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Abstract

We study the problem of explaining observations about the
probabilities of events, such as ‘it rains 20% of the time’,
‘rain and snow are equally likely’, etc. We explain these
statements with a probability distribution or a statement about
probabilities of (other) events that are consistent with our
knowledge and entail the observation. We formalise this
problem in a fuzzy probabilistic logic FP. We define and
motivate the notions of abduction problems and their solu-
tions. Our main technical contribution is a comprehensive
study of the complexity of solution recognition and existence
for a given abduction problem in FP for the case of full lan-
guage and its disjunctive-clause fragments. We also obtain
a translation of classical probabilistic abduction (finding the
most likely explanation of a given event) to FP.

1 Introduction

Deduction, induction, and abduction are the main forms of
reasoning (Flach and Kakas 2000). Abduction, or inference
of explanations, has found multiple applications in artificial
intelligence. Among the most prominent ones are diagnosis
(Pople 1973; Console and Torasso 1990; El Ayeb, Marquis,
and Rusinowitch 1993; Josephson and Josephson 1994;
Koitz-Hristov and Wotawa 2018), commonsense reason-
ing (Paul 1993; Bhagavatula et al. 2020), formalisation of
scientific reasoning (Magnani 2011), and machine learn-
ing (Dai et al. 2019), in particular, explainable Al (Ignatiev,
Narodytska, and Marques-Silva 2019).

In logic-based abduction (Eiter and Gottlob 1995), the
reasoning is usually conducted in the framework of abduc-
tion problems that contain a theory I' formalising the back-
ground knowledge and an observation §. The goal is to find
an explanation of § relative to T using a pre-defined set of
hypotheses. That is, a formulan s.t. T,n = Land T',n = ¢
(in other words, n and I" should consistently entail ).

In practice, however, our data may be unreliable, and thus
the knowledge might bear a degree of uncertainty. In such
contexts, one might search for probabilistic explanations of
an observation. Hence, to provide explanations in the con-
text of uncertainty, one may employ probabilistic abduction.

Probabilistic Abduction Probabilistic abduction was first
introduced by Poole (1993) as probabilistic Horn abduction
(PHA). This framework computes probabilities of Bayesian

315

networks by definite clauses with probabilistic hypotheses,
but does not compute probabilities based on probability
measures over possible worlds as defined by Fenstad (1967).

Sato (1995) uses definite clauses with probabilistic hy-
potheses like PHA, but proposes the distribution seman-
tics, which defines probabilistic measures over possible
worlds without assumptions of PHA. Sato et al. (2011) ex-
tended this framework to allow arbitrary clauses in the back-
ground theory and any ground formulas in observations as
constraint-based probabilistic modelling. The distribution
semantics were also adopted in probabilistic logic program-
ming. In particular, de Raedt et al. (2007) present ProbLog,
which considers a probability for each definite clause, i.e.,
a probabilistic hypothesis to select each clause, and Azzolini
et al. (2022) propose algorithms for computing explanations
to probabilistic logic programs.

Other frameworks include a Bayesian view of prior dis-
tributions in abduction (Dubois, Gilio, and Kern-Isberner
2008) and abduction in Markov logic networks (Kate and
Mooney 2009). They, however, do not strictly provide a log-
ical formalisation of abduction to explain observations.

Probabilistic Reasoning in Fuzzy Logics Probabilistic
abduction requires formalisation of reasoning about uncer-
tainty. One of the approaches to this task is via the employ-
ment of so-called probabilistic logics. Probabilistic logic
in the context of Al was first proposed by Nilsson (1986).
The propositional fragment of Nilsson’s logic was then
formalised by Fagin et al. (1990). Hdjek et al. (1995;
2000) formalised reasoning about probabilities using fuzzy
logics, i.e., logics where formulas have values in the real-
valued interval [0,1]. The intuitive idea was to consider
a (non-nesting) modality Pr such that, for a classical for-
mula ¢, the modal formula Pr(¢) is interpreted as the prob-
ability measure of the event corresponding to ¢.
Connections between probabilities and fuzzy logics have
been extensively studied. Hajek and Tulipani (2001) consid-
ered the complexity of probabilistic reasoning, in particular,
with conditional probabilities. Flaminio (2007) proposed
a simpler formalisation of reasoning with conditional prob-
abilities. Baldi et al. (2019; 2020) showed that fuzzy proba-
bilistic logics and the probabilistic logics proposed by Fagin
et al. have the same expressive power. Corsi et al. (2023)
studied epistemic probabilistic logics and Kozhemiachenko
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and Sedlar (2025) considered formalisation of reasoning
about probabilities and actions.

Abduction in Fuzzy Logics Abduction in various fuzzy
logics has long attracted interest. The first formal pre-
sentation was given by Yamada and Mukaidono (1995) in
the framework of Lukasiewicz logic. VojtaS (1999) ex-
panded this approach to Godel and Product logics. Miy-
ata et al. (1998) considered abductive reasoning with obser-
vations of different degrees. Solutions to abduction prob-
lems in multiple fuzzy logics were further systematised
by d’Allones et al. (2007) and Chakraborty et al. (2013).
Recently, Inoue and Kozhemiachenko (2025) provided
a comprehensive study of the complexity of abduction in
Lukasiewicz logic.

Abduction in fuzzy logic has found numerous applica-
tions. Namely, Vojta§ (2001) and Ebrahim (2001) pro-
posed fuzzy logic programming. Bergadano et al. (2000)
studied fuzzy abduction in the context of machine learning.
Among other applications are decision-making and learn-
ing in the presence of incomplete information (Mellouli and
Bouchon-Meunier 2003; Tsypyschev 2017) and robot per-
ception (Shanahan 2005).

Contributions Although probabilistic abduction and ap-
plications of fuzzy logics to probabilistic reasoning have
been extensively studied, there has been, to the best of our
knowledge, no formalisation of probabilistic abduction in
a fuzzy logic setting. Furthermore, in most probabilistic ab-
duction frameworks, the main task is to find the most likely
explanation of an observed event. On the other hand, in
some situations, we are interested in why the event occurred
with the observed frequency. In such contexts, an expla-
nation can be a probability distribution consistent with our
knowledge about probabilities of events that explains the fre-
quency of the occurrence of the observed event. Consider
the following running example for an illustration.

Example 1. We study weather records of a town and notice
that there was very bad weather (it rained and was cold on
the same day) at least 20% of the time. The records are in-
complete, so we do not know how likely it was to rain or
to be cold on each given day. Moreover, there could be
cloudy days without rain and days with mild weather (i.e.,
events ‘it rains’ and ‘it is sunny’ as well as ‘it is cold’ and
‘it is warm’ are not complementary). We know, however,
that good weather (sunny and warm days) was twice as rare
as bad weather (rainy or cold days). Furthermore, cold days
were 1.5 times more often than warm days, and sunny days
were rarer than rainy days. Now, we aim to explain the ob-
served frequency of days with very bad weather.

