comes with a formula that specifies a part of
the model that must be finite. We focus on the problem of
partially finite query entailment in description logics (DLs):
given a knowledge base (KB), a query, and a distinguished
concept, decide whether the query holds in all models of the
KB that interpret the distinguished concept as a finite set. To
break the ground, we work with the DL S, an extension of the
basic DL ALC with transitive roles, which is one of the sim-
plest cases where finite and infinite query entailment diverge.
Generalising previous results on the finite and infinite cases,
we show that also partially finite entailment of conjunctive
queries is in 2-ExpTime for S. The solution involves sophis-
ticated infinite model surgery and goes far beyond combining
the arguments for the two special cases. As a direct applica-
tion, we show how the problem of query containment in the
presence of closed predicates can be solved by reduction to
partially finite query entailment.

1 Introduction
Query answering is one of the fundamental tasks in knowl-
edge-base related reasoning, where a query language – of-
ten, conjunctive queries – is enhanced by an ontology – a set
of inference rules. The ontology augments the query by fa-
cilitating the unification of heterogeneous data, allowing re-
construction of incomplete data, or allowing domain knowl-
edge injection (Calı̀ et al. 2012; Calvanese et al. 2009).

Classically, in ontology-mediated data access one asks for
so-called certain answers, that is, answers valid in every,
possibly infinite, model of the knowledge base. This infinite
model reasoning mode has been the subject of a rich and
intense study for many ontology languages, including exis-
tential rules and description logics, e.g. (Calı̀ et al. 2009;
Calvanese et al. 2012; Pérez-Urbina et al. 2008; Amendola
et al. 2018b). In the alternative mode of finite model reason-
ing, inspired by applications in database theory, only finite
models are considered; see (Murlak 2023) for an overview.

For many ontology and query languages the above modes
of query entailment coincide, which is known as finite con-
trollability. Some languages, however, are not finitely con-
trollable even with respect to conjunctive queries: two well-
known examples among DLs are S and ALCIF . For
an in-depth study see, e.g., (Amendola et al. 2018a;

Bednarczyk and Kieronski 2022; Figueira et al. 2020;
Gogacz and Marcinkowski 2017).

In this work we explore a hybrid mode of partially finite
model reasoning (Gogacz et al. 2020a), which allows only
models that interpret a specified concept F as a finite set of
individuals. This is a common generalisation of both clas-
sical reasoning modes that allows applying different modes
in different parts of the knowledge base. It could be use-
ful in federated systems comprising both classical databases
and knowledge-based components or in the context of par-
tial materialisation strategies for the infinite reasoning mode
(Qin et al. 2021). More generally, it is a powerful modelling
tool, allowing the knowledge engineer to decide which parts
of the model should be finite and which can be infinite. The
distinction might simply reflect reality: for instance, while
the future of a reactive system is infinite, its past is finite.
But it might also be a pragmatic choice: even if a concept
is always finite in reality, correct axiomatisation might be
harder when finiteness is taken into account. Under the par-
tially finite reasoning mode, the knowledge engineer can de-
cide which finite parts of the world should be modelled ac-
curately as finite, and for which the cruder unrestricted rea-
soning mode should be used, allowing for simpler axiomati-
sation at the cost of possibly missing inferences.

Challenges. Consider the knowledge base consisting of
the ABox {A(a)} and the TBox

{A ⊑ ∃r.B, B ⊑ ∃r.A, A⊔B ⊑ ∃r.F} .
In every model of this knowledge base, there is an infinite
chain of alternating A-, and B-labelled nodes, each linked to
an F-labelled node. A natural infinite model for this TBox
is represented in Figure 1a. In the partially finite reasoning
mode, however, we might be required to ensure that there
are only finitely many F-labelled nodes. There are several
ways to make the model conform to this new requirement.
The most obvious choice, shown in Figure 1b, is to merge
all F-labelled nodes into one and redirect all edges to this
single representative. This, however, might not always be
a good solution. Consider the query

∃x∃y∃z r(x,y)∧ r(x,z)∧ r(y,z) .

which checks if some node and its successor share a com-
mon successor. The model in Figure 1a shows that this query
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(a) Unrestricted (infinitely many F nodes).

A B A B A
· · ·

F

(b) Partially finite (single F node).

A B A B A
· · ·

F F

(c) Partially finite (two F nodes).

Figure 1: Unrestricted and partially finite interpretations.

is not entailed over infinite models. But the model in Fig-
ure 1b does satisfy the query. Is there one that does not?
Instead of merging all F-nodes in the model from Figure 1a
into one, separately merge those connected to an A-labelled
node and those connected to a B-labelled node, as shown in
Figure 1c. The resulting model does not satisfy the query.
Hence, we can conclude that the query is not entailed.

The partially finite model in Figure 1c is relatively simple,
but it is tailored to a specific query – unlike the unrestricted
model in Figure 1a, which can serve as a universal counter-
model for all conjunctive queries that are not entailed. For

∃x∃y∃z∃w r(x,y)∧ r(y,z)∧ r(x,w)∧ r(z,w)

we would need a different partially finite countermodel. And
indeed, no partially finite model can serve as a counter-
model for all conjunctive queries that are not entailed.

Contribution. We begin the investigation of partially fi-
nite entailment by exploring this problem for the logic S ,
a description logic that extends ALC with role transitivity.
As a relatively small and syntactically simple logic without
finite controllability, it is a prime candidate for this initial
study. As our main contribution, we show that for S par-
tially finite entailment of conjunctive queries is 2-ExpTime-
complete, matching the complexities of both finite (Ibáñez-
Garcı́a et al. 2026) and infinite entailment (Eiter et al. 2009;
Glimm et al. 2008; Glimm et al. 2007). Additionally, to
illustrate the usefulness of partially finite entailment, we ap-
ply it to solve query containment in the presence of closed
predicates.

We start the presentation with the necessary preliminaries
in Section 2. In Section 3, we describe a solution for a single
transitive role. In Section 4, we develop a model-theoretic
tool that allows us to solve the general problem in Section 5.
In Section 6, we discuss the connection to query contain-
ment with closed predicates. Finally, we conclude with a
discussion of potential future work in Section 7. An ap-
pendix with full proofs can be found in the full version of
the paper (Gogacz et al. 2026).

Related Work. Partially finite variants of entailment and
satisfiability were introduced by Gogacz et al. (2020a) in
the context of ontology focusing, but only satisfiability
(dubbed MIXED-SAT) was studied. It was shown to be
ExpTime-complete for ALCHIF and NExpTime-complete
for ALCHOIF . Improved complexity bounds were ob-
tained for logics from the DL-Lite family.

In the 1980’s and 1990’s, a line of work investigated cir-
cumscription (McCarthy 1980; Bonatti et al. 2009), and

negation as failure rules (Gelfond and Przymusinska 1986;
Donini et al. 2002; Katsuno 1990) as alternatives to the big
divide of Closed vs Open World Assumptions. In a cir-
cumscribed knowledge base, a set of predicates (or con-
cepts) must be minimal (but not necessarily finite), whereas
in a language with negation as failure rules, a set of predi-
cates can be marked to be interpreted as false unless prov-
ably true. Gelfond et al. (1989), show that these two
approaches can be made equivalent under some natural
constraints. More recently, combinations of the classi-
cal DL open-world semantics and closed-world rules have
been considered (Lifschitz 1991; Motik and Rosati 2010;
Knorr et al. 2011): unlike partially finite entailment, they
suffer from increased complexity or even undecidability.

