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Abstract

The simple temporal problem (STP) and its generalization al-
lowing disjunctive constraints (DTP) are some of the most
influential reasoning formalisms for temporal information in
Al We study the problem of resolving inconsistency of data
encoded in the DTP, i.e. given a DTP instance, find the min-
imum number of constraints to remove to make it satisfiable.
While this problem is NP-hard in general, it is reasonable
to assume that the amount of erroneous data will be small
in practical instances. We therefore study the parameterized
complexity of this problem parameterized by the number of
constraints to be removed to achieve satisfiability, and obtain
full P/NP-hard and FPT/W[1]-hard dichotomies for all binary
DTP languages.

1 Introduction

The simple temporal problem (STP) by Dechter et al. (1991)
is one of the most influential Al formalisms: a long list
of work rooted in the STP can be found in (Hunsberger
and Posenato 2021). The STP is a constraint satisfaction
problem (CSP) with constraints ¢ < x1 — 2 < b, where
a,b € QU {—o0,00} and z1, 2 are variables with domain
Q. A well-known observation is that, by scaling coefficients,
we may focus on the case where all numerical bounds are
integers (Tsamardinos and Pollack 2003). A direct conse-
quence of this is that we only need to consider integer solu-
tions (Dechter, Meiri, and Pearl 1991, Section 3). We thus
define

Rop ={(x1,22) € 7> | z1 — z2 € [a,b]}

where a,b € Z U {—00,00} and [a,b] is the set {a,a +
1,...,b—1,b} where a < b. We denote the set of such rela-
tions by S and let CSP(S) denote the CSP problem restricted
to relations in S. The relations in S appear in all formulations
of the STP, but there are more liberal variants containing
unary relations a < x < b, the disequality relation, or strict
inequalities (see, for instance, (Gerevini and Cristani 1997;
Jonsson and Bickstrom 1998; Koubarakis 1992)). The CSP
for these problems is tractable just like for the basic STP.
More general variants using disjunctions are frequently
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found in the literature, and the corresponding CSPs are typi-
cally NP-hard. Examples include femporal constraint satis-
faction problems (TCSP) (Dechter, Meiri, and Pearl 1991),
disjunctive temporal problems (DTP) (Tsamardinos and
Pollack 2003), and variations proposed by Barber (2000),
Oddi & Cesta (2000), Stergiou & Koubarakis (2000) and
others. In this context, the following class of relations (that
we denote by T) is of particular interest:

{(1’1,1‘2) S Zz ‘ xr1 — g € [al,bl] y---u [an,bn]}
where n < oo and ay,...,ap,b1,...,b, € ZU {—00,00}.
It is no restriction that we work over the integers since these
relations are disjunctions of relations in S: merely note that
for any satisfiable instance, we can pick any solution and re-
place each constraint with the STP atom that the solution sat-
isfies. The class T was introduced by Dechter et al. (1991)
and its relations appear in virtually all disjunctive general-
izations of the STP. Since the phrase “temporal constraint
satisfaction problem” is overloaded with various meanings,
we refer to this set of relations as 2-DTP, i.e. DTP restricted
to binary relations.

We focus on the problem of resolving inconsistency of
data encoded in 2-DTP. Real-world datasets often contain
erroneous data due to contradictory sources of information,
noisy measurements, human mistakes etc., see (Condotta,
Nouaouri, and Sioutis 2016; Chomicki and Marcinkowski
2005; Bertossi and Chomicki 2004). Thus, it is a nat-
ural computational problem to identify a maximum-size
consistent subset of the data: this is the maximum con-
straint satisfaction problem (MAXCSP). A widespread vari-
ant of this problem is MAXSAT, where Boolean CNF formu-
las are considered (Bacchus, Jarvisalo, and Martins 2021).
MAXCSP (and its generalization valued CSP) has also been
intensively studied in the finite-domain regime (Krokhin
and Zivny 2017). In Al, MAXCSP is often considered in
(infinite-domain) spatial and temporal reasoning (Paparri-
zou and Sioutis 2025; Condotta, Nouaouri, and Sioutis 2016;
Condotta et al. 2016). STP and DTP have been studied with
respect to inconsistency measures, i.e. the degree of conflict
or contradiction present in a knowledge base (Condotta and
Salhi 2025). Obviously, MAXCSP is an inconsistency mea-
sure and it is an example of an irreducible conflict measure.



Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

Condotta & Salhi analyze various applications, perform em-
pirical evaluations, and point out that assessing the complex-
ity of such measures is a relevant problem — this paper may
be viewed as a contribution to this research program.

It is a consequence of (Dabrowski et al. 2022, Theo-
rem 18) that MAXCSP for the STP is NP-hard for all sets
of allowed constraints except for a class of trivially solv-
able constraints. We will see (in Section 5) that a simi-
lar situation holds for DTP. However, the quest for efficient
algorithms is not hopeless: under the reasonable assump-
tion that the amount of erroneous data is small, we can em-
ploy tools from parameterized complexity (see Section 2.3)
to design efficient algorithms. Here, the input is equipped
with a parameter k£ € N, describing some property expected
to be small in applications. We want to isolate the non-
polynomial runtime to the parameter and aim for a fixed-
parameter tractable (FPT) algorithm running in f(k)-n©®)
time, where f : N — N is some computable function. Prov-
ing that a problem is not in FPT is typically done by show-
ing W[1]-hardness: this rules out the existence of an FPT
algorithm under standard assumptions.

In our case, the natural parameter is the number of deleted
constraints, so we make the standard switch to the dual prob-
lem MINCSP, where we remove the minimum number of
constraints in order to achieve consistency. Our main re-
sults are complexity classifications of MINCSP(A) for sub-
sets A C T. The fact that the relations in T are based on
integers enables us to use results by Bodirsky et al. (2018)
concerning discrete temporal CSPs, i.e. the CSP problem
for languages whose relations are first-order definable in the
integers with order (Z;<). We adapt this result by dig-
ging deeper into the algebraic properties of 2-DTP relations,
leading to a manageable case distinction: for every finite
subset A C T, either CSP(A) is NP-hard (so MINCSP(A)
cannot be in FPT unless P = NP) or we are in one of five
comprehensible cases. We give an informal description.