We consider probabilistic abductive reasoning within the
framework of a fuzzy probabilistic logic FP that extends
Lukasiewicz logic. We will formally define these logics in
the next section. In our proofs, we will rely on the results
for abduction in (propositional) Lukasiewicz logic (Inoue
and Kozhemiachenko 2025). Our contribution is threefold.
(1) We define and motivate abduction problems and their so-
lutions that adequately represent the contexts, as in the ex-
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ample above. (2) We study the complexity of probabilistic
abduction in the full logic and its disjunctive-clause frag-
ments. We consider solution recognition (given a solution
candidate ¢ and a problem P, check if ¢ solves P) and so-
lution existence (given PP, check if it has solutions). (3) We
formalise finding most likely explanations in FP.

Onmitted proofs can be found in the appendix of the tech-
nical report (Flaminio, Inoue, and Kozhemiachenko 2026).

2 Probabilistic fL.ukasiewicz Logic

In this section, we present the fuzzy probability logic FP —
a probabilistic expansion of Lukasiewicz logic £ introduced
by Hajek et al. in (1995). The logic FP has a two-layered
language made of probabilistic atoms of the form Pr(¢).
E.g.,if ¢ = r V h, and r stands for ‘it is raining’ and A for
‘it is hot outside’, the value of Pr(r V h) corresponds to the
probability of the event ‘it is raining, or it is hot outside’.
Compound probability formulas are connected by operators
of £. To improve its expressivity, we extend its language
with the /A operator of Baaz (1996) and truth constants.
We fix a countable set Var of propositional variables, let

p€Var,ce QnNI0,1],¢ € {<,<,>,>}, and define E?:
p=plpoc|Ld|=¢|(0©d)|(0®¢)|(0—0)

Convention 1. Lcp, denotes the {—, A\, V }-language of the
classical propositional logic. For a set of formulas T and
a formula ¢, Var(¢) and Var[T'] are the set of all variables
occurring in ¢ and T, respectively.

R and Q denote the sets of real and rational numbers, re-
spectively. A square (round) bracket means that the endpoint
is included in (excluded from) the interval. Lower index g
means that the interval contains rational numbers only. E.g.,

(%,%]Q:{x|m€(@,x>%,x§§}.

Definition 1 (Semantics of Lukasiewicz logic). An t-valu-
ation is a function v : Var — [0, 1] extended to the complex
formulas as shown in Figure 1 (cf. the top of the next page).
We say that ¢ € L2 is t-valid (b = @) if v(¢) = 1in
all Y-valuations; ¢ is t-satisfiable if v(¢) = 1 in some L-
valuation. Given a finite ® C Eg, ® entails x int (P = x)
iff v(x)=1inevery v s.t. v(¢p) =1 for all p € . P consis-
tently entails x in £ (® =" x) iff ® = x and O W L.

The language Egr of FP is defined as follows (here,
dELcpL, VE{~, A}, 0€{®,®, —}, and oe{<, <, >, >}).

a:="Pr(¢) | Pr(¢) ot | Va| (aoa)

We will interpret L’gr—formulas on probabilistic models fol-
lowing (Héjek and Tulipani 2001). The only change is that,
to simplify some proofs, instead of evaluating variables at
each state, we define states of models as sets of variables.

Definition 2 (Probability measures and distributions).

Given a finite W # &,

e amap i : 2" — [0, 1] is a probability measure on 2"V iff
p(W) =1 u@) =0, and n(X UY) = p(X) + p(Y)
forevery XY CWst. XNY =,
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v(=¢) = 1-v(¢)
v(¢Ox) = max(0,v(¢)+v(x)—1)

v(potT) = {
v(pDx)

lifv(p)oc
0 otherwise

= min(1, v(¢)+v(x))

_[1ifo(é)=
v(A9) = {O otherwise

v(¢—x) = min(1, 1-v($)+v(x))

: . ; Q
Figure 1: Semantics of £ .

* amap 0 : W — [0, 1] is a probability distribution on W
lff.ZwEW 3(w) =1

Definition 3 (Probabilistic models). Given a finite set V. C

Var, a probabilistic model for V is a tuple 9 = (2V, p)

AN AT 22V [0,1] is a probability measure on 22¥ . For

pEV, ¢€Lcpy s.t. Var(¢) C 'V, and a probabilistic model

IM=(2V, 1), we define the truth set of ¢ (||¢||on) as follows:

* llpllon = {X €2 [pe X}

* -0l =22"\||gllon

* [l Axllon = ll@llon O l[x]lon-

Definition 4 (Semantics of FP). The FP-interpretation in-

duced by M is a map Ton = L2, — [0,1] s.t. Zon(Pr(e))

w(||@||lon). The interpretation is extended onto complex llgr—

formulas using the conditions of Definition 1 (cf. Fig. 1).

The notions of FP-satisfiability, validity, and entailment
generalise those in Lukasiewicz logic (cf. Definition 1).

Definition 5. Let T U {a,6} C L3, V = Var(a), and

V' = Var[l' U {6}]. We say that

e « is FP-satisfiable iff Zon (o) = 1 for some 9 = (2V, u);

e «is FP-valid (FP=q) iff Zon ()=1 in each M=(2V , u);

* T' FP-entails ¢ (T |=¢p 9) iff Zon/(6) = 1 for all M' =
2V’ 1) s.t. Tops () = 1 forall v € T;

* T consistently FP-entails 6 (I' =82 6) iff T’ |=¢p 0 and
r l;épp 1.

Convention 2. Egr-formulas are called outer formulas.
Formulas occurring in probabilistic atoms are inner formu-
las or events. We denote L'(gr formulas with o, B, ..., A
LcpL and £9 Sformulas with 7, o, ..., 1. We denote sets of
Egr Sformulas with T, A, ..., Z, and sets of LcpL or E? for-
mulas with Y, ®, and V. For Fu{a}gﬁ‘?ﬁ,, we set E(a) =
{6 € Lepo | Pr(¢) occurs ina} and E[T]=, e E(7)-

For ® C Lcpy and a probabilistic model M = (2V, i),
we will write pu(|[®|an) to denote pu(|| A\ 4 ¢lom)-

An LcpL-term (LcpL-clause) is a formula of the form
Ny Ui (Vi ;) with Us being literals. We write o« < 3 as
a shorthand for (a— ) ®(f—a), Pr($)eC and pe< as short-
hands for —(Pr(¢)oc) and —(pocC), and pa~c and Pr(¢p)~C as
shorthands for (p>¢) ® (p<c) and (Pr(¢)>¢) ® (Pr(¢)<c).

Let us remark on FP. First, £(a) contains only the
events explicitly mentioned in « (not their combinations
or subformulas). E.g., if @ = Pr(p A ¢) — Pr(r), then
E(a) = {pAqr} (e, pqg ¢ E()). Thus, E(a) is lin-
ear in the length of . Second, A allows for a reduction
between validity and satisfiability: « is FP-valid iff -A«
is FP-unsatisfiable; « is FP-satisfiable iff =Ac« is not FP-
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valid. Third, we obtain the following statement by a straight-
forward expansion of (Flaminio 2007, Theorem 6).

Proposition 1. FP-satisfiability is NP-complete, and FP-
entailment is coNP-complete.

3 Probabilistic Abduction in FP

Let us now present abduction in FP. We begin with the no-
tion of abduction problems.