Partially finite entailment can be seen as a relaxation of
entailment with closed predicates, where considered mod-
els might extend the interpretation of a closed predicate but
must keep it finite. The complexity of this problem has been
studied in the context of description logics, ranging from
DL-Lite and EL (Lutz et al. 2019; Andresel et al. 2020;
Ngo et al. 2016), to very expressive DLs like ALCHI (Ba-
jraktari et al. 2018; Lutz et al. 2019) and ALCHQIO (Ah-
metaj et al. 2016; Lukumbuzya et al. 2020), as well as exis-
tential rules (Gogacz et al. 2020b; Marconi and Rosati 2025;
Benedikt and Bourhis 2018; Bienvenu and Bourhis 2019).

2 Preliminaries
We fix disjoint infinite countable sets NC of concept names,
NR of role names, NI of individuals, and NV of variables.

The Description Logic S . We consider the description
logic S which extends ALC with role transitivity. We as-
sume that NR is split into the sets NtR and NntR of transitive and
non-transitive role names. S concepts, usually denoted by C
or D, are then defined just like for ALC by the grammar

C,D :=⊥ | ⊤ | A | ¬C | C⊓D | C⊔D | ∃r.C | ∀r.C
where A ranges over concept names from NC and r ranges
over role names from NR. A concept inclusion is a formula
of the shape C ⊑ D where C and D are S concepts. A TBox
is a finite set of concept inclusions.

Without loss of generality we can assume that TBoxes are
normalised and only use concept inclusion of the formsd

i Ai ⊑
⊔

j B j , A ⊑ ∀r.B , A ⊑ ∃r.B ,

with empty conjunction and disjunction treated as ⊤ and ⊥
(Gutiérrez-Basulto et al. 2023).

An ABox is a finite set of concept assertions of the form
A(a) and role assertions of the form r(a,b) where A is a con-
cept name, r is a role name and {a,b} are individuals.
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Interpretations. An interpretation I consists of a (possi-
bly infinite) domain ∆I and a function ·I that maps each
concept name A to AI ⊆ ∆I , and each role name r to
rI ⊆ ∆I ×∆I . We extend ·I to S concepts as follows:

⊥I = /0 , ⊤I = ∆
I , (¬C)I = ∆

I \CI ,

(C⊓D)I =CI ∩DI , (C⊔D)I =CI ∪DI ,

(∃r.C)I = {a ∈ ∆
I | ∃b. (a,b) ∈ rI ∧b ∈CI} ,

(∀r.C)I = {a ∈ ∆
I | ∀b. (a,b) ∈ rI =⇒ b ∈CI} .

We call a role r ⊆ ∆×∆ transitive if for all a,b,c ∈ ∆,
(a,b)∈ r and (b,c)∈ r implies (a,c)∈ r. The transitive clo-
sure of r ⊆ ∆×∆ (with respect to ∆), written as r∗ is the least
transitive r′ ⊆ ∆×∆ such that r ⊆ r′. An interpretation I is
transitive if tI is transitive for all t ∈ NtR. The transitive clo-
sure of an interpretation I, written as I∗ is the interpretation
such that ∆I∗

= ∆I , AI∗
= AI , rI

∗
= rI , and tI

∗
=
(
tI
)∗ for

all A ∈ NC, r ∈ NntR , and t ∈ NtR.
An interpretation I satisfies: a concept inclusion C ⊑ D if

CI ⊆DI ; a concept assertion A(a) if a∈ AI ; a role assertion
r(a,b) if (a,b) ∈ rI ; a TBox T , written as I |= T , if it is
transitive and satisfies each concept inclusion in T ; and an
ABox A, written as I |= A, if it satisfies each assertion in
A. (Note that we adopt the Standard Name Assumption; in
particular, ∆I includes all individuals used in A.)

An interpretation I is a subinterpretation of an interpreta-
tion J , written as I ⊆J , if ∆I ⊆ ∆J and AI ⊆ AJ ,rI ⊆ rJ
for all A ∈ NC, and r ∈ NR. A subinterpretation I of J
is induced by ∆ ⊆ ∆J , written as I = J ↾ ∆, if ∆I = ∆,
AI = AJ ∩∆ and rI = rJ ∩∆×∆ for all A ∈ NC, and r ∈ NR.
For Σ ⊆ NR, an interpretation I is over Σ if rI = /0 for all
r /∈ Σ. If Σ = {r} we say simply that I is over r. A concept
name A occurs in I if AI ̸= /0. We consider only interpreta-
tions in which finitely many concept names occur.

A homomorphism h from I to J , written as h : I → J is
a function from ∆I to ∆J such that e ∈ AI implies h(e) ∈
AJ , (e,e′) ∈ rI implies (h(e),h(e′)) ∈ rJ , and h(a) = a for
all e,e′ ∈ ∆I , A ∈ NC, r ∈ NR, a ∈ NI. By rg(h) ⊆ ∆J we
denote the set of values of h, i.e., {h(e) | e ∈ ∆I}.

An interpretation I can be seen as directed multigraph GI
whose nodes are the elements of I and edges are obtained
as the disjoint union of the interpretations of role names in
I. Nodes of GI are labelled with sets of concept names
and edges are labelled with role names (note that parallel
edges have different labels). Throughout the paper we apply
the standard graph-theoretic terminology directly to inter-
pretations. In particular, we will speak of reachability and
strongly-connected components (SCCs) of interpretations,
which are maximal sets of elements in which every element
is reachable from every other element.

Knowledge Bases. A knowledge base (KB) K is a pair
(T ,A) composed of a TBox T and an ABox A. An in-
terpretation I is a model of a KB K = (T ,A), written as
I |=K, if I |= T , I |=A, and I is transitive.

We write ∥K∥ for the total size of concept inclusions,
transitivity declarations, and assertions in K. By CN(K),
Rol(K), and Ind(K), we denote the sets of all concept

names, role names and individuals that appear in K. K is
over Σ ⊆ NR if Rol(K) ⊆ Σ. We extend this notation and
terminology in the natural way to TBoxes and ABoxes.

A unary type is a set of concept names. A unary type over
Γ ⊆ NC is a set of concept names from Γ. For a KB K, we
write Tp(K) for the set of all unary types over CN(K). We
write tpI(e) for the type of element e in interpretation I,
defined as tpI(e) = {A ∈ NC

∣∣ e ∈ AI}.

Conjunctive Queries. We consider conjunctive queries
(CQs), i.e. queries of the form ∃x̄. q1(ȳ1)∧ q2(ȳ2)∧ . . .∧
qn(ȳn) where x̄ is a tuple of variables, ȳ1, ȳ2, . . . ȳn are tuples
of variables from x̄, and each qi is either a unary atom of the
form A(x) for some A ∈ NC and x ∈ NV or a binary atom of
the form r(x,x′) for some r ∈ NR and x,x′ ∈ NV.

A match of a CQ q in an interpretation I is a function
π that maps each variable in q to an element of ∆I such
that π(x) ∈ AI for each atom in q of the shape A(x) and
(π(x),π(x′)) ∈ rI for each atom in q of the shape r(x,x′).
We say that an interpretation I satisfies a CQ q, written as
I |= q, if there is a match of q in I.

A union of conjunctive queries (UCQ) is a finite set Q of
CQs. An interpretation I satisfies Q, written as I |= Q, if
I |= q for some q ∈ Q. It is well known that if I |= Q and
there is a homomorphism from I to J , then J |= Q.

A query Q is over Σ ⊆ NR if uses role names only from Σ.