(1). A has finite domain. Consider the 2-DTP relation
R(r,y) = v —y € {—1,1}. A satisfiable instance of
CSP(R) has a solution using values 0 and 1: take a satis-
fying assignment and replace even values by 0 and odd val-
ues by 1. An operation transforming an arbitrary solution
into one with finite range is a finite retraction. If A admits
a finite retraction, P vs NP dichotomies then follow from
(Bulatov 2017) & (Zhuk 2020) (for CSP(A)) and (Thap-
per and Zivny 2016) (for MINCSP(A)). The parameterized
complexity for finite-domain MINCSP remains a wide open
question beyond the scope of this study, and we must leave
our results conditional on its eventual resolution. Clearly, a
finite domain is against the spirit of classical temporal rea-
soning on an infinite timeline, and common relations such
asx < y and x —y = 1 are obstructions to finite retractions.

(2). A is a simple temporal problem. The complexity re-
sults follow from (Dabrowski et al. 2022).

(3). A is in the point algebra. The point algebra is the set
of binary relations PA = {<,<,=,#} (Vilain and Kautz
1986). Note that PA C T (e.g. ¢ # y is equivalent to x —
y € (—o00,—1] U [1,00)). The complexity results follow
from (Osipov, Pilipczuk, and Wahlstrém 2024).
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(4). A is an AP-language. We say that a relationz —y € A
is an AP-relation if A is a finite arithmetic progression
{a,a +d,...,a + ¢ - d} for some length ¢ > 1 and dif-
ference d. An AP-language is a 2-DTP language comprised
of AP-relations with the same difference. We show that an
AP-language A either admits a finite retraction (so case (1)
applies), every relation is an equation (and both cases (2)
and (5) apply), or MINCSP(A) admits a (cost-preserving)
reduction from MINCSP(R), where R(z,y) = =z —y €
A for some A C Z>° with |A] > 2. We then show
that MINCSP(R) is NP-hard and W[1]-hard. Thus, AP-
languages do not contain any new islands of tractability.

(5). A contains equations and disequations only. The
successor succ and not-successor —succ relations are de-
fined as x —y = 1 and x — y # 1, respectively. Gen-
eralizations of them are equations and disequations succP
and —succP defined as ¢ — y = p and x — y # p, respec-
tively. Let A C {succ?, ~succ? : p € N}. We note that
MINCSP({succ’}) and MINCSP({succ’, ~succ®}) en-
code well-known NP-hard graph problems GROUP FEED-
BACK EDGE SET (Guillemot 2011) and EDGE MULTI-
CcUT (Costa, Létocart, and Roupin 2005), respectively. With
this in mind, one can show that either MINCSP(A) is in
P or is NP-hard. On the other hand, both graph prob-
lems are in FPT and the known algorithms use different
techniques (cf. LP-based branching (Guillemot 2011; Cy-
gan, Pilipczuk, and Pilipczuk 2016; Iwata, Wahlstrém, and
Yoshida 2016) vs. shadow removal (Marx and Razgon 2011;
Bousquet, Daligault, and Thomassé 2011)). Our main algo-
rithmic contribution shows that MINCSP(A) is in FPT, via
a unified algorithm. Our algorithm begins with a prepro-
cessing step that combines iterative compression, homog-
enization and a branching step to turn the problem into a
simpler variant. We then continue with a second, more in-
volved branching step which allows us to reduce the remain-
ing problem to PAIR PARTITION CUT which was recently
shown to be FPT (Dabrowski et al. 2025).

The paper is structured as follows. Section 2 provides pre-
liminaries on constraint satisfaction and parameterized com-
plexity. We present the earlier results from (Dabrowski et
al. 2022) and (Osipov, Pilipczuk, and Wahlstrdom 2024) to-
gether with an overview of our generalization in Section 3.
Our technical contributions are collected in Sections 4-6
where we first prove the case distinction. Based on this, we
present classifications of classical and parameterized com-
plexity in Sections 5 and 6, respectively. We conclude the
paper in Section 7, where we discuss future research direc-
tions and vexatious barriers for further progress.

2 Preliminaries
2.1 Constraint Satisfaction

We begin with some terminology. A (relational) signature T
is a set of symbols, each with an associated natural number
called arity. A (relational) T-structure A is a set D (the
domain) and relations R* C D¥ for each k-ary symbol R €
7. We say that A has arity a if every relation in A has arity at
most a. To avoid overly complex notation, we sometimes do
not distinguish between the symbol R for a relation and the
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relation RA itself. We also allow ourselves to view structures
as sets and, for instance, write expressions like R € A.

Let A be a 7-structure. First-order formulas over A are
defined in the standard way with relation symbols from 7.
Such formulas can be used to define relations: for a for-
mula ¢(z1,. .., x,) with free variables z1, . . ., zy, the cor-
responding relation R is the set of all k-tuples (¢1,...,t;) €
D¥ such that ¢(1, .. .,t) is true in A. In this case we say
that R is first-order definable in A. Our definitions of re-
lations are parameter-free, i.e. we do not allow the use of
domain elements within them. We say that a structure A is a
(first-order) reduct of a structure B if it has the same domain
as B and every relation R? is first-order definable in B.

Let A be a 7-structure defined on a set D of values. We
define the constraint satisfaction problem over A (CSP(A)).

CSP(A)

Input: A tuple (V,C), where V is a set of vari-
ables and C' is a multiset of constraints of the
form R(vy,...,v,), where a is the arity of R,
v1,...,0q € V,and R € A.

Question: Is there a function f : V — D such
that (f(v1),...,f(vs)) € R for every
R(v1,...,vq) € C?

The structure A is often referred to as a constraint lan-
guage and the function f is a satisfying assignment or a so-
lution. CSPs are frequently viewed as homomorphism prob-
lems. Let A, B be two 7-structures with domains A, B, re-
spectively. A homomorphism h : A — B is a function
such that if R € 7 has arity k and (a1, ...,a;) € RA, then
(h(ay),...,h(ay)) € RB. Thus, CSP(B) is the computa-
tional problem of deciding whether a given finite 7-structure
A maps homomorphically to B, and we can view CSP(B) as
the class of finite 7-structures that map homomorphically to
B. We say that CSP(A) equals CSP(B) if CSP(A)=CSP(B)
(when the problems are viewed as classes).

Let us now consider the case when constraints can be soft
(i.e. deletable at unit cost) and crisp (i.e. undeletable). We
study the following computational problem.

MINCSP(A)

An instance (I, k) where I = (V,C) is an
instance of CSP(A) and the constraints in C'
are each either soft or crisp, and an integer k.
The integer k.

Is there a set Z C (' of at most k soft con-
straints such that the instance I’ := (V, C\ Z)
is satisfiable?