Definition 6. An FP-abduction problem (FP AP) is a tu-
ple P = (U,6,H,V) s.t. T U {6} C L2, H is a finite
set of ,CCpL terms s.1. Var[H] C Var[l' U {6}], and V =
{0, %, .., 2L 1Y withn € N. We call T theory, § obser-
vation, members of H and V hypotheses and values.

Let us represent Example 1 as an FP-abduction problem.

Example 2. Recall the context of Example 1. We use c,
r, s, and w to denote cold, rainy, sunny, and warm days,
”especn'vely, and deﬁne Prain - <Fraina 5rain7 Hraina vrain>~

Prlanu) <5, Priw) <, ~APr(r) > Pr(s))
Crain = (Pr(s Aw) ® Pr(s Aw)) < Pr(cVr),
(Pr( ) ® Pr( )) < Pr(w),
Pr(c) < (Pr(w) @ Pr(z))
6rain = PI’(C/\’[“) ng H rain — {3 w,s N\ w}
Veain = {765 | 0 < <100}

Let us briefly discuss the formalisation. By Definitions 1
and 4, Io;n(-N(a — B)) = 1iff Zop () > Zon(B). Thus,
=A(Pr(r) — Pr(s)) means ‘the probability of a rainy day
is greater than the probability of a sunny day’. Pr(sAw) < %
and (Pr(s Aw) ®Pr(s Aw)) <> Pr(cVr) imply Zon (Pr(s A
1)) = Iom(Pr(c V 1)) - 3, ie., rainy or cold days are two
times likelier than days with warm and sunny weather.

We also add an auxiliary variable x to express
Zom (Pr(w)) = 2-Zon (Pr(z)) via (Pr(z) ® Pr(x)) < Pr(w)
and Pr(w) < % Now, ‘a cold day is 1.5 times likelier than
awarm one’ can be formalised as Pr(c) <> (Pr(w)@Pr(z)).
To provide an informative explanation of the frequency of
days with cold and rainy weather, we need hypotheses s, w,
and s \ w allowing us to express probabilities of sunny and
warm days. Finally, we choose V expressing percentages.

Now, to explain the observed frequency, we will need
to assume probabilities of sunny and warm days. This
means that the solution to an FP-abduction problem will
not be a conjunction of hypotheses, but a statement about
probabilities of hypotheses. Note that we need sAw be-
cause, in general, probability measures are not truth func-
tional. In particular, p(||sAw||on) is not uniquely determined



Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

|ng/ and p(||wllon). E.g., consider V. = {s,w},
m, 2V, 1), and My = (2V, up) being such that
m({s, w}) m{s}) = m({w}) = m({s}) =
pa({s,w}) = p2({@}) = 5. and pa({s}) = p2({w}) = 0
(recall that the measure is defined on 22v). One can see that
pa(l1sllon, )=pa (wllan, )=pa(lIsllon, )=p2(lwllon,) = 3.
but i1 (||s A wllan, ) = 7 and pz(|ls A wllon,) = 5.

In E(gr, statements about probabilities of events can be for-
malised using formulas of the form Pr(¢) > € (‘probability
of ¢ is at least ¢’) or Pr(¢) — Pr(x) (‘probability of ¢
is at least as high as the probability of x’). Note, however,
that explanations are usually expressed as (sets of) facts (i.e.,
conjunctions of literals). As we are explaining observed fre-
quencies of events, it makes sense to use probabilities of
facts as solutions. To do that, we introduce probabilistic
interval literals and terms that generalise (propositional) in-
terval literals and terms proposed by Inoue and Kozhemi-
achenko (2025) for Lukasiewicz logic.

by u(][s]

Definition 7 (Probabilistic interval literals and terms).

* A probabilistic interval literal (PIL) is a formula Pr(7) o€
with T being an Lcpy-term.

* A probabilistic interval term (PIT) is a formula ().
with \’s being PILs.

For a PIL Pr(T)od, we define its set of permitted values:
Ve (Pr(7) o d) ={Zon(Pr(7))| Zon (Pr(r) o d) =1}

Given V {p1,--spm} and V = {0,#,...@},
we call a PIT § = @le Pr(r;)<t; © @le Pr(r;)>¢;
(V,V)-complete if Var[r;] V and ¢; € V for every
ie{l,...,k}, andezlci =1

Observe briefly that all (V,V)-complete PITs are FP-
satisfiable. Let us now define the notion of a solution to
an FP-abduction problem.

Definition 8. Let P = (I',§,H,V) be an FP AP and let

further V.= Var[P].

* A sufficient solution is a PIT n = (O}, Pr(r;) ¢ T; s.t.
E(m) CH, T €V foreveryT,;, andT',n =55 0.

* A full solution is a (V,V)-complete PITO5.1.T 0 =5 6.

To guarantee the finiteness of the set of solutions, we re-
strict the set of values of probabilistic atoms containing hy-
potheses. Intuitively, this can be interpreted as an expla-
nation with a given precision. Furthermore, full solutions
correspond to probability distributions on 2V . Hence, there
is only one probabilistic model that satisfies 6. Le., if 6 is
a full solution, there is no full solution ¢’ s.t. 8’ =¢gp 6 and
0 Frp 0. Besides, a full solution 6 is not necessarily a suf-
ficient solution since in general, £(0) € H. Moreover, while
the length of sufficient solutions is bounded by E[P] (i.e.,
is linear in the length of P), the length of full solutions is
not. One could interpret full solutions as probabilistic coun-
terparts of most specific explanations (MSEs) (Poole 1985;
Stickel 1990; Sakama and Inoue 1995). The difference is
that MSEs specify as many values of hypotheses as possi-
ble, and full solutions specify probabilities of every event.

Let us now solve the problem from Example 2.

Ai

1=1
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Example 3. We begin with a sufficient solution:

Nrain = Pr(w)=~0.4 ® Pr(s)~0.4 ® Pr(s A w)~0.3

By Definition 4, we obtain Ly (Pr(c)) = £, Zon(Pr(r)) €
(g 5] and Toyn(Pr(cVr))
Z(Pr(cAr)) > 2 in every probabilistic model N that satis-
fies Tain and Nyain. Note that nyain is not a full solution: we
cannot infer probabilities of all events over {c,r,s,w,x}.
But n,ain can be extended to a full solution, e.g., as follows:

% from Example 2. Thus,

Orain =Pr(s Aw A =z A —c A —r)
Pr(ms A\mw A—x AcAT)
Pr(s A\~w Az AcA-r)=0.10
Pr(=s AwAx A—=cAr)~0.1
By Definitions 4, 5, and 8, Orain is indeed a full solution
10 Prain. Clearly, Tyain, Orain =5p'° Orain.  Furthermore, all
T € &(Orain) correspond to some X C 'V and the values
of T’s add up to 1. Thus Oy, is (V,V)-complete. More-

over, Orain EFP Train- Hence, 0,41 can be interpreted as an
extension of Neain.

~0.30
~0.50

We finish the section with a short observation. From Def-
inition 8, one can see that if a problem has a sufficient so-
lution, then it has a full solution. On the other hand, the
converse is not necessarily true. E.g., if we modify the
set of hypotheses in Example 3 as follows: H_, = {w},
P~ = (Tain, Orains H ., Vrain) Will not have sufficient solu-

raln’

tions. Still #,,;, remains a valid full solution.