Partially Finite Entailment. A KB K entails a query Q,
written as K |= Q, if every model of K satisfies Q. A
counter-model is a model of K that does not satisfy Q. Sim-
ilarly, K finitely entails Q, written as K |=fin Q, if every finite
model of K satisfies Q. We focus on a common generali-
sation of these problems, where the implication must hold
for models where a specified concept is finite. Given a con-
cept F , we say that K F-entails Q, written K |=F Q, if every
model I of K with FI finite, satisfies Q. For simplicity, we
assume F is a concept name.

PARTIALLY FINITE ENTAILMENT
Input: A KB K, a concept name F , and a query Q

Output: True iff K |=F Q

Throughout the paper we assume that F is the distin-
guished concept to be interpreted as a finite set. We call
an element e of interpretation I critical if e ∈ FI .

3 Single Transitive Role
We first deal with the case of a single transitive role t:
throughout the section we assume that the interpretations of
all remaining role names are empty. To make this subcase
easier to use in the general solution, we work with rooted
and labelled interpretations.

An X-labelled interpretation (I,λ ) is an interpretation
I along with a labelling function λ : ∆I → X that as-
signs to each element of I a label from X . The set X
will vary, depending on the context. A homomorphism
h : (I,λ ) → (I ′,λ ′) is a homomorphism h : I → I ′ such
that λ (a) = λ ′(h(a)) for all a ∈ ∆I .
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A rooted interpretation (I,a) is an interpretation I along
with a distinguished element a ∈ ∆I called the root. A
homomorphism h : (I,a) → (I ′,a′) is a homomorphism
h : I → I ′ such that h(a) = a′.

A rooted X-labelled interpretation is (I,a,λ ) where
(I,a) is a rooted interpretation and (I,λ ) is an X-labelled
interpretation. A homomorphism h : (I,a,λ )→ (I ′,a′,λ ′)
is a homomorphism h : I → I ′ such that both h : (I,a) →
(I ′,a′) and h : (I,λ )→ (I ′,λ ′) are homomorphisms.

This additional labelling in X will be used inside our in-
ductive bottom-up construction to store the already-simpli-
fied parts of our interpretation as external values (labels),
allowing us to focus on the currently modified part.

Intuitively, we would like to replace a given (rooted X-la-
belled) interpretation with a simpler, more regular one, while
preserving certain properties. Eventually, we will care about
satisfying a given KB and not satisfying a given query. For
now, we use an abstract sufficient condition, formulated
purely in terms of interpretations.

For an interpretation I, an element u ∈ ∆I , and a tran-
sitive role name t, we write rchIt (u) for the set of concept
names reachable from u, i.e. all A such that AI \ {u} con-
tains a node t-reachable from u.

A homomorphism h : I → I ′ is t-strong if

tpI(a) = tpI
′
(h(a)) and rchIt (a) = rchI

′
t (h(a))

for all a ∈ ∆I . Clearly, the composition of two t-strong ho-
momorphisms is a t-strong homomorphism.
Lemma 1. Consider a TBox T over t, a UCQ Q, and tran-
sitive interpretations I and I ′ such that there is a t-strong
homomorphism h : I → I ′.
• If I ′ |= T and I ′ ̸|= Q, then I |= T and I ̸|= Q.
• If h is surjective and I |= T , then I ′ |= T .

The notion of t-strong homomorphism lifts naturally to
rooted and X-labelled interpretations: we call a homomor-
phism h : (I,a,λ ) → (I ′,a′,λ ′) t-strong if the underlying
homomorphism from I to I ′ is t-strong.

Our goal is the following: for a transitive rooted X-la-
belled interpretation (I,a,λ ) over t, construct a rooted X-la-
belled interpretation over t that has a small finite representa-
tion and maps to (I,a,λ ) via a t-strong homomorphism.

Next, we make this goal more concrete by explaining how
we represent infinite interpretations using finite ones.

3.1 Quasi-Unravelling
We modify the standard unravelling to keep the set of crit-
ical elements finite: the quasi-unravelling procedure builds
a tree-like model by making a separate copy of an element
for each path leading to this element, except for critical ele-
ments, of which only one copy is kept (see Figure 2).

Let I be an interpretation over a single transitive role
name t. We refer to SCCs of I as clusters. Notice that since
we have a single transitive role, a cluster is either a single el-
ement (with or without a loop) or a clique. We call a cluster
in I critical if it contains a critical element. We write ∆I

F for
the union of all critical clusters in interpretation I. For an
element a ∈ ∆I , we let KI

a be the cluster in I that contains
a if this cluster is critical, and KI

a = {a} otherwise.

A
B

B

C F
B

C

A A
B

B

C

C

F
B

C

A

A

Figure 2: An interpretation (left) and its quasi-unravelling (right).

Definition 2 (Quasi-unravelling). The quasi-unravelling of
a rooted interpretation (I,a) over a single transitive role t
is the rooted interpretation (Ĩ,a) over t obtained as follows.
The domain of Ĩ is the union of ∆I

F ∪ {a} and the set of
pairs of the form (K, p) where K is either KI

a or a critical
cluster of I, and p is a non-empty path in I that begins
in a successor of an element of K and visits elements from
∆I \ (∆I

F ∪{a}) only. For a concept name A, we let

AĨ =
(

AI ∩
(
∆
I
F ∪{a}

))
∪

{
(K, pu) ∈ ∆

Ĩ ∣∣ u ∈ AI} .
Finally, t Ĩ is the transitive closure of(

tI ∩
((

∆
I
F ∪{a}

)
×∆

I
F
))

∪

∪
{(

u,(K, p)
) ∣∣ (K, p) ∈ ∆

Ĩ ,u ∈ K
}
∪

∪
{(

(K, p),(K, pu)
) ∣∣ (K, p),(K, pu) ∈ ∆

Ĩ} ∪

∪
{(

(K, pu),v
) ∣∣ (K, pu) ∈ ∆

Ĩ ,(u,v) ∈ tI ,v ∈ ∆
I
F
}
.

The reader might be familiar with a different style of
defining unravellings where copies of elements from (I,a)
are added successively to (Ĩ,a). In our definition, elements
from ∆I

F ∪{a} are copies of themselves, and each (K, p) is
a copy of the last element in path p.

The quasi-unravelling (Ĩ,a, λ̃ ) of a rooted X-labelled in-
terpretation (I,a,λ ) is the quasi-unravelling (Ĩ,a) of (I,a)
with the labelling function λ̃ defined as λ̃ (u) = λ (u) for
u ∈ ∆I

F ∪ {a} and λ̃ ((K, pu)) = λ (u) for (K, pu) ∈ ∆Ĩ \(
∆I

F ∪{u}
)
.

Quasi-unravelling preserves the satisfaction of TBox con-
straints and conjunctive queries. Indeed, mapping each copy
of an element of I to its original gives a t-strong homomor-
phism from Ĩ to I∗.

Lemma 3. If (Ĩ,a, λ̃ ) is the quasi-unravelling of (I,a,λ )
where I is an interpretation over t then there is a t-strong
homomorphism h : (Ĩ,a, λ̃ )→ (I∗,a,λ ). Moreover, if each
element in I is reachable from a, we can additionally require
h to be surjective.

From Lemmas 1 and 3 we get the following.

Lemma 4. Consider an interpretation I over t and an ele-
ment a of I from which every other element of I is reach-
able. Let (Ĩ,a) be the quasi-unravelling of (I,a). Then

• for every TBox T over t, Ĩ |= T iff I∗ |= T ;

• for every UCQ Q over t, Ĩ |= Q implies I∗ |= Q.
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Lemma 4 shows that (I,a) is a good representation of
(Ĩ,a), but the second property is not sufficient to allow de-
ciding if Ĩ |= Q by just examining I. Later we will show
how to pick (I,a) so that Ĩ |= Q iff I |= Q. This will in-
volve interpretations of a special shape, described next.