Input:

Parameter:
Question:

We use crisp constraints merely for convenience since they
can be modelled by k£ + 1 copies of the same soft constraints
(assuming that the constraints form a multiset). Given an
instance ((V, C), k) of MINCSP(A), the deletion set Z can
be computed with |C| calls to an algorithm for MINCSP(A).
We can thus safely view MINCSP(A) as a decision problem.
We use crisp constraints merely for convenience since they
can be modelled by k& + 1 copies of the same soft constraints
(assuming that the constraints form a multiset). Given an
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instance ((V, C), k) of MINCSP(A), the deletion set Z can
be computed with |C| calls to an algorithm for MINCSP(A).
We can thus safely view MINCSP(A) as a decision problem.

2.2 Relations

To aid readability, we may denote the constraint R, ;(x,y)
by a < x—y < b. Furthermore, if a = —o0, we may instead
write ¢ — y < b, if b = 0o, we may write x — y > a, and if
a = b, we may write £ — y = a. We adopt the convention
that +00 4+ ¢ = oo and 00 - ¢ = +o0o for all ¢ € Q0.
Given a 2-DTP relation

R = {(%1,1‘2) S ZQ | xr1 — Tg € [al,bl] J---u [an,bn]},

we let the set of allowed distances of R be the set A(R) =
[a1,b1]) U -+ U [an, by]. 2-DTP relations can be exactly
characterized by definitions in (Z; <).

Lemma 1. A relation R is a 2-DTP relation if and only if it
is binary and first-order definable in (Z; <).

Proof. The forward direction is straightforward to verify.
Two examples are

crx—ye{-11} =(@x<yn-Tz(x<zAz<y))V
(y<zA-3z(y<zAz<z))and

crx—y <3 =-3z1,29,23(y < 21 A21 < 22N 29 <
23\ 23 < ).

For the other direction, let E be the structure with do-
main Z and relations R, = {(z,y) € Z*> | y < = + ¢}
for ¢ € Z. The structure (Z; <) admits quantifier elimina-
tion in the first-order language over E (Bodirsky, Martin, and
Mottet 2018, pages 9:4-9:5), i.e. if a relation is first-order
definable in (Z; <), then it is first-order definable in E with-
out using any quantifiers (and thus no fresh variables can be
introduced). Thus, consider a binary relation R that is first-
order definable in (Z; <). It is definable by a quantifier-free
formula ¢(z, y) that we (without loss of generality) may as-
sume is in disjunctive normal form (i.e. a logical formula
consisting of a disjunction of conjunctions). If we look at a
disjunct R, (z,y) A Re, (2, y) A--- AR, (2,y) in ¢, then it
is easy to verify that this conjunction of constraints defines
an interval [a, b] with a,b € Z U {—00, 00}. Since the for-
mula ¢ is finite, it follows that R is defined by a finite union
of intervals so it is a 2-DTP relation. O

We use polymorphisms as a tool for studying structural fea-
tures of relations and constraint languages. They are, for in-
stance, one of the building blocks in the algebraic approach
for analyzing the complexity of CSPs (Barto, Krokhin, and
Willard 2017; Bodirsky 2021). We say that a function
f + A" — A preserves a relation R C A™ if for all
t1,...,t, € R the tuple f(t1,...,t,) obtained by apply-
ing f componentwise to the tuples t1,...,%, is also in R.
The function f is referred to as a polymorphism of R. The
definition extends naturally to structures: a polymorphism
of a structure A with domain D is a function from D" to D
which preserves all relations in A. We exemplify this by the
equation relation R, , for some a € Z. Define g : 73 - 7
as g(z,y,2) = x — y + z. Arbitrarily choose three tuples
(c1,d1), (c2,d2), (c3,d3) € Rq o and apply the function g.
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C1 — dl =a
Co — d2 =a
C3 — d3 =a
(Cl —02+C3) — (dl —d2+d3) =a

The final equality follows from reordering the terms:

(1 —ca+c3) — (di +do + d3) =
(c1—d1) —(ca—d2)+(cs—ds)=a—a+a=a.

Since the tuples (c1,d1), (¢c2,d2), (c3, d3) were picked arbi-
trarily, it follows that f preserves R, .

2.3 Parameterized Complexity

In parameterized complexity (Downey and Fellows 1999;
Flum and Grohe 2006) the running time of algorithms is
measured in terms of a parameter £ € N as well as the in-
put size n. Thus, a parameterized problem is a subset of
>* x N, where X is the input alphabet. The most favourable
parameterized complexity class is FPT, which consists of
all fixed-parameter tractable problems, i.e. problems decid-
able in f(k) -n©(") time, where f is a computable function.
Observe that if MINCSP(A) is FPT, then CSP(A) must be
polynomial-time solvable: an instance I of CSP(A) is satis-
fiable if and only if the instance (7,0) of MINCSP(A) is a
yes-instance, and instances of the form (7, 0) are solvable in
polynomial time if MINCSP(A) is in FPT.

Reductions between parameterized problems need to take
the parameter into account. To this end, we use FPT-
reductions. Consider two parameterized problems L1, Lo C
>* x N. A mapping P : ¥* x N — ¥* x Nis an FPT-
reduction from Lq to Lo if

(1) (z,k) € Ly if and only if P((z,k)) € Lo,

(2) the mapping can be computed in f(k) - n°() time for
some computable function f, and

(3) there is a computable function g : N — N such that
for all (z,k) € ¥* x N, if («/, k') = P((z,k)), then
K < g(k).

The class W([1] contains all problems that are fpt-reducible
to INDEPENDENT SET parameterized by the number of ver-
tices in the independent set. Showing W([1]-hardness (by an
fpt-reduction) for a problem rules out the existence of an fpt
algorithm under the standard assumption that FPT £ W[1].

A gadget reduction that is useful when studying MINC-
SPs is implementations (Khanna et al. 2000). A constraint
language A implements a binary relation R if there exists an
instance I of CSP(A) with distinguished variables x1, xo
such that (1) for every tuple (a1,a2) € R, there is a satis-
fying assignment to I that maps (x1,x2) — (a1,as), and
(2) for every pair of values (a1,a2) ¢ R, the minimum
number of constraints violated by an assignment to I that
maps (z1,x2) — (a1,az) is exactly 1. For instance, if
A contains a relation xy — zo = 1, then it implements
the relation x; — x5 = 2 via the instance {z; — y =
1,y — xzo = 1} where y is a fresh variable. This exem-
plifies the composition R o S of two relations R, S, defined
on variables x,y by {R(z, z), S(z,y)} where z is a fresh
variable. It follows by definition that if A implements R,
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then MINCSP(A U {R}) FPT-reduces to MINCSP(A) by
replacing every R-constraint with its implementation using
fresh variables.