4 Complexity of FP-Abduction

Before proceeding to establish the complexity of abduction
in FP, let us first define some preliminary notions. Since
most of our hardness results will be obtained by reduc-
tions from t-abduction, we recall here the definitions of
t-abduction problems and their solutions from (Inoue and
Kozhemiachenko 2025).

Definition 9 (£-abduction problems and their solutions).
* An k-abduction problem is a tuple P = (@, x,H) with

dU{x} C L'g being finite and H a finite set of interval
literals s.z. Var[H] C Var[® U {x}]. We call ® a theory,
x an observation, and members of H hypotheses.

e Ant-solution (simply called a solution) of P is an interval
term 7 composed of hypotheses s.t. &, T =" x

We note that L% is the fragment of FP with atomic events.
The following statement is a straightforward generalisation
of (Flaminio, Preto, and Ugolini 2023, Proposition 5.6)
and (Flaminio and Ugolini 2024, Theorem 5.3).

Definition 10. For ¢ € Eg, t € {-,A}, and ®{0,®,—},
we define the probabilistic counterpart ¢ as follows:
Pr="Pr(p) (poc)™ =Pr(p)oc
(107 = 8(x™") (x®y)” =x" @y

For ® C Eg, we set " = {¢P" | ¢ € ®}.
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Proposition 2. For all ® U{x} C L2, it holds that ® = x
lﬁ(‘q)Pr ':FP XPr‘
We are now ready to consider the complexity of abductive
reasoning in FP. We will deal with two problems:
* solution recognition — given a problem P and a PIT (,
determine whether ( is a (sufficient or full) solution to [P;
* solution existence — given a problem P, determine
whether it has (sufficient or full) solutions.

4.1 Solution Recognition and Existence

We begin by determining the complexity of solution recog-
nition. The next two statements show that while recognition
of sufficient solutions is DP-complete (same as in classical
or Lukasiewicz logic), recognising a full solution is polyno-
mially tractable.

Theorem 1. Givenan FP APP = (I',6,H,V) and a PIT n,
it is DP-complete to check if n is a sufficient solution to P.

Theorem 2. Given an FP AP P = (I',6,H,V) with V =
Var[P] and a (V,V)-complete PIT 0, it requires polynomial
time (w.r.t. the total number of symbols in 0 and P together)
to check if 0 is a full solution to P.

The reason for this discrepancy is that a full solution de-
termines exactly one probabilistic model where I" and ¢ are
true. Moreover, a full solution 6 corresponds to a proba-
bility distribution on 2V. Hence, to calculate the value of
Pr(¢) using § = @le Pr(m;)<g, © @le Pr(r;)>¢;, one
needs to compute Zn oo Civ Since 7;’s determine the val-
ues of all variables, 7; |=cpL ¢ can be decided in polyno-
mial time, and this sum takes polynomial time to compute.
On the other hand, sufficient solutions can leave probabili-
ties of some events undefined and thus do not correspond to
a unique probability distribution. This means that we need
two NP-oracle calls: to verify I,y fcpp L and T, 1) |=pp 6.
Since these calls are independent, DP-membership follows.

Lastly, full solutions are (V,V)-complete PITs, i.e., they
can be exponentially long w.r.t. Var[P] (and £[P]). Thus, we
take into account lengths of both # and P in Theorem 2.

Let us now turn to the complexity of solution existence.
As expected from the results in the previous section, deter-
mining the existence of sufficient solutions will be harder
than determining the existence of full solutions. Namely,
¥F-hardness of sufficient solution existence follows from
Proposition 2 and ¥5-hardness of solution existence for
t-abduction problems (Inoue and Kozhemiachenko 2025,
Theorem 5). Y¥-membership can be obtained from Propo-
sition 1 using a ‘guess-and-verify’ procedure.

Theorem 3. Given an FP AP P = (I',§,H,V), it is X5-

complete to determine whether it has sufficient solutions.
Full solution existence for an FP AP P = (T", §, H, V) can

be seen as FP-satisfiability of (- 4er Y ® 6 provided that the

model satisfying I' U {6} should evaluate all probabilistic
atoms over V, not [0, 1]. It is known from (Héjek and Tuli-

pani 2001) that o € [,(gr is FP-satisfiable iff it is satisfiable

in a probabilistic model M = (2V2"(*) 1) s.t. p({fw}) > 0
holds for at most |E(«)| + 1 states. Thus, we will consider
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full solutions = (), \; s.t. n < 2-|E[P]| + 2 (recall that
Pr(7)~c is a shorthand for (Pr(7)>¢) ® (Pr(r) < T)). We
will call such solutions concise to differentiate them from
full solutions of arbitrary length.

Definition 11. Given an FP AP P and its full solution 0 =
(O, \i, we say that § is concise iff n < 2 - |E[P]| + 2.
NP-membership of concise full solution existence for FP
APs now follows from Theorem 2. For NP-hardness, we can
provide a polynomial reduction from CPL-satisfiability.

Theorem 4. Given an FP AP P = (T',6,H,V), it is NP-
complete to determine whether it has concise full solutions.

4.2 Prioritisation of Solutions

Up to now, we have been considering arbitrary full and suf-
ficient solutions. Note, however, that usually we have some
preference relation between different solutions. In particu-
lar, a usual requirement is that a solution should be as simple
as possible. One of the most straightforward choices to for-
malise simplicity in logic-based abduction is to utilise entail-
ment. If ¢; and (s are two solutions s.t. (1 |= (2 and (2 F~ (3,
then (o is simpler because it makes fewer assumptions and
thus (; is more preferable than (;. In classical logic, this
is usually formulated in terms of C-minimality (Eiter and
Gottlob 1995) (given LcpL-terms o and 7, 0 |=cpp 7 iff all
literals in 7 belong to o) and interpreted as preferring solu-
tions without redundant hypotheses: if both 7 A h and T are
solutions, then £ is redundant (Peng and Reggia 2012).

An advantage of entailment-minimal solutions is that they
can be easily generalised to abduction in non-classical log-
ics (cf., e.g., works by Bienvenu et al. (2024; 2026) and In-
oue and Kozhemiachenko (2025)). In the framework of FP-
abduction, we can employ |=¢p-minimality to prioritise suf-
ficient solutions. On the other hand, different full solutions
are either equivalent or incompatible. Hence, we need an-
other approach to prioritisation. Since full solutions corre-
spond to probability distributions on 2V, it makes sense to
employ the principle of maximum entropy by Janes (1957a;
1957b) (cf. a discussion by Williamson (2010)) to establish
a preference relation between them. The principle states that
the probability distributions that best represent our knowl-
edge are those with the highest entropy. Thus, given an
FP AP, we prefer full solutions with higher entropy. En-
tropy was used to prioritise probabilistic explanations by
Valkovsky et al. (1999) in the context of constraint program-
ming, and Dubois et al. (2008). There, however, the expla-
nation was not a probability distribution itself but an event.

We will thus consider two classes of preferred solutions
to FP APs: entropy-maximal and |=gp-minimal (entailment-
minimal). We begin with entropy-maximal full solutions.

