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Abstract

We consider a particular subclass of normal programs that we
call simple guess-and-check (SGC) programs. SGC programs
consist of guess rules (i.e. rules without positive body atoms)
and arbitrary constraints. Many simple combinatorial prob-
lems such as graph coloring can be encoded via SGC pro-
grams. Moreover, constraint-free SGC programs are known
to have a close relation to abstract argumentation frameworks.
Our main result shows that for SGC programs the notions of
strong and uniform equivalence coincide (in contrast to gen-
eral normal programs), but do not amount to classical equiv-
alence (as is the case of positive programs). Moreover, we
study the characteristics of SE-models for SGC programs;
this allows to check whether an arbitrary program (part) can
be equivalently formulated within the simpler class of SGC
programs. Finally, we briefly discuss our results in relation to
other classes of programs.

1 Introduction

In the realm of Answer-Set Programming (Brewka, Eiter,
and Truszczynski 2011), the study of particular subclasses
of programs has provided a fine-grained picture in terms of
complexity (see, e.g. (Truszczynski 2011) or in the context
of equivalence checking and program simplification (see,
e.g. (Eiter et al. 2013). Prominent program classes are dis-
junctive, normal, or Horn programs.

We are interested here in a particular subclass of normal
programs which we call simple guess-and-check (SGC) pro-
grams. A simple guess-and-check (SGC) program consists
of rules without positive body atoms and of constraints. De-
spite the noticeably limited syntax, many fundamental com-
binatorial problems can be naturally expressed as SGC pro-
grams. We illustrate this with an example.

Example 1. Below shows a representation of the 2-coloring
problem for a graph.

color(X,red) < not color(X, blue), node(X)
color (X, blue) < not color(X,red), node(X)
L+ color(X,C4), color(X,Cs),C1 < C>
1+ edge(X,Y), X <Y, color(Y, C), color(X, C)

Grounding the program with the facts node(1), node(2),
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and edge(1,2), gives the following SGC program.
(

color(1,red) < not color(1, blue)

color (2, red) < not color(2, blue)

color(1, blue) < not color(1, red)

color (2, blue) < not color (2, red)
L « color(1,red), color(1, blue)
L <« color(2,red), color(2, blue)
L <« color(1,red), color(2, red)
L <« color(1, blue), color(2, blue)

Moreover, SGC programs comprise the class of atomic
logic programs (Janhunen 2006) which received some at-
tention due to their close relations to different kinds of
abstract argumentation frameworks (Caminada et al. 2015;
Sa, Dvordk, and Caminada 2024; Buraglio, Dvordk, and
Woltran 2025). In particular, there is a one-to-one cor-
respondence between atomic logic programs and Dung-
style abstract argumentation frameworks via simple and
purely syntactic transformations (Caminada et al. 2015;
Sa, Dvordk, and Caminada 2024). This correspondence
does not only hold for stable semantics but connects the
major abstract argumentation semantics with their counter-
parts for logic programming. Prominently, strong equiva-
lence notions have been investigated in abstract argumenta-
tion (Baumann 2012; Baumann and Brewka 2018) and re-
cently some differences between strong equivalence in sev-
eral abstract argumentation formalisms and strong equiv-
alence for logic programs have been detected (Buraglio,
Dvoték, and Woltran 2025). Insights for strong equivalence
in the corresponding classes of logic programs, e.g., atomic
logic programs, can thus add to a better understanding of the
different natures of these equivalence notions.

In this work, we investigate different equivalence notions
for SGC and atomic programs. That is, (standard) equiv-
alence where two programs are equivalent if they provide
the same answer sets; uniform equivalence (Maher 1986;
Sagiv 1986; Eiter and Fink 2003) where two programs are
equivalent if they provide the same answer sets when ex-
tended by the same set of facts; and strong equivalence (Lif-
schitz, Pearce, and Valverde 2001) where two programs are
equivalent if they provide the same answer sets when ex-
tended by the same programs. It is well known, that in gen-
eral (and also for normal programs), these notions are differ-
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ent relations. For some classes, like positive (i.e., negation-
free) programs, strong and uniform equivalence coincide,
however (Eiter, Fink, and Woltran 2007).