3 Summary of Classification Results

We will generalize two classification results from the liter-
ature: one by Dabrowski et al. (2022) and one by Osipov
et al. (2024). We first state the result by Dabrowski et al.
Let So = {Rap € S| a < 0 and b > 0}, i.e. the set
of relations that contain the tuple (0,0). Every instance of
CSP(Sy) is satisfiable by setting all variables to 0, so all in-
stances of MINCSP(S) are yes-instances. The one-sided
relations are Sy = {Ry.00, R—oo,—a | @ € ZZ} U {Ry 0}
and the equation relations are S— = {Rq | a € Z}.

Theorem 2 (Dabrowski et al. (2022)). LetA C S.

1. IfA C Sy, then MINCSP(A) is in P.

2. IfA € Soand A C S, then MINCSP(A) is NP-hard
and it is in FPT.

3. IfA € Sopand A C S_, then MINCSP(A) is NP-hard
and it is in FPT.

4. Otherwise, MINCSP(A) is NP-hard and W[1]-hard.

We continue with the result by Osipov et al. The point alge-
bra PA (Vilain and Kautz 1986) is the structure of binary
relations first-order definable in (Q; <), i.e. PA contains
the ordering relations {<, <,=,#} and their inverses. The
CSP(PA) problem is in P (ibid.) and a solvable instance
always has an integer solution. We can thus view the rela-
tions in PA as members of T, and we see that PA and S are
incomparable sets: separating relations are, for instance, #
and x + y = 1. For an infinite-domain language A, we say
that CSP(A) is trivial if all instances of CSP(A) are satisfied
by mapping all variables to the same value or mapping all
variables to distinct values. For example, CSP(Sy) is trivial.

Theorem 3 (Osipov et al. (2024)). LetA C PA. IfA C {=
,<}orA C {#}, then MINCSP(A) is trivial. Otherwise,
MINCSP(A) is NP-hard and the following holds.

1. IfA C {<,<,=}, then MINCSP(A) is in FPT.
2. IfA C {<,=,#}, then MINCSP(A) is in FPT.
3. Otherwise, MINCSP(A) is W[1]-hard.

We now describe our generalization of Theorems 2 and 3.
The dividing lines in the dichotomies of S and PA are easy
to define, but it is more difficult for T. Let A be a structure
with domain A and pick B C A. The substructure A[B]
induced by B has domain B and a relation RAZ! for every
RA in A obtained as RAP] = RA N B”, where 7 is the arity
of R. A mapping h : A — B is a finite retraction if B is
finite, h is a homomorphism from A to A[B], and h(b) = b
for all b € B. If A admits a finite retraction to A[B], then
CSP(A)=CSP(A[B]): indeed, every structure that homo-
morphically maps to A also maps to A[B] via h, and every
structure that homomorphically maps to A[B] also maps to
A via the inclusion map. One example is the structure (Z; R)
with R(x,y) = ¢ —y € {—1, 1} that we discussed in Sec-
tion 1: here, the finite domain can be chosen to be {0, 1}.
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By combining the forthcoming Theorems 14 and 21, we
arrive at the following classification result. The various
cases are described in greater detail in the underlying results.

Theorem 4. Let A C T be finite. Then MINCSP(A) is ei-
ther in P or NP-hard. If A does not admit a finite retraction,
then MINCSP(A) is either in FPT or W[1]-hard.

4 P vs NP-hard Dichotomy for CSP

Bodirsky et al. (2018) prove that CSP(A) exhibits a P vs.
NP-hard dichotomy for finite reducts A of (Z; <). Finite 2-
DTP languages are finite reducts of (Z; <) (as discussed in
Section 2.2) and also exhibit a dichotomy. This section is
divided into two subsections, where we first state Bodirsky
et al.’s result and then refine it for 2-DTP languages.

4.1 Reducts of (Z; <)

We begin with some definitions. Let succ denote the succes-
sorrelation {(z,y) € Z | y = x+1}. We write succ? to de-
note the relation {(z,y) € Z | y = x + p}. Note that succ?
is implementable in {succ} by composing succ with itself
p — 1 times. A quantifier-free formula in conjunctive nor-
mal form over succ is Horn if each clause contains at most
one literal of the form succP(x,y) while every other literal
is of the form —succP(x,y). A relation is Horn-definable
in (Z; succ) if there exists a Horn formula that defines the
relation in (Z; succ). Recall the set S— = {R,, | a € Z}
from Section 3. Note that z —y = —p & y — 2 = p, so we
may assume that S_ = {succ? | p > 0}. Analogously, we
define S_ » = {succ?, ~succ? | p > 0} and note that the
relations in S—  are Horn-definable in (Z; succ).

We finally define a family of polymorphisms that is im-
portant in what follows. Let d be a positive integer. The
d-modular max operation max, : Z? — Z is defined as

max(z,y) ifz=ymodd
T otherwise.

maxq(z,y) = {

The d-modular min operation is defined analogously. Ob-
serve that max; = max and min; = min.

The following result follows from combining Theo-
rem 4.2 with Proposition 6.1 in Bodirsky et al. (2018).

Theorem 5. Let A be a finite reduct of (Z; <). Then there
exists a structure B such that CSP(A)=CSP(B) and at least
one of the following cases applies:

1. B has a finite domain.

2. Bis a reduct of (Q; <).

3. B is a reduct of (Z; <) and B is preserved by max or by
min. In this case, CSP(B) is in P.

4. B is a reduct of (Z; succ) and B is preserved by maxy or
ming with d > 2. In this case, CSP(B) is in P.

5. Every relation of B is Horn-definable in (Z; succ). In this
case, CSP(B) is in P.

6. CSP(B) is NP-complete.
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4.2 2-DTP Languages

We can extract more information when we only consider 2-
DTP relations, and this improved classification is the foun-
dation of our MINCSP analysis. The improved result is
partly based on a better understanding of relations preserved
by (modular) max or min. We first show that STP relations
are characterized by max and/or min.

Lemma 6. Let R € T. The following are equivalent: (1) R
is preserved by min, (2) R is preserved by max, and (3) R
is an STP relation.

Proof. (1) = (3)and (2) = (3). Write A for A(R). Leta =
min(A) and b = max(A). We show that if R is invariant
under min or max, then A = [a,b]. Equivalently, if c € A
and ¢ + r € A for some r > 1, then [c,c + 7] C A. We
do induction on . If » = 1, then we are done. If r > 2,
consider tuples (¢ 4+ r,0),(c+ 1,1) € R. If R is invariant
under min, then applying it to the pair of tuples yields (¢ +
1,0) € Rand ¢+ 1 € A. Applying the inductive hypothesis
to ¢ + 1 and ¢ + r yields the result. If R is invariant under
max, then (¢4 r,1) € Rand ¢+ r — 1 € A, and we apply
the inductive hypothesis to c and ¢ + 7 — 1.