Definition 12. Let P = (I',0,H,V) be an FP AP with
Var[P] = {p1,...,pm} and 6 = O}, Pr(m;)~<; its full
solution s.t. ¢; > 0 forall i € {1,...,n}. The entropy of ¢
(H(0)) is defined as follows: H(0) = — Y"1, ¢; - log, c;.
Definition 13. Let P = (T', 0, H, V) be an FP AP, that con-
tains k unique probabilistic atoms. We say that 0 is a concise
entropy-maximal (CEM) solution to P iff 0 is a full solution,
and there is no full solution ¢’ containing at most 2-k+2
PITs s.t. H(0)<H(¢).
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Note that CEM solutions have bounded length. This
is done for the following reason. Intuitively, the higher
the entropy of a full solution 6, the closer it is to a uni-
form probability distribution. In other words, the higher
H(0) is, the more 0 contains terms Pr(T)~C with ¢ # 0.
Thus, solutions with higher entropy could be exponentially
long w.r.t. the size of the problem. For example, if ¢ is
a tautology and Var(¢) = V {p1,...,pn}, then the
(non-concise) entropy-maximal explanation of Pr(¢$)>1 is
the uniform probability distribution on 2V expressed as

sz; Pr(Ti)zz%. To circumvent this problem, we will only
consider ‘concise’ full solutions (recall Definition 11).

Example 4. Consider 0,5,. It contains 8 PITs (note that
Pr(7)aC’s are shorthands for Pr(7)<¢ ® Pr(7)>T) and is
concise. By Definition 12, H(0ain) =~ 1.685. Recall from
Example 2 that P, contains 8 unique probabilistic atoms.
Thus, we can consider full solutions to P, that contain up
to 18 terms (i.e., up to 9 events).

Now, to produce a probability distribution with a higher
entropy than 0,4, we ‘spread’ the probability of —s A —w A
—x A c A1 to other events. Consider:

QTT

rain

=Pr(s Aw A =z A —c A —r)~0.30
Pr(=s A—w A=z A cA1)=0.350
Pr(s A —w A =z AcAr)=0.150

0.1

1
Pr(s A\—w Az AcA-r)x0.1
0.

Pr(=s Aw Az A =cAr)=~0.1

Q

Using Definition 12, we obtain that H(F)zin) ~ 2.126, i.e.,
H(Ggin) > H(bain). Thus, ngin is a more preferable full

solution to Py, than 0,4,.

We can now show that recognising concise entropy-
maximal solutions is coNP-complete. Indeed, we can solve
the complementary problem in NP time: given a (V,V)-
complete PIT 6, we guess another (polynomially large) solu-
tion candidate 6’ and check whether H(6) < H(6') in poly-
nomial time. If the check succeeds, 8 is not a CEM solution.
To show coNP-hardness, we can construct a polynomial-
time reduction from CPL validity to the recognition of con-
cise entropy-maximal solutions.

Theorem 5. Given an FP AP P = (I',6,H, V) with V =
Var[P] and a (V,V)-complete PIT 0, it is coNP-complete to
determine whether 0 is a CEM solution.

Let us now consider entailment-minimal solutions. We
adapt the analogous notion introduced for £-abduction prob-
lems in (Inoue and Kozhemiachenko 2025).

Definition 14. Let P = (I',§,H, V) be an FP AP. We say
that 7 is an =pp-minimal (entailment-minimal) solution iff
it is a sufficient solution, and there is no other sufficient so-
lution { s.t. n =pp ¢ but ¢ Eep 1.

To illustrate the notion of =pp-minimal solutions, we
come back to Examples 2 and 3. We show how to construct
an |=pp-minimal solution from a given sufficient solution.

Example 5. Recall first a sufficient solution 1yain t0 Prain.
One can easily check that it is not |=gp-minimal. We can,
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however, transform it into an entailment-minimal solution
by increasing intervals of permitted values for each literal.

In fact, it turns out that Pr(s A w)~0.3 is re-
dundant and 1o=Pr(w)>0.40Pr(s)~0.4 is a so-
lution. Clearly, Tpain,noHrp L. Moreover, by Def-
inition 4, we obtain from T, (cf. Example 2)
that  Zon(Pr(w))>0.4  entails Zon(Pr(c))>0.6 and
Zon (Pr(s))=0.4 entails Zon(Pr(r))>0.4.  Additionally,
Zon (Pr(s A w)) < 0.4 because Ion (Pr(s))=0.4, and hence
I (Pr(c VvV r)) € 0.6;0.8]. Thus, Zon(Pr(c A7))>0.2, i.e.,

TCyains o Erp Pr(c A r)zé, as required. Now observe that
neither of the following PITs solve P,in:

Thus, we cannot increment the sets of permitted values of
PILs in ng. Note, however; that Pr(s)~0.4 is a shorthand for
Pr(s)>0.4 ® Pr(s)<0.4. Hence, we can weaken Pr(s)<0.4
to Pr(s A w)<0.4. One can check that the resulting PIT

min __
Nrain =

Pr(w)>0.4 ® Pr(s)>0.4 ® Pr(s A w)<0.4

is a sufficient solution to P,,. Moreover, it is indeed an
Erp-minimal solution since we can neither increase inter-
vals nor weaken the remaining events.

Now notice that, in contrast to classical and Lukasiewicz
logics, the satisfiability and entailment of PITs are not poly-
nomially decidable. It is easy to see that FP-satisfiability
of arbitrary probabilistic atoms is NP-complete. By Def-
inition 4, ¢ is CPL-satisfiable iff Pr(¢) is FP-satisfiable.
Even the FP-satisfiability of PITs is NP-complete (and en-
tailment is coNP-complete) because we can encode DNF-
non-validity in CPL using PITs.

Proposition 3.

1. Givena PIT { = (;_,(Pr(7;) ©T;), it is NP-complete to
check whether ( is FP-satisfiable.

2. Given two PITs (1 and (5 it is coNP-complete to check
whether (1 Eep Co.

Still, even though entailment between PITs is not poly-
nomially tractable, recognising F=pp-minimal solutions is
DP-complete. For DP-hardness, we construct a polynomial
reduction from the recognition of entailment-minimal solu-
tions of t-abduction problems, which is DP-complete (In-
oue and Kozhemiachenko 2025, Theorem 3) to the recog-
nition of j=pp-minimal solutions. For DP-membership, we
show that given a PIT 7 and an FP AP P, there are only poly-
nomially many ‘next weakest’ terms that we need to check.
If none of them is a sufficient solution to P, but 7 is, then
7 is a =pp-minimal solution. These ‘next weakest’ PITs can
be built as shown in Example 5 where we transformed 7,4,

: min
nto 75, -

Theorem 6. Givenan FPAPP = (I',6,H,V) and a PIT 1,
it is DP-complete to check whether it is an |=gp-minimal
solution to IP.
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S Abduction in Fragments of FP

As we saw in the previous section, abduction in FP is in-
tractable in the general case (especially when it comes to
sufficient solutions). Thus, it makes sense to consider frag-
ments of FP where abductive reasoning is polynomially de-
cidable or at least simpler than in the general case.