As main result of this paper, we show that for SGC pro-
grams (and thus also for atomic programs) the notions of
strong and uniform equivalence coincide, contrasting the
case of general normal programs. On the other hand, we will
see that SGC programs behave differently compared to posi-
tive programs when another notion (classical equivalence) is
considered. We also provide necessary and sufficient condi-
tions the SE-models of SGC programs fulfill, thus providing
means to simplify program (parts) to SGC programs.

2 Preliminaries

In the work we will consider (subclasses of) normal logic
programs. We will distinguish rules and constraints as fol-
lows. Rules are of the form

h < by,...,by,not byt1,...,not by.
and constraints are of the form
1L« by,...,bm, not byyt1,...,n0t by.

here h and b; (1 < ¢ < n,0 < m < n) are atoms
from a first-order language, and not is default negation.
We sometimes also write rules r as H(r) <+ B(r) or
H(r) < B™(r),not B~(r), and constraints as | < B(r)
or L + BT (r),not B~ (r). We call H(r) = h the head of
r, B(r) = {b1,...,bm, not byt1, ..., not b,} the body
of r BY(r) = {by,...,bn} the positive body of r and
B~ (r) = {bm+1,...,bn} the negative body of r. A rule
r is a fact if B(r) = (). A rule or constraint is positive if
B~ (r) = 0, atomic if B*(r) = (), and unary if | B (r)| < 1
and B~ (r) = 0.

A normal logic program (NLP) is a finite set of rules and
constraints. In the rest of the paper, we focus on proposi-
tional programs over a set of atoms from the universe U.
A program is positive/atomic/unary if all its rule are of this
restriction.

Answer sets of a program P, in symbols AS(P), are de-
fined via the GL-reduct as usual. Let I C U/ be an interpre-
tation. The GL-reduct of a program P w.r.t. I is given by
Pl ={H(r) < B*(r)|r € P,B=(r)NI = (}. An inter-
pretation I is a model of a program P (in symbols I = P)
if, foreachr € P, (H(r)UB~(r))NI # 0or BT (r)  I;
I is an answer set, if it is a minimal model of P!,

Two programs P;, P, are (standard) equivalent if
AS(Py) = AS(Ps), strongly equivalent (SE), denoted by
P, = P, if AS(P UR) = AS(P, U R) for every R over
U, and uniformly equivalent (UE), denoted by P, =, P,
if AS(Py UR) = AS(Py U R) for any set of facts R over
U. Common characterisations of uniform and strong equiv-
alence are based on UE- and SE-models which we recall
next (Eiter and Fink 2003; Turner 2001).

Definition 1. An SE-interpretation is a pair (X,Y’) such
that X CY C U, itis total if X =Y and non-total oth-
erwise. An SE-interpretation (X,Y) is an SE-model of a
program Pif Y = P and X |= PY. An SE-model (X,Y)
of P is called UE-model of P if X =Y or there is no SE-
model (X', Y)with X C X' CY.
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We have that (normal) logic programs are strongly equiv-
alent iff they have the same SE-models (Turner 2001)
and uniformly equivalent iff they have the same UE-
models (Eiter and Fink 2003).

Normal logic programs can be precisely characterized in
terms of SE-models. Here we show the characterization as
put together in (Gongalves et al. 2020) to ease reading.

Proposition 2 ((Eiter et al. 2004)). Let M be a set of SE-
interpretations. Then, there exists a normal program P such
that M = SE(P) iff M satisfies the following conditions:

(N1) (X,Y) € M implies (Y,Y) € M ;

(N2) (X,Y) € M,and (YY) € MwithY CY' im-
plies (X,Y') e M ;

(N3) (X,Y) € M and (X')Y) € M implies (X N
XY)e M.

3 SGC-Programs and Strong Equivalence

We consider two subclasses of normal logic programs,
namely atomic (Janhunen 2006) and simple guess-and-
check (SGC) programs, which we define next.

Definition 3. A normal logic program is called atomic if all
its rules and constraints are atomic and it is called a simple
guess-and-check (SGC) program if all its rules are atomic
(but constraints are not restricted).

By definition we have that every atomic program is also a
SGC program but not vice versa.