(3) = (1) and (3) = (2). Suppose R is an STP relation.
Then, A(R) = [a,b] with a,b € Z U {—00,00}. Arbi-
trarily pick two tuples s = (s1,s2) and ¢t = (t1,t2) in R.
We show that max(s,t) € R — the proof for min(s, ) is
analogous. We have s; — sy = us and t; — to = wuy for
some us, us € A(R). Let u = max(sy,t1) — max(sa, t2).
We verify that min(us, u;) < u < max(us,u;) and thus
that the tuple max(s,t) is in R. If max(s1,t1) = s1
and max(sy,ta) = o, then u = s — So = wug. If
max(s1,t1) = s1 and max(se, t2) = to, then, u = s1 — to
and u; = t1 —to < 81 —tg < 81 — $9 = u,. The case when
max(sy,t1) = t1 is analogous. O

We continue with relations that are preserved by maxy or
ming for d > 2. Let Ag’f denote the set of integers

{a+1i-d]|b<i<c}andletthe 2-DTP relation RZ”g sat-
isfy A(RZ’?) = AZ’Cd. It is easy to verify that RZ’? is pre-
served by both max, and ming. We show a partial converse.

Lemma 7. Let R be a nontrivial 2-DTP relation preserved
by maxg or ming for some d > 2. Then there exist integers

aand ¢ > 0 such that R = RS’?.

Proof. Let A = A(R), a = min(A) and b = max(A). We
continue with a series of claims.

Claim (1). A is finite, i.e. a > —o0 and b < oo.

Proof of claim: Suppose to the contrary that b = oo and let
¢ = max(Z\ A) be the largest value that does not belong to
A. R is non-trivial, so ¢ < co. Note that all integers greater
than ¢ are in A. Consider the tuples (¢ + d,0), (¢ + d +
1,d) € A. Applying max, to them yields (¢ + d,d) ¢ R,
so R is not invariant under maxy. Now consider the tuples
(¢c+2d,d),(c+d,1) € R. Applying ming to them yields
(¢+d,d) ¢ R, so R is not invariant under miny, which is a
contradiction. The case when a = —oo is analogous. o
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Claim (2). Forallc,c € A, d divides their difference c—c'.

Proof of claim: We assume the opposite. Suppose R is
invariant under max,. For every integer i, we have (¢,0) €
Rand (¢c+i-d,c+i-d—c’) € R. By applying max, to the
tuples, we get (¢ +4-d,0) € Rbecause ¢ = c+1i-d mod d
and0 # c— ¢ +i-dmod d. Butthenc+i-d € A for all
i, implying that A is infinite and contradicting Claim 1. If
R is invariant under min, similar reasoning applies starting
from the tuples (¢,0) and (¢ —i-d,c—i-d — ). o
Claim 2 implies that b — a = £ - d for some ¢ > 0. It remains
to show that a +i-d € Aforall 0 < i < £. Suppose R
is preserved by maxy. We show thatif a 4+ -d € A, then
a+(i—1)-d € A. Indeed, (a+i-d,0) € Rand (a+d,d) €
R,so(a+i-d,d) € R,anda+(i—1)-d € A. The argument
in the case when R is preserved by ming is similar, starting
with the tuples (a+:-d,0) and (a+(i—1)-d, (i—1)-d). O

We now have all ingredients for a sharper dichotomy result.

Lemma 8. Let A C T be finite. Then there is a structure B

such that CSP(A)=CSP(B) and one of the following cases

applies:

1. B has a finite domain.

2. B C PA, and CSP(B) is in P.

3. BC Sand CSP(B) is in P.

4. B C T is preserved by ming and maxy for some d > 2
and CSP(B) is in P.

. BCS_ 4 and CSP(B) is in P.

. CSP(B) is NP-complete.

DN L

Proof. A is a first-order reduct of (Z; <) with finite signa-
ture by Lemma 1. Apply Theorem 5 to obtain B. The re-
quirement CSP(A)=CSP(B) shows that all relations in B
are binary. Note that if B is a reduct of (Z; <), then B C T
by Lemma 1: the same is true if B is a reduct of (Z; succ)
since this structure is first-order definable in (Z; <). We con-
sider the six cases from Theorem 5.

1. B has a finite domain, so we are in Case 1.

2. Bisareduct of (Q; <) and only contains binary relations.
Hence, B C PA and we are in Case 2.

3. B C T and is preserved by max or by min. Lemma 6
shows that B C S (since B C T) and we are in Case 3.

4. B C T and preserved by max, or ming for some d > 2.
Arbitrarily choose a relation R € B. Lemma 7 implies
that there exist integers a and £ > 0 such that R = Rgzl
and this relation is preserved by max, and ming (as
pointed out before Lemma 7). We conclude that B is pre-
served by both max, and min, and we are in Case 4.

5. Every relation in B is binary and Horn-definable in
(Z; succ). A Horn-clause over two variables is of the
foom z —y=ayVer—y#a V---Vzxr—y#a,. or
T —y#aV---Vr —y # a, where r is allowed to equal
0. It is sufficient to consider the case when r» < 1, since
using two or more distinct #-relations defines a relation
that equals Z2. Note that a relation (z—y = ag)V (z—y #
a1) is equal to one of x —y = ag, x —y # a1, or Z*. The
only nontrivial types of clauses are thus z — y = ag and
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x — y # a;. Furthermore, a conjunction of such clauses
is either trivial or equal to x — y = ag or x — y # a1, SO
we are in Case 5.

6. CSP(B) is NP-complete, so we are in Case 6. O

5 P vs NP-hard Dichotomy for MINCSP

We turn our attention to the computational complexity of
MINCSP over 2-DTP languages. The proof is based on
Lemma 8, and we start with the max, / min, cases. Define
mg : Z — {0,...,d — 1} such that m4(xz) = (z mod d),
i.e. mq(x) is the unique integer in {0, ...,d — 1} congruent
to z modulo d.

Lemma 9. Consider A := Ay{ for a,(,d € Z with £ > 0,
d > 1. If A contains 0O or both negative and positive values,
then R := RS:Z is preserved by the finite retraction m,.