In this section, we will consider two fragments of FP
that generalise the simple clause fragment of Lukasiewicz
logic (Bofill et al. 2019) and the cover-free fragment
of L% (Inoue and Kozhemiachenko 2025). Note, however,
that we need to restrict not only the shape of outer formu-
las, but also the shape of inner formulas. Indeed, as we
noted in Section 3, satisfiability of a single formula Pr(¢)
or Pr(¢) ¢ € is NP-hard if ¢ is arbitrary. Moreover, the
events should be syntactically simple, yet expressive enough
to reason about probabilities of non-trivial events. The next
definition presents such a restriction.

Definition 15 (Chained inner-positive theories).
e & C Lcpy is chained positive (CP) iff
- rm= A\, piorm=\]_, qiforeverym € ®;
— for every m,0 € ®, it holds that either T |=cpL 0, or
o =cpL m, or Var(m) NVar(o) = @.
« I'C C(gr is chained inner-positive (CIP) if £[I] is chained
positive.

Example 6. Recall the theory I\, from Example 2. Ob-
serve that it is not CIP. Indeed, E|T] contains ¢ V r, ¢,
and r. Clearly, ¢ EcpL ¢V 1, 7 FEcpL ¢V r, but
¢ FecpL T and v cpL ¢ However T, U {6rain} is CIP
for I = Thain \ {7A(Pr(r) — Pr(s))}. Indeed, we
have two ‘chains’ of events in T';.: s Nw [EcpL w and
¢ AT [EcpL ¢ EcpL ¢V r. Note, however, that 1, (cf. Ex-
ample 3) is not a solution to P, = (T':.. dvains Hrains Veain)-
In fact, since r ¢ E[T'l,;], Pr.;, has no sufficient solutions.
Still, O,ain is a full solution to P/ ;..

An important property of CIP theories is that they can be
translated into Eg in polynomial time only. In fact, given

a CIP theory I, it suffices to construct an L‘? theory Up
that encodes (classical) entailment between events in I'. In

this case, an t-valuation satisfying ¥ will induce a map

. ey Var[T"
coherent with a probability measure on 22 "

The next definition is adapted from (de Finetti 1974).
Definition 16. Let E C Lcpy be finite, p : E — [0, 1], and
oM = (2VarEl 1) be a probabilistic model. We say that 1 is

coherent with p iff u(||¢|lon) = p(¢) for all p € E. The
map p : E — [0, 1] is coherent if there exists a probabilistic

model M = (2V>'EL 1)) such that 11 is coherent with p.

Proposition 4. For every finite CIP theory I' C EQr, there

is an C?-theory Ur s.t.
1. Ur is k-satisfiable iff T is FP-satisfiable;
2. Wt is constructible in polynomial time w.r.t. the size of T'.

5.1 Simple Clause Fragment

Let us now consider the probabilistic simple clause fragment
of FP. Recall from (Bofill et al. 2019) that (propositional)
simple clauses are formulas of the form @?:1 l; with [;’s
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being propositional variables and their negations. As one
can check from Definition 1, @], /; can be equivalently
represented as @le =l — ®?=n—k l; for every k < n.
Thus, simple clauses can be used to express fuzzy (disjunc-
tive) rules. Moreover, in contrast to classical disjunctive
clauses, t-satisfiability of sets of simple clauses is polynomi-
ally decidable, whence, simple-clause abduction turns out to
be NP-complete (Inoue and Kozhemiachenko 2025), while
classical abduction in theories represented as sets of disjunc-
tive clauses is 225 -hard in general (Eiter and Gottlob 1995).

Thus, in the context of probabilistic abduction, it makes
sense to consider an FP-counterpart of simple clauses. The
following definitions present probabilistic simple clauses
(PSCs) and PSC abduction problems.

Definition 17 (Probabilistic simple clauses).

* A probabilistic simple clause (PSC) is a formula of the
form @], Pr(o;) ® @, —Pr(r;) with o and T being
conjunctions or disjunctions of variables.

* A PSC theory is a CIP theory I s.t. every v € I is either
a PSC or has a form Pr(T) o C.

Let us illustrate the expressivity of PSC theories with an
example. Note, in particular, that we can formalise some
statements about probabilities of events containing —. More-
over, formulas Pr(7) ¢ € do not need to be PILs.

Example 7. Consider the following statements:

az: the probability of precipitation (rain, snow, or hailstorm)
tomorrow is T0%;

B: the probability of the rain tomorrow is at least as high
as the probability of neither snow nor rain happening to-
MOTrow.

We set « = a1 ©® aig with g = Pr(rV sV h)>0.7 and as =

Pr(r vV sV h)<0.7 and B = Pr(=r A =s) — Pr(r). In its

current form, {«, B} is not a PSC theory because E[{c, £}]

is not chained positive. Note, however, that by Definition 4,

Pr(—¢) and —Pr(¢) are equivalent. Thus, {3 is equivalent to

B =Pr(rVs)® Pr(r) and {aq, ag, 5’} is a PSC theory.

Definition 18. A PSC abduction problem is an FP AP P =
(T, 6,H,V) s.t. T U {8} is a PSC theory and E[P) is CP.

Note that the observation of a PSC AP can have various
types, depending on the constraints we want to explain us-
ing the theory. Furthermore, we need to list Lcp -terms
in H and cannot allow arbitrary conjunctions of hypotheses:
while {a, b} is CP, {a, b, a A b} is not. Defining H as a set of
terms (not literals) and demanding that £[P] be chained posi-
tive ensures that given a sufficient solution n for P, TU{n, 5 }
is a CIP theory. We can use this together with Propositions 2
and 4 to show the following statement.

Theorem 7. Givena PSCAPP = (I',6,H,V) and a PIT n,
it is P-complete under logspace reductions to check if 7 is
an (FP-minimal) sufficient solution of P.

As expected from the previous statement, determining the
existence of sufficient solutions is NP-complete. Somewhat
surprisingly, the existence of concise full solutions is also
NP-complete as in the general case. This is because we can
reduce classical satisfiability of CNFs to the existence of full
solutions to PSC APs.
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Theorem 8. Given a PSCAPP = (I',6,H, V), it is:
1. NP-complete to check if it has sufficient solutions;
2. NP-complete to check if it has concise full solutions.

5.2 Interval Clause Fragment

Let us now consider the probabilistic interval clause frag-
ment of FP. Propositional interval clauses (i.e., formulas
of the form m; @ ... @ m, with 7’s being interval literals)
were introduced by Inoue and Kozhemiachenko (2025) to
formalise statements such as ‘if the value of p is at least 0.5,
then the value of ¢ is at most 0.6° — p>0.5 — ¢<0.6 or,
equivalently p<0.5 & ¢<0.6. In this section, we introduce
the FP-counterparts of interval clauses and investigate the
complexity of abductive reasoning with probabilistic inter-
val clauses.

Definition 19. A probabilistic interval clause (PIC) is a for-
mula @, \; with every X\ having the form Pr(¢) o T with
¢ € LcpL. A PIC theory is a set of PICs.

It is known from (Inoue and Kozhemiachenko 2025) that
the complexity of abductive reasoning with interval-clause
theories is the same as with arbitrary E?-theories. Thus,
by Proposition 2, the same would hold w.r.t. abductive rea-
soning with PIC theories. Still, the interval clause fragment
of L% can be restricted to the so-called cover-free fragment,
over which solution recognition was polynomial and solu-
tion existence NP-complete.