3.2 Elementary Interpretations
Elementary interpretations are defined hierarchically, with
three levels of increasing complexity, illustrated in Figure 3.

Three basic building blocks form the first level (Fig-
ure 3a). We call an interpretation I over t a singleton if
the associated graph GI is a single isolated node; a cycle if
GI is a simple cycle; and a critical cluster if GI consists of
a single SCC and I contains a critical element. Note that
a singleton interpretation is a critical cluster as long as its
unique element is critical. We lift this terminology to rooted
interpretations naturally.

Loop trees, defined below, constitute the second level
(Figure 3b). They are similar to cactuses defined e.g. in (Da-
necki 1984). The operation of attaching an interpretation
(J ,v) to an element u′ of an interpretation (I,u) results in
interpretation (I ′,u) where I ′ is I ∪J with an additional
edge from u′ to v; note that ∆I and ∆J need not be disjoint.

Definition 5. We define loop trees inductively as follows.

• Every rooted singleton interpretation is a loop tree.
• If (I,u) is a singleton or a cycle and has no critical ele-

ments, and (I1,u1), . . . ,(In,un) are loop trees that share
no non-critical elements with each other and with (I,u),
then the interpretation obtained from (I,u) by attaching
(I1,u1), . . . ,(In,un) to u is a loop tree.

Finally, we define elementary interpretations as trees built
from critical clusters and loop trees (Figure 3c).

Definition 6. We define elementary interpretations induc-
tively as follows.

• Every rooted critical cluster and every loop tree is an el-
ementary interpretation.

• If (I,u) is a loop tree and (I1,u1), . . . ,(In,un) are pair-
wise disjoint elementary interpretations such that ui is the
only element shared by (I,u) and (Ii,ui), and it is crit-
ical in both interpretations, then (I ∪I1 ∪ ·· · ∪ In,u) is
elementary.

• If (I,u) is a critical cluster, (J ,v) is an elementary inter-
pretation without cycles visiting v, and the only element
shared by (I,u) and (J ,v) is v, then (I ∪J ,u) is an ele-
mentary interpretation.

Elementary interpretations will be used as finite repre-
sentations of potential countermodels, via quasi-unravelling.
Not every countermodel has such a representation, but, as
we show next, each can be turned into one that does.

3.3 Regularisation of Interpretations
We are now ready to realize the goal of this section: given
an interpretation I with finitely many critical elements, we
find a small elementary interpretation E with a t-strong ho-
momorphism from the quasi-unravelling of E to I.

Theorem 7. For every transitive rooted X-labelled inter-
pretation (I,a, ι) over a transitive role t with finitely many
critical elements there is an elementary rooted X-labelled
interpretation (E ,a,ε) over t of size at most (ℓ+ 1)(ℓ+1)2

for ℓ = |CN(I)| whose quasi-unravelling (Ẽ ,a, ε̃) maps to
(I,a, ι) via a t-strong homomorphism.

To prove this theorem, we first observe that the length of
simple paths that visit critical elements can be bounded. We
call a path simple if it never visits the same element twice,
and critical if it visits only critical elements.

Lemma 8. Consider a transitive interpretation I with
finitely many critical elements and let b ∈ ∆I . Then there
is an induced subinterpretation J of I such that b ∈ ∆J ,
rchJt (u) = rchIt (u) for all u ∈ ∆J , and every simple criti-
cal path in J that does not visit b has length at most |CN(I)|.

Proof of Theorem 7. The critical depth of a rooted X-la-
belled interpretation (I,a, ι) is the maximal length of a sim-
ple critical path in I that does not visit the root cluster KI

a .
If I contains finitely many critical elements, then the critical
depth of (I,a, ι) is finite. By Lemma 8, we can assume that
the critical depth of (I,a, ι) is at most ℓ. We can also assume
that all elements of I are reachable from a. By induction on
d, we will construct for (I,a, ι) of critical depth d a suitable
elementary (E ,a,ε) of size (ℓ+1)(ℓ+1)·(d+1).

Consider (I,a, ι) of critical depth d. Let (Ĩ,a, ι̃) be the
quasi-unravelling of (I,a, ι). Note that the critical depth of
(Ĩ,a) is d as well.

We call a cluster K in Ĩ non-root if K ̸= KĨ
a . Because

all elements in I are reachable from a, all critical clusters
in Ĩ are reachable from KĨ

a . We call a non-root critical
cluster minimal if it is not reachable from any other non-
root critical cluster. Let K1,K2, . . . ,Km be the minimal non-
root critical clusters in Ĩ (if d = 0, there are none). For
each i ∈ {1,2, . . . ,m} pick a critical element ci ∈ Ki and let
C = {c1, . . . ,cm}.

For c ∈C, let (Ĩc, ι̃c) be the X-labelled interpretation ob-
tained by restricting (Ĩ, ι̃) to the domain consisting of c and
all elements reachable from c. Clearly, the critical depth of
(Ĩc,c, ι̃c) is at most d − 1. Let (Ec,c,εc) be the elementary
interpretation of size at most (ℓ+ 1)(ℓ+1)·d obtained from
(Ĩc,c, ι̃c) by the induction hypothesis. Without loss of gen-
erality we assume that all elements of Ec except c are fresh;
that is, they do not occur in any other interpretations.

It remains to deal with the subinterpretation of (Ĩ, ι̃) in-
duced by the set ∆Ĩ \

⋃
c∈C ∆Ĩc of elements not reachable

from C. By the definition of quasi-unravelling, this inter-
pretation is the transitive closure of the union of the restric-
tion (Ia, ιa) of (I, ι) to KI

a and the restriction (ĨS, ι̃S) of
(Ĩ, ι̃) to the set S consisting of a and all elements of the
form (KI

a , p) from ∆Ĩ . Note that all elements of the latter
form are non-critical. Hence, S \{a} contains no critical el-
ements. Moreover, ĨS is the transitive closure of a tree with
root a. We think of S as if it were this tree and speak of
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Figure 3: The three levels of elementary interpretations. Critical elements indicated with concept name F .

nodes, leaves, subtrees, children, and descendants in S. We
write (ĨS∪C, ι̃S∪C) for the restriction of (Ĩ, ι̃) to S∪C.

In the reminder of the proof we construct a loop tree
whose unravelling maps homomorphically to (ĨS∪C, ι̃S∪C),
and then combine it with (Ec,c,εc) for c ∈C and a bounded-
size cluster corresponding to (Ia, ιa) to obtain (E ,a,ε).

We build the loop tree by induction. We define the rank
of a node v in S as the size of the set tpĨ(v)∪ rchĨt (v) of
concept names that occur in v or elements of Ĩ (not neces-
sarily in S) reachable from v. For each descendant v′ of v,
tpĨ(v)∪rchĨt (v) ⊇ tpĨ(v′)∪rchĨt (v

′) , so ranks never in-
crease as we go down S. We produce a loop tree for each
subtree of S by induction on the rank of the subtree’s root v.
The easy case is when the loop tree for v can be built from
a descendant v′ of v and loop trees already constructed for
descendants of v′ of lower rank. If this is impossible, we
identify an infinite sequence of descendants of v that can be
folded into a cycle that can be extended to a loop tree for
v by attaching loop trees already constructed for nodes of
lower rank. The hard part is to ensure that the unravelling of
the whole loop tree (not just the cycle) maps to (ĨS∪C, ι̃S∪C).