Proof. 1f0 € A,thena = 0 mod d and x—y = 0 mod d for
every (z,y) € R. Then mg(z) — mq(y) = 0 mod d, and
since mq(x), ma(y) € {0,...,d — 1}, we have mgy(x) —
ma(y) = 0. Suppose 0 ¢ A and A contains negative and
positive values. Let a’ = a mod d. Then, a’ # 0 so A
contains @’ — d and o’. We claim that (z,y) € R implies
ma(x) — maly) € {d’ —d,a’} C A. Indeed, (z,y) € R
implies that z — y = a mod d, so mg(x) — my(y) = o
mod d. Moreover, mq(z) —mq(y) € [-(d—1),d—1], and
the only values congruent to a’ modulo d in this interval are
a’ —dandd. O

Lemma 10. Let A C T be finite and invariant under maxy
or ming for some d > 2. Then, one of the following applies:
(1) A admits a finite retraction, (2) every relation in A is an
equation, or (3) A implements a relation x — y € A such
that |A| > 2 and all values in A are positive.

Proof. Suppose A = (Z;R1,Rs,...,Ry) and let 4; =
A(R;). If for every i, we have 0 € A; or A; contains positive
and negative values, then each A; (and A) is preserved by the
finite retraction mg by Lemma 9. If |[A;| = --- = |4A/| = 1,
then all relations of A are equations. Otherwise, we have
a set A; that only contains positive values or only contains
negative values, and a set A; with |A;| > 2. Without loss of
generality, assume all values in A; are positive. If |4;] > 1,
then we are done. Otherwise, by composing R; with itself
sufficiently many times, we obtain a relation x — y = b such
that b > max(|a| : @ € A;). Then, composing the latter re-
lation with R;, we obtain arelationz—y € {a+b:a € A;}
where {a +b:a € A;} C Z>° has size at least 2. O

We continue with the case when A C S_ .

Lemma 11 (Lemma 5 in (Dabrowski et al. 2022)). The
problem MINCSP(R,, o) is NP-hard for all a # 0.

Lemma 12. Let R be a 2-DTP relation such that A(R) is a
finite set of positive values. Then MINCSP(R) is NP-hard.

Proof. NP-hardness follows by Lemma 11 if |[A| = 1. If
not, let @ = min(A) and b = max(A). By compos-
ing R with itself a times, we get a relation x —y € B
with max(B) = ab. By composing R with itself b times,
we get a relation x — y € C with min(C) = ab. Then
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(x—y€B)AN(z—y€eC)=(r—y=ab)and Lemma 11
applies because ab > 0. 0

Lemma 13. Let A C S— . be finite. Then either CSP(A) is
trivial or MINCSP(A) is NP-hard.

Proof. We consider three cases. (1). If A contains succP for
some p > 0, then MINCSP(A) is NP-hard by Lemma 11.
(2). If A contains succ® and —succ’, then MINCSP(A) is
NP-hard (Osipov and Wahlstrom 2023, Section 3.2). (3).
Otherwise, A C (Z;{=} U {—succP},>0}). Every in-
stance of CSP(A) is satisfiable. First, while the instance
contains a constraint x = y, replace y with x everywhere
and delete the constraint. Then pick a large integer N > p
for all p such that —succ? € A, enumerate the variables
as x1,...,o, and let a(x;) = i - N for all i € [n]. This
assignment satisfies every constraint z; — x; # p since
a(z;) —a(z;) = N(i — j) is a multiple of IV, i.e. a number
in{...,—2N,—N,0,N,2N, ...}, and p does not belong to

this set by the choice of N. O
We are now ready to prove the classification result.
Theorem 14. Let A be a finite subset of T. Then,

MINCSP(A) is in P or NP-hard. In particular, one of the
Jollowing holds: (1) A admits a finite retraction, (2) CSP(A)
is trivial, or (3) MINCSP(A) is NP-hard.

Proof. By Lemma 8§, there is a structure B such that
CSP(A)=CSP(B) and one of the following six cases holds.

1. B has a finite domain, i.e. A admits a finite retraction.

2. B C PA and MINCSP(B) is trivial or NP-hard by Theo-
rem 3.

3. B CS. Then MINCSP(A) is trivial if and only if B C Sy
by Theorem 2 and NP-hard otherwise.

4. B C T is preserved by ming and max, for some d >
2. By Lemma 10, if B does not admit a finite retraction
(implying that we are in Case 1) or not all relations of B
are equations (and we are in Case 3), then B implements
arelation z — y € A such that |A| > 2 and all values in
A are positive. By Lemma 12, MINCSP(B) is NP-hard.

5. B C S_ . Then CSP(B) is trivial if B C Sy, and other-
wise MINCSP(B) is NP-hard by Lemma 13.

6. CSP(B) (and thus MINCSP(B)) is NP-complete. O

If A admits a finite retraction, then the retracted structure
B has finite domain and MINCSP(B) is either in P or NP-
hard (Thapper and Zivny 2016). The borderline is described
in the article.

6 FPT vs W[1]-hard Dichotomy for MINCSP

We prove the result in two steps. We first prove that
MINCSP(S_ ) is in FPT and then obtain the classification
result by, once again, invoking Lemma 8.
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6.1 FPT Algorithm for MINCSP(S_ )
We first reduce MINCSP(S= ) to the following problem.

HOMOGENISED MINCSP(S— .) COMPRESSION (HMC)

A tuple ((V,C),k, X) where (V,C), k) is
an instance of MINCSP(S_ ) without soft
—succP constraints and X C C'is a set such
that | X| < k4 1, I — X is satisfiable, and
all soft constraints in I — X are succ® con-
straints.

Parameter: k.

Question: Is there a Z C C of at most k soft constraints
such that I — Z is satisfiable and X N Z = (?

Input:

Lemma 15. If HMC is FPT, then MINCSP(S— ;) is FPT.

Proof. Arbitrarily pick an instance I = ((V,C),k) of
MINCSP(S_ ). We use iterative compression combined
with some preprocessing to reduce I to O(2*+!|C|) in-
stances of HMC. We first assume without loss of general-
ity that all —succP constraints are crisp. To achieve this,
we replace every constraint ¢ = —succP(x,y) by a crisp
constraint —succP (z, z.) and a soft constraint succ®(z., y),
where z. is a fresh variable.

We now describe our iterative compression step. We be-
gin with an instance without any constraints. We then add
the constraints, one by one, and keep track of a solution X
with | X| < k such that removing X results in a satisfiable
instance. When given a new constraint, we first add it to X
to maintain the property that removing X results in a sat-
isfiable instance. We then “compress” X (with the help of
a reduction to HMC): we use the existence of a solution of
size k+1 to create a new solution of size k. If this is at some
point impossible, then there is no solution to the original in-
stance. Otherwise, we find a solution after we have added
all constraints.