Definition 20. Let & C EJ(L@ be a set of interval clauses rep-
resented as ()., (pi ©€;) — (qod) and O], (pioT;) — L.
® is cover-free (CF) if no pair of interval literals m and =’
over the same variable occurs in ® s.t. £ =7 & 7.

By Proposition 2, it would follow from (Inoue and
Kozhemiachenko 2025, Theorem 16) that solution existence
is NP-hard for FP APs P = (&P, \P" H, V) with ® being
a CF set of interval clauses and A an interval literal. It is thus
instructive to see whether we can find a subclass of CF the-
ories where solution existence can be determined in polyno-
mial time. The definition below introduces short probabilis-
tic cover-free (SPCF) theories. We use this name to indicate
that n = 1 in the implications of the form (D;_, \; — A
(i.e., clauses with a non-empty head must be binary).

Definition 21. An SPCF theory is a CIP theory I s.t.

* T is a set of PICs represented as (), Pr(m;) o, — L
or Pr(m) o€ — Pr(p) od;

e for every pair of probabilistic atoms \ and X' occurring

in T, it holds that FP £ X & .
Consider now the following example.

Example 8. Assume that I" contains the following relations
between the frequencies of different events. If black ice (b)
or thick fog (f) occurs at least 40% of the time, then traffic
accidents (a) will happen at least every other day. If traffic
accidents or snowdrifts (s) happen at least twice a week,
then major traffic jams (j) will occur at least once a week.

We can formalise T as follows: Pr(b\/f)zg — Pr(a)>3,

Pr(a\/s)zg — Pr(j)zg Now, to explain why traffic Jams
happen every week, we can, for example, assume that thick

322

fog occurred at least 40% of the time: n = Pr(f) > % Note
that T, n =50 Pr(j)>1 and T U {n, Pr(j)>1} is SPCF.

The next definition introduces the class of FP abduction
problems whose theories are SPCF. Note that we demand
that the set of all events occurring in the problem be CP.

Definition 22. An SPCF abduction problem is an FP AP
P = (I,Pr(x) ¢d,H, V) s.t. T U {Pr(x) ¢ d} is an SPCF
theory and E[P] is chained positive.

The polynomial decidability of the sufficient solution ex-
istence follows from the fact that the problem of determin-
ing the existence of solutions to SPCF APs is reducible to
determining the existence of solutions to classical abduction
problems whose theories contain so-called IHS-B™ -clauses
(literals — p and —~qg — and implications of the form p — ¢
and A\!_; p; — L) proposed by Khanna et al. (2002). As

determining the existence of solutions to IHS-B™ abduction
problems is polynomially tractable (Creignou and Zanuttini
2006, Proposition 12), the existence of sufficient solutions
to SPCF APs can also be decided in polynomial time. On
the other hand, determining the existence of full solutions
to SPCF APs is NP-hard because we can construct a reduc-
tion from CPL-satisfiability of CNFs. Thus, SPCF theories
manifest an unusual behaviour: it is harder to check whether
a full solution exists than whether a sufficient solution exists.

The intuitive reason behind this is that solutions to CPL
abduction problems with IHS-B™ theories and observa-
tions in the form of a single variable can be w.l.o.g. as-
sumed to contain one literal only. Thus (after translating
the original problem into its CPL counterpart), it suffices
to check hypotheses one by one. Moreover, for any can-
didate 7 for a sufficient solution to P=(I", Pr(x) o d, H, V),
T'U{n, Pr(x)od} is a CIP theory. However, to check if a full
solution exists, one needs to verify whether there is a suit-
able (V,V)-complete term, which is independent from H
and is not necessarily CP.

Theorem 9. For a SPCF AP P = (T',Pr(x) o d,H,V), it is
1. decidable in polynomial time if it has sufficient solutions;
2. NP-complete to check if it has concise full solutions.

6 Modelling Most Likely Explanations in FP

Until now, we have interpreted probabilistic explanations as
statements about probabilities that explain the observed fre-
quency of events, and showed how one can use FP to model
such explanations. A more traditional perspective on prob-
abilistic explanations is to consider the most likely explana-
tions of events. More formally, one can represent this task as
follows: given a theory ®, an observation X, and probabil-
ity assignments of (some) events, one has to come up with
an explanation 7 s.t. there is no other explanation o whose
probability is higher than that of 7. In this section, we will
demonstrate how to model this reasoning task in FP.

Definition 23. A probabilistic abduction problem (PrAP) is
a tuple P, = (O, x,H,E, p) s.z.

* QU{x}UE C Lcpy is finite and Var[E] C Var[® U {x}];
* His a finite set of literals s.t. Var[H] C Var[® U {x}];
cp:ES0,1]o
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We call ®, x, H, E, and p theory, observation, hypotheses,
events, and value assignment, respectively.

Note that PrAPs extend the (propositional fragments of
the) frameworks in (Poole 1993; Sato 1995), as we allow
arbitrary (not just Horn) theories. Besides, PrAPs are similar
to abduction problems with preferences on hypotheses (Eiter
and Gottlob 1995, §4.4). The difference is that p can be
undefined on some hypotheses or their conjunctions and that
we use numerical values, not a qualitative preference.

To determine solutions to PrAPs, we will consider prob-
abilistic models whose measures are coherent with p. For
simplicity, we will represent ® as A pco @ and w.lo.g. as-
sume that theories of PrAPs contain only one formula.

Definition 24 (Solutions to PrAPs). For a PrAP P, =
({¢}, x, H,E,p) and V = Var[P,], we define the following.
* A solution to Py is an LcpL-term T built from H s.t.
T EcpL x and there is a probabilistic model M =
2V, ) s.t. p is coherent with p and p1 (|| A 7||gy) >0.
* A solution T is preferred iff for every other solution o,
there is a probabilistic model M = (2V ) s.t. p is co-
herent with p and p(||7]|om) > p(l|o]lon)-

Note that CPL abduction problems can be seen as PrAPs
with E = {¢} and p(¢) = 1 (i.e., every statement in the
theory has probability 1). Indeed, there is M = (2V, i) s.t.
p(llo A Tllgy) > 0iff AT is CPL-satisfiable. Observe also,
the notion of preferred solutions refines that of C-minimal
solutions: if o and 7 are C-minimal, we can still prefer 7 if
there is a probabilistic model 9 = (2V, u) s.t. u(||7|lm) >
(|l |lon). Solutions to PrAPs can also be characterised in
terms of conditional probability as follows.

Definition 25. Let M=(2V, 1) be a probabilisitic model,
Var[{¢, x})CV, and u(||x||on)>0. The conditional proba-

bility of ¢ given x is defined as P, (¢|x) = %

Proposition 5. Let P, = ({¢}, x,H,E,p) be a PrAP, V =

Var[P,)], and T an Lcpi-term. Then T is a solution to Py, iff

the following conditions hold:

L p ()¢ ATllgn) < p(llx|lon) in all probabilistic models;

2. there is a probabilistic model M = (2V ') s.t. ' is
coherent with p and Pr,, (x | A T) = 1.