The notions of uniform and standard equivalence carry
over to SGC programs in the expected way. However, for
the notions of strong equivalence, some care is needed.
In fact, when considering strong equivalence between pro-
grams from a particular subclass, a fundamental question is
whether the context programs R in the test for AS(PUR) =
AS(QU R) should stem from the same subclass as P and @)
or not. One reason why this question has not received much
attention yet is due to an implicit, but important, result in
the seminal paper on strong equivalence (Lifschitz, Pearce,
and Valverde 2001). There it is shown that testing strong
equivalence between two programs coincides with testing
AS(PUR) = AS(Q U R) for each unary program R, i.e.
programs which are either facts or of the simple form a < b.
Many of the studied subclasses are indeed superclasses of
unary programs and thus results on strong equivalence be-
tween programs of such a subclass do not need to distinguish
between arbitrary programs or programs from the subclasses
for the context program.

It is crucial to observe that SGC programs are not a super-
class of unary programs, thus the definition of strong equiv-
alence needs to be made precise. In principle, two versions
are feasible.

Definition 4. Let P, () be two SGC, resp. atomic, programs:

e P, (Q are strongly equivalent (SE), denoted by P =, Q, if
AS(PUR) = AS(Q U R) for every program R over U;
* P, Q are strongly class-tailored equivalent (SCE), denoted
by P =,.Q,if AS(PUR) = AS(QUR) for every SGC,

atomic resp., program R over U.



Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

As we will see in our main result, the same observation as
for the other classes nonetheless applies to SGC programs.
In other words, the notions of SE and SCE coincide, but
as outlined above we cannot make implicit use of the result
involving unary programs.

4 Main Result

In this section, we show that for SGC programs the equiva-
lence notions of SE, SCE, and UE coincide and can be de-
cided via SE-models (or analogously via UE-models).

Let us start with some observations on certain properties
regarding the SE-models of an SGC program.

Proposition 5. Given SGC program P, the following hold

a) (X,Y) e SE(P)= (X',Y) € SE(P) for each X' with
XCcX Ccy

b) X CY,(X,Y) ¢ SE(P) = there exists x € Y \ X with
(Y'\{z},Y) ¢ SE(P)

Proof. Point (a) is by the fact that for SGC programs the
reduct PY only contains facts and constraints that are not
violated by Y. As X = PY and X C X’ we have that X’
also contains the facts of PY. Moreover, as X’ C Y it does
not violate the constraints in P¥. That is, X’ &= PY and
thus (X',Y) € SE(P).

O IY £ Por X =Y \ {z} forsome x € Y \ X the
statement is trivially true. Thus let us assume otherwise. As
Y [ P neither Y nor X C Y violate a constraint in PY.
Now, as (X,Y) ¢ SE(P) there must be a fact x € PY that
isnotin X. Thatis, Y\ {z} £ PY and thus (Y \ {z},Y) ¢
SE(P). O

We can now give our main result. Note that Condition 1
refers to SE between SGC programs, Condition 2 to SCE be-
tween SGC programs and Condition 4 to UE between SGC
programs.

Theorem 6. For SGC programs P and Q), the following are
equivalent

1. AS(PUR) = AS(Q U R) for any program R

2. AS(PUR) = AS(Q U R) for any SGC program R
3. AS(PUR) = AS(Q U R) for any atomic program R
4. AS(PUR) = AS(Q U R) for any set R of facts

5. UE(P)=UE(Q)

6. SE(P) = SE(Q)

Proof. (1) = (2) = (3) = (4) is by the fact that, in each
step, we strictly refine the class of programs R we consider.
(4) = (5) is by the fact that logic programs are uniformly
equivalent iff their UE-models coincide (Eiter and Fink
2003).

(5) = (6): Assume SE(P) # SE(Q) and that, w.l.o.g.,
there exists (X,Y) € SE(P) \ SE(Q). If X =Y, then
we have AS(P) # AS(Q), which contradicts (4). Other-
wise, by Proposition 5(b), (Y \ {z},Y") ¢ SE(Q) for some
x € Y\ X. Also, by Proposition 5(a), (Y \ {z},Y) €
SE(P). Since there cannot be another (M,Y) € SE(P)
withY\{z} c M CcY, (Y \{z},Y) € UE(P). This
however then contradicts (4).
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(6) = (1) is by the fact that logic programs are strongly
equivalent iff their SE-models coincide (Turner 2001). [

From above result, in particular Condition 3, it follows
immediately that also for atomic programs SE-, SCE-, and
UE-equivalence coincide.

We recall that also for the class of positive programs,
strong and uniform equivalence coincide (Eiter, Fink, and
Woltran 2007). However, there is a notable distinction to
SGC programs, when another equivalence notion is consid-
ered, namely classical equivalence (which states that the to-
tal SE-models of the compared programs coincide).