The actual claim we prove includes additional conditions
that facilitate the inductive proof and ensure compatibility
with (Ec,c,εc). We say that a homomorphism h fixes C if
h(c) = c for each c ∈ dom(h)∩C.

Claim 9. For each v ∈ S \{a} of rank q there is a loop tree
(Lv,uv,λv) of size at most (ℓ+1)q and a homomorphism

hv :
(
L̃v,uv, λ̃v

)
→

(
ĨS∪C,v′, ι̃S∪C

)
for some v′ such that

• v′ is an element of S reachable from v and

tpĨ(v)∪rchĨt (v) = tpĨ(v′)∪rchĨt (v
′) ; (1)

• hv extends to a t-strong homomorphism fixing C

ĥv :
(
Ẽv,uv, ε̃v

)
→

(
Ĩ,v′, ι̃

)
where

(
Ev,εv

)
is the union of

(
Lv,λv

)
and

(
Ec,εc) for all

c ∈C such that c ∈ ∆Lv .

Proof of Claim 9. To make the construction of
(
Lv,uv,λv

)
more uniform, for c ∈ C, we let (Lc,uc,λc) be the restric-
tion of (Ĩ,c, ι̃) to {c} with all edges removed. Note that
(Lc,uc,λc) satisfies the conditions in the statement of the
claim with c′ = c and the identity function for hc.

Consider first a node v ∈ S \ {a} of rank 0. We define
(Lv,uv,λv) as the restriction of (Ĩ,v, ι̃) to {v}. We let v′ = v
and take the identity function for hv. The condition in the
first bullet holds trivially. For the second bullet, ∆Lv = {v}
and v /∈C, so (Ev,uv,εv) = (Lv,uv,λv) and hv itself is the re-
quired t-strong homomorphism from (Ẽv,uv, ε̃v) to

(
Ĩ,v′, ι̃

)
because tpẼv(uv)∪rch

Ẽv
t (uv) = /0 = tpĨ(v)∪rchĨt (v).

Suppose now that we have shown the claim for nodes of
rank at most q− 1 and consider a node v ∈ S \ {a} of rank
q > 0. Let Sv be the subtree of S rooted at v and let Rv be the
subset of Sv consisting of all nodes of rank q. Note that Rv
forms a prefix of Sv: if a node from S belongs to Rv, so do
all its ancestors in S. We will think of Rv as a tree, too. Note
also that every v′ ∈ Rv satisfies condition (1). We have two
cases, depending on whether Rv contains a leaf or not.

Case 1. Rv contains a leaf v′; that is, all descendants of v′
in S have lower rank. Pick a minimal subset W of elements
of S∪C reachable from v′ in Ĩ such that

rchĨt (v
′) =

⋃
w∈W

tpĨ(w)∪rchĨt (w) . (2)

Each element w ∈W is an element of S\{a} of rank at most
q− 1 or an element of C. By the induction hypothesis and
the initial step of the proof of the claim, (Lw,uw,λw) exists
for all w ∈W . We let uv = v′ and define (Lv,λv) as follows.
We restrict (Ĩ, ι̃) to {v′} and for each w ∈W we attach to v′
a quasi-fresh copy of the interpretation (Lw,uw,λw), where
each non-critical element is replaced by a fresh element. Be-
cause |W | ≤ q ≤ ℓ and |∆Lw | ≤ (ℓ+1)q−1 for all w ∈W ,

|∆Lv | ≤ 1+q · (ℓ+1)q−1 ≤ (ℓ+1)q .

A suitable hv :
(
L̃v,uv, λ̃v

)
→

(
ĨS∪C,v′, ι̃S∪C

)
can be ob-

tained by setting hv(uv) = v′ and combining homomor-
phisms hw for w ∈ W as follows. Consider a path p in the
quasi-fresh copy of Lw used in Lv, beginning in the copy of
uw. There is a corresponding path p′ in Lw, beginning in
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uw. We let hv(uv p) = hw(p′). For every c ∈ C∩∆L̃v we let
hv(c) = c. It is routine to check that hv is a homomorphism
and that it extends to a suitable t-strong homomorphism fix-
ing C. Let us only verify that rchẼv

t (uv) = rchĨt (v
′). Recall

that uv = v′. By construction,

rch
Ẽv
t (v′) =

⋃
w∈W

tpẼw(uw)∪rch
Ẽw
t (uw) .

By the induction hypothesis, for each w ∈ W , using the ex-
istence of a t-strong homomorphism from

(
Ẽw,uw, ε̃w

)
to(

Ĩ,w′, ι̃
)
, followed by (1) for w, we get

tpẼw(uw)∪rch
Ẽw
t (uw) = tpĨ(w′)∪rchĨt (w

′) =

= tpĨ(w)∪rchĨt (w) .
We conclude by applying (2).

Case 2. Rv does not contain a leaf; that is, each node in Rv
has a child in Rv. We need a similar, but stronger property for
concept names. For a subset U of S, we call a concept name
A dense in U if each element in U has a proper descendant in
U that belongs to AĨ . We construct a subtree R′

v of Rv such
that each concept name occurring in R′

v is dense in R′
v.

Let tpĨ(v)∪rchĨt (v) = {A1, . . . ,An}. We process Ai one
by one and eliminate those that are not dense by passing
to a smaller subtree of Rv, also without leaves. Let Ri

v be
the subtree of Rv obtained after processing A1, . . . ,Ai, with
R0

v = Rv. If Ai+1 is dense in Ri
v or does not occur in Ri

v,
we let Ri+1

v = Ri
v. If Ai+1 occurs in Ri

v but is not dense in
Ri

v, there is an element u of Ri
v without proper descendants

in AĨ
i+1 ∩Ri

v. Since Ri
v has no leaves, node u has a child u′

in Ri
v. We define Ri+1

v as the the subtree of Ri
v rooted at u′.

Note that Ri+1
v is non-empty and has no leaves. Moreover,

Ai+1 does not occur in Ri+1
v , each concept name that does not

occur in Ri
v does not occur in Ri+1

v either, and each concept
name dense in Ri

v is also dense in Ri+1
v . We let R′

v = Rn
v .

Let B1, . . . ,Bk be the concept names that occur in R′
v. Be-

cause all these concept names are dense in R′
v, we can find

an infinite sequence

v1
1,v

1
2, . . . ,v

1
k , v2

1,v
2
2, . . . ,v

2
k , . . . , vi

1,v
i
2, . . . ,v

i
k, . . .

of elements from R′
v that form a subsequence of a branch in

R′
v ensuring that v i

j ∈ BĨ
j for all i and j. Next, for each i, we

pick a minimal subset Wi of elements of (S \R′
v)∪C reach-

able from vi
1 in Ĩ such that

rchĨt (v
i
1)\{B1, . . . ,Bk}=

⋃
w∈Wi

tpĨ(w)∪rchĨt (w) .

Each element of Wi is an element of S \{a} of rank at most
q−1 or an element of C. By the induction hypothesis and the
initial step of the proof of the claim, for each w ∈

⋃
∞
i=1 Wi,

(Lw,uw,λw) is already defined and is an X-labelled loop
tree of size at most (ℓ+ 1)q−1 using only concept names
from CN(Ĩ) and critical elements from C. Clearly, there
are only finitely many such interpretations, up to an isomor-
phism fixing C. In consequence, there is an infinite sequence
ℓ1 < ℓ2 < .. . such that

• the sets
{
(Lw,uw,λw)

∣∣ w ∈Wℓi

}
are equal for all i (up to

an isomorphism fixing C),

• the tuples
(
tpĨ(vℓi

1 ), . . . ,tp
Ĩ(vℓi

k )
)

are equal for all i, and

• the tuples
(
ι(vℓi

1 ), . . . , ι(v
ℓi
k )
)

are equal for all i.