Let X C C with |X| < k + 1 be the set to be com-
pressed and U = V(X)) the set of all variables appearing
in constraints from X. Note that |[U| < 2k + 2. Since re-
moving X results in a satisfiable instance, there is a solu-
tion fx : V — Z to (V,C \ X) that can be computed in
polynomial time (Gerevini and Cristani 1997, Theorem 5).
Now let Z C C be a hypothetical optimal solution; that is,
|Z] < k and removing Z results in a satisfiable instance. Let
fz : V — Z be a satisfying assignment to (V,C'\ Z).

We continue with a homogenization step. Instead of com-
puting fz, we find the difference f, = fz — fx and update
all constraints accordingly. That is, we replace every succP
constraint u —v = p with (u— fx (u)) — (v— fx(v)) = por
equivalently u—v = p+ fx (u)— fx (v) and we replace every
—succP constraint u—v # p with u—v # p+fx (u)— fx (v).
As fx is a solution of (V,C' \ X), every succP constraint
u—v = p that is not contained in X becomes u—v = 0, and
all succP constraints outside of X therefore become succ?
constraints.

Finally, we try all options for the intersection X N Z
and remove these constraints, decreasing the parameter k by
|X N Z|. At the cost of the factor 2**1 in the running time,
we can assume without loss of generality that X and Z are
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disjoint. For each guess X7, i.e. a subset of X, we have that
(I' k—|X;], X\ X;) with I’ = (V,C'\ X7) is an instance
of HMC. Moreover, I has a solution of size at most & if and
only if there is an X7 C X such that (I, k — | X1|, X \ X1)
with I’ = (V,C \ X7) has a solution. Therefore, we can
solve the compression problem by solving at most 2**! in-
stances of HMC. O

Next, we provide an FPT algorithm for HMC. Our algo-
rithm is based on a reduction to PAIR PARTITION CUT. A
partition P of a finite set N is a family of pairwise disjoint
subsets By, ..., By, of N such that | J;-, B; = N. Let G
be an undirected graph, 7" be a subset of its vertices called
terminals, and P be a partition of T'. A subset of edges X
in G is a P-cut if no component of G — X contains termi-
nals from more than one subset of P. Given a graph G' with
a set of terminals T C V(G), a pair cut request is a tuple
({s,u},{t,v}) where s,t € T and u,v € V(G). We say
that a path P is an uv-path if its endpoints are the vertices
wandv. A cut X C E(G) fulfils ({s,u},{t,v})ifG - X
does not contain an su-path or a tv-path.

PAIR PARTITION CUT (PPC)

Input: An undirected graph G with positive integer
edge weights wg : F(G) — NT, a set of
vertices (terminals) T C V/(G), a partition
P of T, a set F of pair cut requests, and an
integer k.

Parameter: k.

Question: Is there a P-cut X C E(G) of total weight at

most k that fulfils every pair cut request in F?

Theorem 16 (Theorem 13 in (Dabrowski et al. 2025)). PAIR
PARTITION CUT is in FPT.

We are now ready to show that HMC is in FPT.
Lemma 17. HMC is in FPT.

Proof. Let (I,k,X) with I = (V,C) be an instance of
HMC and U the variables appearing in X. Suppose that
Z is a hypothetical solution for (I, k, X) witnessed by the
assignment fz : V — Z.

We first “guess” how the function fz partitions U into
different sets, i.e. we try all options for a partition Py of U,
and assume variables in U have the same value w.r.t. fz if
and only if they are contained in the same part of the guessed

partition Py This incurs a factor of at most (2k + 2)% 12
in the running time, since |U| < 2k + 2.

We now check whether the guessed partition Py is com-
patible with the constraints in X as follows. Since —succ?
constraints are crisp, X only contains succ? constraints. We
partition U into small components, components of the graph
with vertex set U having an edge uv if X contains a con-
straint on w and v or if v and v belong to the same part of
Pu . We know that

1. the guess implies that f is constant on variables belong-
ing to the same part of Py, and

2. since X N Z = (), fz satisfies all constraints in X,
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so there is at most one option for fz on each small compo-
nent. If there is no option for some small component, we
reach a contradiction in this branch.

Let Uy,...,U,, be the small components of U, let
U1, ..., Uy, be any variable from each component, and let M
be a sufficiently large integer. We claim that, without loss of
generality, we may assume that fz(u;) = ¢M, and by exten-
sion, determine fz on U. To see this, we partition V into hy-
pothetical big components, components that are connected
by succ? constraints (outside of Z) or by variables belong-
ing to the same guessed partition group. Each small com-
ponent is a subset of a big component. Moreover, different
small components belong to different big components: if a
big component contains a path connecting two small compo-
nents, then fz must be constant on this path since all succ?
constraints outside of X are succ® constraints, which con-
tradicts the guessed partition. Hence, if we increase fz by
a constant value on each big component, we still satisfy all
succP constraints (outside of Z) and all —succP constraints
within the component. By setting fz(u;) = iM, we en-
sure that all —~succP constraints between different compo-
nents are also still satisfied since M is larger than p.

For the final step of our algorithm, we compute Z by re-
ducing the remaining problem to an instance of PAIR PAR-
TITION CUT, which is solvable in FPT time by Theorem 16.
The reduction starts by letting G be the constraint graph of
all succ® constraints outside of X, i.e. G has a vertex for
every variable and an edge between two variables if they oc-
cur in a succ’ constraint outside of X. We let the set of
terminals 7" be the set U. The partition of P is the guessed
partition Py of U. This way, any P-cut is a solution that
ignores all —succ? constraints. Now consider some —succ?
constraint u — v # p. Let A, (resp. A,) be the set of termi-
nals reachable from w (resp. v) on the graph G. For each pair
s € A, t e A, with fz(s) — fz(t) = p, we add the pair
cut request {{s, u}, {t,v}}. This completes the reduction.

It is clear that if the instance (I, k, X') of HMC has a solu-
tion Z, then the instance of PPC is satisfiable. We now show
that if the instance of PPC has a solution Z, then Z is also
a solution to (I, k, X') by showing that we can compute an
assignment fz : V — Z that satisfies I — Z.

Recall that we know the value for f7 on U, and - as we
now know Z - that the big components are no longer hypo-
thetical, so we can extend fz to a value for all big compo-
nents that contain a small component. Let Vy,..., V., be
the remaining big components. For each V;, we now set fz
to (m + i + 1)M on the entire component. Since V; is dis-
connected from X, it only contains equality constraints, and
these are satisfied by f.