For positive programs, it is the case that SE, UE and clas-
sical equivalence coincide; formally, this is due to the fact
that (X,Y) € SE(P) implies (X, X) € SE(P) for positive
programs. However, characterizing SE (or UE) via classical
equivalence does not work for SGC programs.

Example 2. Consider the two atomic programs

L < notbd
1L <« notd

P: 1<+ nota
Q: 1L+ nota

a +—
b«

P and () have the same (classical) models, but are neither
strongly nor uniformly equivalent. That is, for both pro-
grams the only (classical) model is {a, b}, but for R={a +}
we have AS(P U R) = () while AS(Q U R) = {a, b}.

5 Characterization and Complexity Results

In this section, we refine the result from Proposition 2 to the
class of SGC programs. Characterization results of this kind
allow to “recast” program (parts) P to a simpler class, in
the sense that when P satisfies the relevant conditions it can
be rewritten to a syntactically simpler class, which in turn
might speed-up solving a program via ASP systems.

Proposition 7. Let M be a set of SE-interpretations. Then,

there exists an SGC program P such that M = SE(P) iff

M satisfies

(N7]) (X,Y) € M implies (X',Y) € M for each X' with
XCX Cy;

(N2) (X,Y) € M, and (Y',Y') € M withY C Y im-
plies (X, Y') e M ;

(N3) (X,Y) € M and (X')Y) € M implies (X N
XY)e M.

Proof (Sketch). The only-if direction follows directly from
Proposition 2 and Proposition 5(a).

For the if-direction, let M be a set of SE-models over
atoms A C U satisfying conditions N, No, and N3. Let
M ={Y | (Y,Y) € M} be the set of classical models
in M; we use a standard construction for providing a CNF
Nity(biy V-V €5, ) with models M’ and take program

P/:{J-<_£i17"'7€’ini | 1§z§m}
consisting of arbitrary constraints (¢ denotes the negation
of literal ¢). Note that the SE-models of P’ are given by
SE(P) = {(X,Y) | Y € M',X C Y}, by condition
Ny, we get M C SE(P’). In order to get rid of the addi-
tional SE-models of P’, for each Y € M’ take the minimal
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X from all (X,Y) € M (a unique such X exists due to
condition N3), denoted it as Xy and consider the program

P=PuU U {x < not (A\ Xy) |z € Xy}.
Yem:

Clearly, P is still an SGC program. Notice that, by con-
dition No, for Y, Y’ € M’ we have that Y C Y implies
Xy D Xy-. That is, there is no interference between rules
introduced for different Y, Y’ € M’: first if Y, Y are not in
subset relation then the rules for Y do not contribute facts
to the reduct PY" and vice versa; if Y C Y then the rules
for Y do not add facts to the reduct PY" and the rules of Y’ ,
due to Xy O Xy, only add facts to the reduct PY that are
also added by the rules for Y. Given that it can be shown
that SE(P) = M. O

A corresponding result for atomic programs is left for
future work (note that the construction sketched in the if-
direction makes use of arbitrary constraints).

As a final contribution, we consider the computational
complexity of the studied problems. First, we consider
deciding different notions of equivalence when comparing
SGC programs.

Proposition 8. For SGC programs P and Q), the following
problems are coNP-complete:

1. Deciding P = Q,

2. Deciding P =, Q,

3. Deciding P =,. Q, and
4. Deciding P =, Q.

Proof. As these problems are in coNP for normal logic pro-
grams (Eiter, Fink, and Woltran 2007) they are also in coNP
for the subclasses of SGC.

For the hardness, by Theorem 6, it suffices to consider
standard and uniform equivalence. In both cases we pro-
vide a reduction from the coNP-hard CNF UNSAT problem.
First, consider standard equivalence. Given a proposition
formula in 3-CNF form A", (¢;, V £i, V ;) with £;, be-
ing literals over atoms in X we construct an instance (P, Q)
with two atomic programs P, () as follows: We define a op-
erator « that maps literals over X to atoms over X U X. Let
x € X, we define a(x) = x and a(—x) = 7.

P={z+notZ|ze X} U{ZT+ notx|xzeX}U

{L « not a(;,), not a(l;,), not a(l;;),| 1 <i <m}

Q={L<«}

Obviously, () has no answer-sets. It is easy to verify that P
has an answer-set iff the formula ¢ has a model. That is,
P = @ iff v is unsatisfiable.