Let uv = vℓ1
1 and construct (Lv,λv) by taking the restriction

of (Ĩ, ι̃) to {vℓ1
1 ,vℓ1

2 , . . . ,vℓ1
k } with all edges dropped, adding

edges (vℓ1
1 ,vℓ1

2 ), . . . ,(vℓ1
k−1,v

ℓ1
k ),(vℓ1

k ,vℓ1
1 ), and attaching to vℓ1

1
a quasi-fresh copy of (Lw,uw,λw) for each w ∈Wℓ1 . Then,

|∆Lv | ≤ k+(q− k) · (ℓ+1)q−1 ≤ (ℓ+1)q .

Let us now define hv :
(
L̃v,uv, λ̃v

)
→

(
ĨS∪C,v′, ι̃S∪C

)
for

v′ = vℓ1
1 . For c ∈C∩∆L̃v , let hv(c) = c. The elements of L̃v

obtained by unravelling the cycle vℓ1
1 ,vℓ1

2 , . . . ,vℓ1
k in Lv are

mapped to the elements vℓ1
1 ,vℓ1

2 , . . . ,vℓ1
k ,vℓ2

1 ,vℓ2
2 , . . . ,vℓ2

k , . . .

in Ĩ: for i ≥ 1 and j ≤ k we let(
vℓ1

1 vℓ1
2 · · ·vℓ1

k

)
· · ·

(
vℓ1

1 vℓ1
2 · · ·vℓ1

k

)︸ ︷︷ ︸
i−1

vℓ1
1 vℓ1

2 · · ·vℓ1
j 7→ vℓi

j .

For the remaining elements we rely on hw for w ∈ Wℓ1 .
For every w ∈ Wℓ1 and i ≥ 1 there is w(i) ∈ Wℓi such that
(Lw,uw,λw) is isomorphic to

(
Lw(i) ,uw(i) ,λw(i)

)
via an iso-

morphism ηw,i fixing C. Consider a path p in the quasi-fresh
copy of (Lw,uw,λw) used in (Lv,uv,λv), starting from the
copy of uw. Using the isomorphism ηw,i, we find a corre-
sponding path p(i) in

(
Lw(i) ,uw(i) ,λw(i)

)
, starting from uw(i) .

We let(
vℓ1

1 vℓ1
2 · · ·vℓ1

k

)
· · ·

(
vℓ1

1 vℓ1
2 · · ·vℓ1

k

)︸ ︷︷ ︸
i−1

vℓ1
1 p 7→ hw(i)(p(i)) .

The element v′ is reachable from v and satisfies (1), because
v′ ∈ R′

v ⊆ Rv. Verifying that hv extends to a suitable t-strong
homomorphism is straightforward, based on the properties
of vℓ1

1 ,vℓ1
2 , . . . ,vℓ1

k ,vℓ2
1 ,vℓ2

2 , . . . ,vℓ2
k , . . . and the inductive hy-

pothesis. This completes the proof of Claim 9.

With (Lv,uv,λv) at hand for all v ∈ S\{a}, we can define
the elementary interpretation we are looking for. Let W be
a minimal subset of S∪C such that

rchĨt (a)\rch
Ia
t (a) =

⋃
w∈W

tpĨ(w)∪rchĨt (w) .

Let V be a minimal subset of KI
a such that a ∈ V and

rchIa
t (a) =

⋃
v∈V tpIa(v). Let (I ′

a, ι
′
a) be the restriction of

(Ia, ιa) to V . Let (La,λa) the X-labelled interpretations ob-
tained from (I ′

a, ιa) by attaching to a a quasi-fresh copy of
(Lw,uw,λw) for all w ∈W . Then,

|∆La | ≤ 1+ |rchIa
t (a)|+

(
ℓ−|rchIa

t (a)|
)
· (ℓ+1)ℓ ≤

≤ (ℓ+1)ℓ+1 .

As in Case 1 in the claim, we can construct a homomorphism
ha :

(
L̃a,a, λ̃a

)
→

(
ĨS∪C,a, ι̃S∪C

)
that extends to a t-strong
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homomorphism ĥa : (Ẽa,a, ε̃a
)
→

(
Ĩ,a, ι̃

)
where (Ea,εa) is

the union of (La,λa) and
(
Ec,εc) for all c ∈C such that c ∈

∆La . Note that

|∆Ea | ≤ (ℓ+1)ℓ+1 · (ℓ+1)(ℓ+1)·d ≤ (ℓ+1)(ℓ+1)(d+1) .

Hence, (Ea,a,εa) is the interpretation (E ,a,ε) we seek.

4 Partially Finite Coloured Blocking
This section provides a variant of the coloured blocking the-
orem (Gogacz et al. 2018; Gogacz et al. 2019), suitable
for partially finite models (over multiple roles). The origi-
nal theorem offers a method to turn an infinite countermodel
into a finite one, under certain assumptions justified by the
a priori existence of a finite countermodel. Here, we only
know that a partially finite countermodel exists, which does
not give equally strong assumptions. In what follows we
describe an alternative construction that preserves counter-
models and ensures partial finiteness when applied to an in-
terpretation satisfying suitable weaker assumptions.

Quotients. Let I be an interpretation and ∼ an equiva-
lence relation on ∆I . We write [x]∼ for the equivalence class
{y ∈ ∆I

∣∣ y ∼ x} of x ∈ ∆I and I/ ∼ for the quotient inter-
pretation where

• ∆(I/∼) =
{
[x]∼

∣∣ x ∈ ∆I},

• A(I/∼) =
{
[x]∼

∣∣ x ∈ AI} for all concept names A,

• r(I/∼) =
{(

[x]∼, [y]∼
) ∣∣ (x,y) ∈ rI

}
for all role names r.

The quotient construction naturally induces the quotient ho-
momorphism h∼ : I → I/∼ defined as h∼(x) = [x]∼.

Distances. An interpretation I can be viewed as an undi-
rected graph with an edge between x ∈ ∆I and y ∈ ∆I when-
ever (x,y) or (y,x) belongs to rI for some r ∈ NR. By an undi-
rected path in I we mean a path in this undirected graph.
The distance in I is the function dI : ∆I ×∆I → N∪{∞}
where dI(x,y) is the minimal length of an undirected path in
I between x and y, or ∞ if there is no such path. Naturally,
dI satisfies the triangle inequality: dI(x,z) ≤ dI(x,y) +
dI(y,z) for all x,y,z ∈ ∆I . In the case of a single transi-
tive role, the distance is always 0, 1, or ∞. But already for
two transitive roles dI can take all possible values.

For k ≥ 0 we define the k-neighbourhood of an element
x∈∆I as the set Nk(x)=

{
y∈∆I | dI(x,y)≤ k

}
. We will of-

ten be interested in the induced subinterpretation I ↾ Nk(x),
which might be infinite.

Coloured Interpretations. Let us fix a set C of colours.
A coloured interpretation is an interpretation I along with
a function κ : ∆→C for some ∆⊆ ∆I that assigns colours to
some elements of I. If I is coloured by κ and J is coloured
by θ then a homomorphism h : I → J preserves colours if
for every x ∈ ∆I we have: x ∈ dom(κ) ⇔ h(x) ∈ dom(θ)
and if x ∈ dom(κ) then κ(x) = θ(h(x)). Two interpretations
I and J coloured by κ and θ are homomorphically equiv-
alent if there is a homomorphism from I to J and a ho-
momorphism from J to I, both of them preserving colours.