Now consider a —succP constraint u — v # p. If u and
v are in different big components, then fz(u) — fz(v) is
larger than p since M is large enough. If w and v are in one
big component that does not extend a small component, then
the inequality must be satisfied, since it would otherwise not
be satisfied on C'\ X. Finally, if u and v are in the same big
component that does extend a small component, then u and
v each reach some vertex from this small component using
succ constraints, say s and t. If f7(s)— fz(t) = p, then we
fail the added pair cut request, and otherwise we satisfy the
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—succP constraint. This completes our construction of f.
Since PPC is solvable in FPT time and our pre-processing
only adds an f(k)-factor, we conclude that HMC is in FPT.

O

Lemmas 15 and 17 together show our main result.
Theorem 18. MINCSP(S— ) is in FPT.

6.2 Classification Result

We begin by presenting a hardness result for certain Rbajf
relations. We combine relation composition with a scaling
technique and obtain the hardness result in Lemma 20.

Lemma 19 (Corollary 2 in (Dabrowski et al. 2022)). Let I
be an instance of CSP(S). For a constant ¢ € Q°, define
an instance 1. by multiplying the endpoints in every con-
straint of I by c. Then, for every k, (I,k) is a yes-instance
of MINCSP(S) if and only if (I.., k) is a yes-instance.

Lemma 20. Let R be a relation of the form R;’Cd with a >
0,¢> b > 0. Then MINCSP(R) is W[1]-hard.

Proof. We compose R with itself d times and get the relation
RZZ’SC. This reduction preserves solution cost: each chain of
compositions can be broken with one constraint deletion. By

Lemma 19, it suffices to show hardness for Rbap1 as scaling

by d gives hardness for the other cases. Rgpl is equal to

Ro+b,a+c. Sincea > 0and ¢ > b > 0, we have a + ¢ >
a+b > 0, and W[1]-hardness follows from Theorem 2. [

We can now present our parameterized classification.

Theorem 21. Let A C T be finite, CSP(A) in P, and
MINCSP(A) is NP-hard. If A does not admit a finite
retraction, then MINCSP(A) is either in FPT or W[1]-
hard.  Specifically, there exists a structure B such that
CSP(A)=CSP(B) and one of the following holds:

B has a finite domain.

B C PA and the dichotomy follows from Theorem 3.

B C S and the dichotomy follows from Theorem 2.

B C T is preserved by ming and maxgy for some d > 1
and MINCSP(B) is W[1]-hard.

5. B C S— . and MINCSP(B) is in FPT.

AL~

Proof. By Lemma 8, there exists a structure B such that
CSP(A)=CSP(B) and one of the following six cases holds.

1. B has a finite domain.

2. BCPA.

3. BCS.

4. B C T is preserved by min, and max, for some d >
1. By Lemma 10, if B does not admit a finite retraction
(implying that we are in Case 1) or not all relations of
B are equations (implying that we are in Case 3), then B
implements a relation  —y € A such that |A| > 2 and all
values in A are positive. As B is preserved by ming and
max,, Lemma 7 shows that A is of the form Rg:g, with

£ > 0. As all values in A are positive, we also have a > 0.
WI[1]-hardness now follows from Lemma 20.
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5. B C S_ . By Theorem 18, MINCSP(B) is in FPT.

6. CSP(B) is NP-complete and so is CSP(A). O

7 Concluding Remarks

We have analyzed the complexity of the MINCSP(A) prob-
lem for 2-DTP languages A. This has led to the following
results that generalize previous classifications by Dabrowski
et al. (2022) and Osipov et al. (2024).

R1 aP vs. NP-hard dichotomy for MINCSP(A) when A is
finite, and

R2 an FPT vs. W]Jl]-hard dichotomy for MINCSP(A)
when A is finite and does not admit a finite retraction.

The proof of R1 and R2 show how complexity classifica-
tions for CSPs can be transferred to various classifications
for MINCSPs with the aid of algebraic techniques. An ad-
vantage with this approach is that hardness results are in-
herited from the CSP and do not need to be reproved in the
MINCSP setting. This leads to a more streamlined classifi-
cation process and focused proofs with increased readability.

When proving R2, we constructed an FPT algorithm for
MINCSP(S— ) that is based on a novel reduction to PAIR
PARTITION CUT. This shows that graph problems such as
GROUP FEEDBACK EDGE SET and EDGE MULTICUT can
be solved in FPT time by a unified algorithm that is very
different compared to previous algorithms. This result and
the reduction technique may be of independent interest.

Our work raises several questions. We first note that de-
cidability of the meta-problem is unknown, i.e. given a fi-
nite set A of 2-DTP relations, is MINCSP(A) in FPT or is it
W/[1]-hard? This is a consequence of the decidability status
for Theorem 5 being unknown. The basic problem is that
Theorem 5 requires us to find a “reformulated” structure B
with certain properties, and it is not clear how to do this.

Generalizing R2 to structures with finite retractions is po-
tentially very difficult. The finite-domain MINCSP prob-
lem has been intensively studied, but there are very few gen-
eral classification results — the main exception is the Boolean
case (Kim et al. 2025). A thorough overview of this research
programme can be found in (Kratsch et al. 2026).

Generalizing R1 and R2 to infinite constraint languages
may also be very difficult, since an infinite-language ana-
logue of Theorem 5 needs to be established. The MAX-
ATOMS problem is the problem CSP(M) where the infi-
nite language M contains the relation M), = {(z,y,2) €
73 | max(x,y) + k > z} for all k € Z. One can verify that
every relation in M is first-order definable in (Z; <). MAX-
ATOMS is polynomial-time equivalent to determining the
winner in mean payoff games (Bezem, Nieuwenhuis, and
Rodriguez-Carbonell 2008; Mohring, Skutella, and Stork
2004) and this is a problem in NP N coNP, but currently
not known to be in P. Thus, generalizing Theorem 5 would
settle the long-standing question concerning the complexity
of MAX-ATOMS and mean payoff games.

A possible research direction is to generalize R1 and
R2 into DTP languages. In such a project, the complex-
ity of MINCSP(A) when A is a reduct of (Q; <) must be
fully understood due to Theorem 5. A P vs. NP-hard
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dichotomy was recently established in (Bodirsky, Bonnet,
and Semanisinovd 2025), but the parameterized complex-
ity is still poorly understood. Although the parameterized
dichotomy for MINCSP(A) with A belonging to the point
algebra PA was recently established (Osipov, Pilipczuk, and
Wahlstrom 2024), this result is already quite challenging de-
spite the simplicity of PA. A probably more manageable
project is to consider extensions of STP (and in the long
run 2-DTP) with at most binary relations. Examples in-
clude unary relations a < x < b, the disequality relation,
or strict inequalities (see also (Gerevini and Cristani 1997,
Koubarakis 1992)). The CSP for these problems is tractable
like the basic STP, but full complexity classifications of the
corresponding MINCSP problems are currently unknown.
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