Now, consider uniform equivalence. Given a proposition
formula in 3-CNF form A", (¢;, V 4;, V £;,) with £;, be-
ing literals over atoms in X we construct an instance (P, Q)
with two atomic programs P, () as follows: We use the op-
erator o from above.

P={l+zz|lzeX} U{L+notx,notz|cecX}U

{L < not a(t;,), not a(l;,), not a(;;),| 1 <i <m}

Q={1«}
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As before, () has no answer-sets. Moreover, one can easily
verify that PUR has an answer-set iff the facts in R represent
a valid truth assignment on X and this truth assignment is a
model of . Thatis, P =, @ iff ¢ is unsatisfiable. O

Finally, we consider the complexity of deciding whether a
normal logic program can be recasted into a SGC-program.

Proposition 9. Given a normal logic program P. It is
coNP-complete to decide whether there is a SGC-program
Q such that P = Q.

Proof. The membership is by a simple guess and check al-
gorithm. If the SE-models of P violate one of the conditions
of Proposition 7, there is witness consisting of at most three
SE-interpretations. One can guess these SE-interpretations
and check whether they are SE-models in polynomial time.

Hardness is by a reduction from the UNSAT problem.
Given a 3-CNF formula ¢ = A", (¢;, V €;, V 4;,) with £;,
being literals over X we construct a program P as follows
(¢ denotes the negation of literal £ and s,t ¢ X).

P={1l<«{ly,....0;|1<i<m}u

{L + not s}U{t « s}

The classical models of P are {M U {s,t} | M is model
of p}. If ¢ is unsatisfiable then P has no classical mod-
els, no SE-models, and thus Q = {1 <} is a strongly
equivalent SGC program. If ¢ has a model M then, for
Y = M U {s,t}, we have that (#,Y") is an SE-model but
({s},Y) is not. As this violates condition N of Proposi-
tion 7, there is no strongly equivalent SGC program. [

6 Discussion

In this paper, we have investigated the class of simple guess-
and-check (SGC) programs and showed that for this class
the notions of strong and uniform equivalence coincide.
Moreover, we provided accompanying characterization and
complexity results.

By their guess and check nature SGC programs can ex-
press a large variety of (NP-complete) combinatorial prob-
lems, the limitation being that no reachability or transitive
closure computation is needed. That encompasses a vari-
ety of graph problems. Beside the 2-coloring problem (that
we used as an illustrative example on the structure of these
programs) this includes prominent NP-complete problems
like 3-coloring and dominating set. Other examples from
well-known ASP benchmarks that can be expressed with
SGC programs include sudoku, n-queens, and stable mar-
riage problems. Notice that, while the encodings as non-
ground programs do not strictly follow the syntactic restric-
tions of SGC programs (they use positive atoms in order to
obtain safe rules) the groundings of these programs typically
result in SGC programs.

It is known that for infinite domains, deciding uniform
equivalence of non-ground programs is undecidable in gen-
eral, while deciding strong equivalence is coONEXPTIME-
complete (Eiter et al. 2005). Similar to positive programs,
our results suggest that for non-ground programs in the spirit
of the class of SGC programs, uniform equivalence becomes
decidable; however, a closer inspection is subject of future
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work since the requirement of safe rules needs particular at-
tention here.

The class closest to our SGC programs are singular pro-
grams (Fichte, Truszczynski, and Woltran 2015), i.e., pro-
grams that are both normal and dual-normal, which consist
of either constraints or rules with at most one positive body
atom. It is interesting to observe that allowing for one pos-
itive atom in the body already causes strong and uniform
equivalence to differ. Similar classes (including atomic pro-
grams) have been investigated by (Janhunen 2006) in terms
of expressibility. We leave a detailed comparison to these
classes (where constraints are restricted) for future work.

Lastly, there remains the open question on whether there
is a more general property on the programs that guarantees
that strong and uniform equivalence coincide. Given that
we now have two classes of programs (positive and SGC
programs) that satisfy this property, the question can be ap-
proached either on the syntactical or semantical (via set-
theoretic relationships on the SE-models) level with the ul-
timate goal to have a result that captures both classes. How-
ever, this cannot be done naively since, as is known from the
literature, comparing the positive program {a V b +} with
the SGC program {a < not b;b < not a} already yields
an example of programs that are uniform but not strongly
equivalent.
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