Homomorphic equivalence is reflexive, symmetric, and tran-
sitive, but it does not guarantee an isomorphism between the
interpretations.

k-Neighbourhood Equivalence. The original coloured
blocking relies on the finite number of isomorphism types
of k-neighbourhoods. As we cannot assume it here, we use
the weaker notion of homomorphism equivalence.

Consider k ≥ 0 and an interpretation I coloured by κ .
For each x ∈ ∆I , the interpretation I ↾ Nk(x) is naturally
coloured by κ ↾ (Nk(x)∩dom(κ)). We define k-neighbour-
hood equivalence ∼k as the equivalence relation on ∆I such
that x ∼k y iff x = y or x,y ∈ dom(κ), κ(x) = κ(y), and the
coloured interpretations I ↾ Nk(x) and I ↾ Nk(y) are homo-
morphically equivalent via homomorphisms that maps x to y
and vice versa. Note that ∼k merges only coloured elements.

For k ≥ 0, we say that an interpretation I coloured by κ

is k-sparse if for every x ∈ ∆I and every two y,y′ ∈ Nk(x)∩
dom(κ), if y ̸= y′ then κ(y) ̸= κ(y′).

Theorem 10. Let K = 2 · k3 for k ≥ 0. Consider a K-sparse
interpretation I coloured by κ and a finite interpretation Q
with |∆Q| ≤ k. Then Q maps homomorphically into I iff Q
maps homomorphically into I/∼K .

The right-to-left implication is clear as the quotient ho-
momorphism h∼K maps I to I/∼K . For the converse, con-
sider a homomorphism h : Q → I/∼K . We need to lift it
to a homomorphism from Q to I. We begin by dividing Q
into finitely many pieces. Initially, each piece contains at
most two coloured elements. For such pieces we can lift
the corresponding restriction of h to a homomorphism to
I, using h∼K . Then, we iteratively glue pieces into larger
ones, while preserving the existence of homomorphisms to
I. This is possible because ∼K-equivalent elements of I
have homomorphically equivalent neighbourhoods. Ulti-
mately all pieces are glued together into a single piece Q
with a corresponding homomorphism into I.

In the following section we apply Theorem 10 to a suit-
ably coloured interpretation of a special shape and prove that
the resulting quotient interpretation is partially finite.

5 Multiple Roles Allowed
In this section we show how to solve the entailment problem
in the general case. The strategy is familiar: we characterize
non-entailment in terms of structurally simple witnesses and
show that the existence of such a witness is decidable.

A rooted interpretation (I,a) is piecewise single-role if it
is the union of a family of pairwise disjoint rooted interpre-
tations called pieces, that are either singleton interpretations
or single-role interpretations over a transitive role, called
transitive pieces, with some additional edges between ele-
ments from different pieces. Specifically, the pieces can be
arranged into a potentially infinite tree such that
• the root piece is a singleton interpretation with root a;
• for every two adjacent pieces in the tree, I contains ex-

actly one edge from an element in the parent piece to the
root of the child piece, and there are no other edges in I
between elements from different pieces.
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To disambiguate decompositions into pieces, we assume
that, for every transitive role name t, if a piece contains a
t-edge or its root has an incoming t-edge, then there are no
t-edges originating in this piece and leading to other pieces.

An interpretation (G,a) is piecewise elementary if it is
piecewise single-role and each non-singleton piece is a tran-
sitive piece. The unravelling of a piecewise single-role in-
terpretation (G,a) is a piecewise single-role interpretation
(G̃,a) obtained as follows. Starting from the (singleton) root
piece of (G,a), repeat the following exhaustively: for each
newly added element e′ that is a copy of element e from G (or
e itself), for each piece (J ,b) of (G,a) such that there is an
r-edge from e to b, add a fresh copy of the quasi-unravelling
of (J ,b), with an r-edge from e′ to the root. Finally, close
all transitive roles by transitivity.

Theorem 11. For K=
(
T ,{A(a)}

)
, a concept name F, and

a UCQ Q, if K ̸|=F Q then there is a piecewise elementary in-
terpretation (G,a) of piece size at most (ℓ+1)(ℓ+1)2

for ℓ=
|CN(K)| and degree at most ∥T ∥ whose quasi-unravelling
(G̃,a) satisfies G̃ |=K and G̃ ̸|= Q.

We build (G,a) starting from the unravelling (J ,a) of any
countermodel. Using Theorem 7, for each maximal con-
nected component (C,c) of J over a transitive role t we can
produce a suitable elementary interpretation (E ,c) whose
quasi-unravelling maps to (C,c) via a t-strong homomor-
phism. In order to be able to construct (G,a) from these
elementary interpretations, we need them to be compatible:
if J contains components (C1,c1) and (C2,c2) over a transi-
tive role s such that some copies of the same element from
(E ,c) are mapped to c1 and c2, then (E1,c1) and (E2,c2)
must be identical. This can be ensured using X-labellings
for a suitable X , but it requires picking the elementary inter-
pretations bottom up. How can we do it in an infinite tree?
We define initial fragments (Jk,a) of (J ,a) of depth k. For
each (Jk,a) we build a finite piecewise elementary interpre-
tation (Gk,a) bottom up. Then we use König’s lemma to
extract a single infinite interpretation (G,a).

A characterization of non-entailment could be obtained by
proving the converse of Theorem 11, but the condition G̃ ̸|=
Q makes it hard to decide the existence of such witnesses.
Instead, we replace this condition with a weaker one, that is
easier to check and still sufficient to prove the converse.

We use a blow-up operation, which can also be seen as
partial quasi-unravelling. Given a piecewise elementary in-
terpretation (G,a) and a positive integer n, we define (Gn,a)
as follows. We process G top-down, piece by piece. In each
piece we blow-up the cycles in loop trees, also in the top-
down order: we unravel each cycle to a cycle 2n+ 1 times
longer. Each copy e′ of element e from the original cycle
gets its own fresh copy of the subinterpretation of G induced
by elements reachable from e in G without visiting any other
elements on the cycle. When all the cycles are blown-up, we
partially close the resulting interpretation by transitivity: we
add all edges from the transitive closure except those be-
tween elements from the same blown-up cycle. Finally, in
each blown-up cycle we transitively close the first n of the
2n+1 copies of the original cycle.

Because partial quasi-unravelling followed by full quasi-
unravelling is essentially the same as just full quasi-
unravelling, we easily get the following.
Lemma 12. For every piecewise elementary interpretation
(G,a) and positive integer n, the quasi-unravelling (G̃n,a)
of (Gn,a) maps homomorphically into the quasi-unravelling
(G̃,a) of (G,a).

By Lemma 12, Theorem 11 holds with G̃ ̸|= Q replaced
with G̃n ̸|= Q for any n. We can also prove the converse.
Lemma 13. For K =

(
T ,{A(a)}

)
, a concept name F, and

a UCQ Q, if there is a piecewise elementary interpretation
(G,a) of bounded piece size and bounded degree such that
G̃ |=K and G̃n ̸|= Q, then K ̸|=F Q.

A partially finite countermodel is obtained by applying
Theorem 10 to G̃n with suitably coloured critical elements
to ensure sparsity. As quasi-unravelling does not duplicate
critical elements, we can sparsely colour Gn instead. This
can be done because Gn has bounded degree.

Theorem 11, Lemma 12, and Lemma 13 together estab-
lish an equivalent criterion for non-entailment. But how
does replacing G̃ ̸|= Q with G̃n ̸|= Q help with decidability?
The construction ensures that G̃n and Gn satisfy the same
conjunctive queries of size at most n.
Lemma 14. For a piecewise elementary interpretation
(G,a), a positive integer n, and a conjunctive query Q with
at most n variables, Gn |= Q iff G̃n |= Q.