Let us now establish a translation of classical probabilistic
abduction into FP. As solutions to PrAPs are events and not
assertions about their probabilities, we will show the corre-
spondence between pairs of PrAPs and their solutions and
FP-theories that express the probabilities coherent with p.

Definition 26. Let E C Lcp be finite and p : E — [0, 1]g.
The FP-counterpart of p is the following set of Egr-formulas:

Ep = {Pr(¢)~c | ¢ €E,p(¢) = c}

Theorem 10. Ler P, = ({¢},x,H,E,p) be a PrAP, T an

Lcpi-term, and V = Var[P,]. Then it holds that:

1. 7 is a solution to Py iff Z,, ~A=Pr(¢ A7) Fpp L and
FP = Pr(é A1) — Pr(x);

2. 7 is a preferred solution to Py iff, in addition to that,
Ep, Pr(o) = Pr(7) Ferp L for every solution o to Py,.

Let us illustrate the correspondence from Theorem 10.
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Example 9. Let P, = (®, s, H,E, p) and, additionally, ® =
o - s,(a A1) — sh H={p.a.r} E = H, p(p) = 3
p(q) = %, and p(r) = 1. One can see that p and q A r are
solutions to P,. Moreover, p is the preferred solution, and
g Aris not because p(||pl|) = p(|lgAr||) in all probabilistic
models coherent with p.

Now, set 2, = {Pr(p)~3,Pr(¢q)~3%,P y=L1Y and let
op = /\¢€¢. This gives us =, ~A=Pr( qﬁ]p /\ 43 Fep L,
FP = Pr(¢pAp)—Pr(s), and E,, Pr(gAr)—Pr(p) FEre L
as required.

Using Theorem 10, we can obtain the following complex-
ity evaluations of classical probabilistic abduction.

Theorem 11. Given a PrAP P, and an LcpL-term T, it is:
1. DP-complete to check if T is a solution to Py,

2. in 11§ to check if T is a preferred solution to Py,

3. X¥-complete to check if Py, has solutions.

Notice that cardinality-minimal (<-minimal) solutions
(solutions with the fewest hypotheses) to classical abduction
problems are exactly the preferred solutions w.r.t. a uniform
probability distribution. If p is a uniform probability dis-
tribution, then p(o) < p(7) iff || < |7|. Recognition of
<-minimal solutions is known to be HS -complete (Eiter and
Gottlob 1995). Unfortunately, there seems to be no way to
construct a polynomial reduction from the recognition of <-
minimal solutions to preferred solutions because a uniform
probability distribution cannot be concisely represented.

Furthermore, note from Definition 23 that our PrAPs are
very general: a value assignment in P, is not necessarily
a probability distribution on 2V2F»]. In most approaches
to probabilistic abduction, however, it is assumed that p is
a probability distribution. Formally, this means that E =
{71,...,Tn} is a set of Lcpi-terms s.t. Var(r;) = Var[P,]
foralli € {1,...,n}and > 1, p(r;) = 1.

Under this assumption, solution recognition becomes
coNP-complete. For coNP-membership, observe that ver-
ifying ¢, 7 EcpL X is coNP-complete, but checking that
Ep, 7 A-Pr(¢ A7) Frp L takes polynomial time w.r.t.
the size of p. To show coNP-hardness, we construct the
following polynomial reduction from CPL-validity. Given
X € LepL, p & Var(x), H={p}, E={p A A\ cvar(y) ¢}
and p(p A A\ jevar(y) 9)=1. p is a solution to P, = ({p Vv
-p}, x, H, E, p) iff x is CPL-valid.

Theorem 12. Given a PrAP P, = ({¢}, x,H,E, p) s.1.

“ EC {Ayex P A Aggx —alX C Var[{e, x}]}. and

* Yo p(0)=1

and an LcpL-term T, it is coNP-complete to check if T is
a solution to Py,

7 Conclusion and Future Work

We considered probabilistic abduction formalised in a fuzzy
probabilistic logic FP. Our study provides a comprehen-
sive picture of the complexity of full and sufficient solu-
tion recognition and existence. We also formalised classical
probabilistic abduction in FP, thus connecting two interpre-
tations of probabilistic explanations: (1) the explanation why
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the given event has the observed probability and (2) a most
likely explanation why the given event occurs.

We also observe that the results in Section 4 can be
straightforwardly extended to abductive reasoning with con-
ditional probabilities. For that, one can consider abduction
in the logic FP,(RtA) (Flaminio 2007) that extends FP
with multiplication by a rational number from [0, 1]. Since
FPr(REA) is NP-complete, the complexity is preserved.
Even more expressive propositional ground logics can be
employed to deal, for instance, with product operation. In
this case, we should move to the probability logic FP(LII)
based on the combination of Lukasiewicz and Product log-
ics by Esteva et al. (2001). Besides the increased expressive
power, it is known from (Hajek and Tulipani 2001) that the
satisfiability of FP(LII) is in PSACE, which would make
abductive reasoning in it highly intractable.

Several questions, however, remain open. First, we did
not consider determining the relevance and necessity of hy-
potheses. That is, given an abduction problem P and a hy-
pothesis h, determine if h occurs in some (respectively, all)
solutions of P. We conjecture that the complexity of rele-
vance and necessity of hypotheses to solutions of FP APs
would coincide with that of £-abduction problems. It also
makes sense to consider relevance and necessity of PILs
w.r.t. full solutions. Additionally, we plan to establish the ex-
act complexity of recognising preferred solutions to PrAPs.

Another important task would be to provide a transla-
tion of FP-abduction into t-abduction. Flaminio (2020)
constructed an embedding of deductive reasoning in fuzzy
probabilistic into deductive reasoning in fuzzy propositional
logic. Thus, it makes sense to extend their results and obtain
a similar correspondence for abduction.

A further connection to investigate would be the one be-
tween abduction in FP and alternative notions of expla-
nations. In particular, contrastive explanations (Ignatiev
et al. 2021) and extended abduction studied by Inoue and
Sakama (1995; 1999b; 2000; 2003). Intuitively, a con-
trastive explanation of ¢ is telling why —¢ did not happen. In
extended abduction, an explanation entails the observation
but not some undesired consequence. In a similar fashion,
in FP-abduction, an explanation why ¢ has probability 20%
also tells why ¢ does not have probability 25%.

Another question is that of prioritisation of full solutions.
We considered preference based on the principle of maximal
entropy, but there are other alternatives discussed by Dubois
et al. (2008). One of them is the principle of maximal likeli-
hood studied by Inoue et al. (2009) and Ishihata et al. (2011).
It would be instructive to consider the prioritisation of full
solutions according to the maximal likelihood principle.

Finally, we plan to consider other notions of uncertainty.
First, more expressive logics that can reason about inde-
pendent events and conditional probabilities (Hajek and
Tulipani 2001) or belief functions (Godo, Héjek, and Es-
teva 2003). Second, fuzzy logics for qualitative probabili-
ties (Bilkova et al. 2023). For the latter, it will make sense to
establish a correspondence between qualitative probabilis-
tic abduction and preference abduction (Inoue and Sakama
1999a; Konczak and Vogel 2005) where the explanation is
a comparative statement about likelihoods of events.
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