The left-to-right implication follows from the absence of
short cycles in Gn. The converse would be a standard prop-
erty of unravellings if not for the transitive closure in the def-
inition of quasi-unravelling. We emulate the missing edges
using the partial transitive closure in the definition of Gn.

By Lemma 14, we can replace G̃n ̸|= Q in our criterion
with Gn ̸|= Q where n is the maximal number of variables in
a CQ from Q. The latter condition can be checked on the fly
during a type-elimination procedure, which can be used to
check the existence of a suitable witness.
Lemma 15. Given a KB K = (T ,{A(a)}), a concept name
F, and a UCQ Q, one can decide in 2ExpTime whether there
is a piecewise elementary interpretation (G,a) of piece size
at most (ℓ+1)(ℓ+1)2

for ℓ= |CN(K)| and degree at most ∥T ∥
such that (G̃,a) |=K and Gn ̸|= Q.

Putting together all the ingredients, along with the stan-
dard method for simplifying the ABox (see e.g. (Ibáñez-
Garcı́a et al. 2026)), we obtain our main result.
Theorem 16. Partially finite entailment of conjunctive
queries for S is 2ExpTime-complete.

The lower bound holds already for finite and unrestricted
entailment (Ibáñez-Garcı́a et al. 2026).

6 An Application to Closed Predicates
As our last contribution, we present a result illustrating that
partially finite reasoning occurs naturally in problems re-
lated to closed predicates. In the problem of query con-
tainment in the presence of closed predicates, we are given
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two Boolean CQs q1, q2, a TBox T , and a set F of concept
names, and we have to decide whether q1 ⊆T ,F q2, that is,
whether for every ABox A and every interpretation I such
that I |= (T ,A) and AI = {a | A(a) ∈ A} for each A ∈ F ,
if I |= q1 then I |= q2. Notice that in the formulation of the
problem we essentially quantify universally over partially fi-
nite interpretations I with F defined as the union of predi-
cates from F . And indeed, this problem can be solved via a
Turing reduction to partially finite entailment.
Theorem 17. With an oracle for partially finite entailment,
one can decide query non-containment in the presence of
closed predicates in nondeterministic polynomial time.

Proof. Let q1,q2 be conjunctive queries, T a TBox, and
F = {F1,F2, . . . ,Fn} a set of concept names. We will show
that q1 ⊊T ,F q2 iff (T ,Aq′1

) ̸|=F q2 for F = F1⊔F2⊔·· ·⊔Fn

and some ABox Aq′1
obtained from a homomorphic image

q′1 of q1 by interpreting variables as individuals and atoms
as assertions. This suffices, because the algorithm for query
non-containment in the presence of closed predicates can
then simply guess the correct homomorphic image of q1 and
test partially finite entailment.

Suppose that (T ,Aq′1
) ̸|=F q2 for some Aq′1

as above.
Then, there is an interpretation I such that I |= (T ,Aq′1

),
I ̸|= q2, and FI is finite. Consequently, q1 ̸⊆T ,F q2 as wit-
nessed by A=

⋃n
i=1{Fi(a) | a ∈ FI

i } and I.
Conversely, suppose that q1 ̸⊆T ,F q2. Then there is an

ABox A and an interpretation I such that I |= (T ,A), FI
i =

{a | Fi(a)∈A} for each i, I |= q1, and I ̸|= q2. Clearly, FI is
finite. Some homomorphic image q′1 of q1 maps to I via an
injective homomorphism h. Assuming that in Aq′1

variables
of q′i are replaced with their images via h, I |= (T ,Aq′1

).
Hence, I witnesses that (T ,Aq′1

) ̸|=F q2.

In the above argument we need to check all homomorphic
images of query q1 because we adopt the Standard Names
Assumption. Had we not done so, we could use a single
ABox that could collapse to either image of the query and
the algorithm would work in deterministic polynomial time.

7 Conclusion
With this paper we aim to initiate a systematic study of par-
tially finite reasoning, where the reasoning tasks are per-
formed under the assumption that some, explicitly defined,
parts of the interpretations are necessarily finite. We have
shown that in the case of query entailment this mode of rea-
soning, subsuming both query entailment and finite query
entailment, does not come with an increased cost, retain-
ing its 2-ExpTime complexity. Natural next steps include
inspecting other logics without finite controllability, like
ALCIF , as well as other reasoning tasks, such as query
containment, enumeration, or direct access.
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tas Šimkus. Query answering in description logics with
transitive roles. In Proceedings of the 21st International
Joint Conference on Artificial Intelligence, IJCAI’09, page
759–764, San Francisco, CA, USA, 2009. Morgan Kauf-
mann Publishers Inc.
Diego Figueira, Santiago Figueira, and Edwin Pin Baque.
Finite controllability for ontology-mediated query answer-
ing of CRPQ. In Diego Calvanese, Esra Erdem, and Michael
Thielscher, editors, Proceedings of the 17th International
Conference on Principles of Knowledge Representation and
Reasoning, KR 2020, Rhodes, Greece, September 12-18,
2020, pages 381–391, 2020.
Michael Gelfond and Halina Przymusinska. Negation
as failure: Careful closure procedure. Artif. Intell.,
30(3):273–288, December 1986.
Michael Gelfond, Halina Przymusinska, and Teodor Przy-

musinski. On the relationship between circumscription and
negation as failure. Artificial Intelligence, 38(1):75–94,
1989.
Birte Glimm, Ian Horrocks, and Ulrike Sattler. Conjunctive
query entailment for SHOQ. In Diego Calvanese, Enrico
Franconi, Volker Haarslev, Domenico Lembo, Boris Motik,
Anni-Yasmin Turhan, and Sergio Tessaris, editors, Proceed-
ings of the 2007 International Workshop on Description
Logics (DL2007), Brixen-Bressanone, near Bozen-Bolzano,
Italy, 8-10 June, 2007, volume 250 of CEUR Workshop Pro-
ceedings. CEUR-WS.org, 2007.
Birte Glimm, Carsten Lutz, Ian Horrocks, and Ulrike Sat-
tler. Conjunctive query answering for the description logic
SHIQ. J. Artif. Intell. Res., 31:157–204, 2008.
Tomasz Gogacz and Jerzy Marcinkowski. Converging to the
chase – a tool for finite controllability. Journal of Computer
and System Sciences, 83(1):180–206, 2017.
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Héctor Pérez-Urbina, Boris Motik, and Ian Horrocks.
Rewriting conjunctive queries over description logic knowl-
edge bases. In Klaus-Dieter Schewe and Bernhard Thal-
heim, editors, Semantics in Data and Knowledge Bases,
Third International Workshop, SDKB 2008, Nantes, France,
March 29, 2008, Revised Selected Papers, volume 4925
of Lecture Notes in Computer Science, pages 199–214.
Springer, 2008.
Xiaoyu Qin, Xiaowang Zhang, Muhammad Qasim Yasin,
Shujun Wang, Zhiyong Feng, and Guohui Xiao. SUMA:
A partial materialization-based scalable query answering in
OWL 2 DL. Data Sci. Eng., 6(2):229–245, 2021.

Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

378


	Introduction
	Preliminaries
	Single Transitive Role
	Quasi-Unravelling
	Elementary Interpretations
	Regularisation of Interpretations

	Partially Finite Coloured Blocking
	Multiple Roles Allowed
	An Application to Closed Predicates
	Conclusion

