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Abstract

Boolean hedonic games are a class of cooperative games in-
volving multiple agents in which agents aim to form coalitions
based on individual agents’ preferences. In this work, we
provide complexity results and exact algorithms for the task
of forming Nash stable coalitions under different member-
ship rights in the dichotomous setting where agents specify
preferences for which coalitions they are happy/unhappy to
join. The membership rights specify veto rights for coali-
tions, allowing a coalition to forbid an individual agent from
moving (exiting the current coalition or entering another coali-
tion) even if the agent themself would become more happy to
move. We establish that various problem variants and their
refinements in this setting are often situated on the second
level of the polynomial hierarchy, complete for 3. Building
on the complexity results, we develop Boolean satisfiability
(SAT) based counterexample-guided abstraction refinement al-
gorithms for the 3, problem variants and empirically evaluate
a first-of-kind implementation of the approaches.

1 Introduction

A coalition among agents is formed to achieve a common
goal. Coalitions are central in various interactions between
individuals, from economics, politics and social life (Dar-
mann et al. 2018) to robots and software agents (Saad et al.
2011). Coalition formation, the task of forming one or more
coalition from a set of agents based on the preferences of
individual agents, is a key topic in the realm of multi-agent
systems (Rahwan et al. 2015), and has been extensively stud-
ied from the perspective of knowledge representation and
reasoning. Hedonic preferences refer to every agent caring
only about which agents are in their coalition, without caring
about the composition of other coalitions.

In this work we focus on coalition formation with he-
donic preferences, or simply, hedonic games (Dreze and
Greenberg 1980; Banerjee, Konishi, and Sénmez 2001;
Bogomolnaia and Jackson 2002). An outcome of a hedo-
nic game is a partition of the set of agents into disjoint
sets, the coalitions. Various variants of hedonic games
have been studied in the literature (Aziz and Savani 2016;
Elkind and Rothe 2016). Two key features involving hedonic
games are (i) how preferences are expressed and (ii) what con-
stitutes a sought-after partition. In terms of (i), various types
of preference representation schemes have been proposed,
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including e.g., ordinal preferences (Hajdukova 2006), addi-
tively separable preferences (Bogomolnaia and Jackson 2002;
Aziz, Brandt, and Seedig 2013), and hedonic coalition
nets (Elkind and Wooldridge 2009). In this work we consider
Boolean hedonic games in which preferences are dichoto-
mous (Aziz et al. 2016; Peters 2016), i.e., are stated in terms
of which coalitions an agent is happy or unhappy to belong
to in terms of which other agents are in their coalition. In
terms of (ii), typically hedonic games are studied with the
goal of achieving outcomes that are stable under different
notions such as core stability or Nash stability (Banerjee,
Konishi, and S6nmez 2001; Bogomolnaia and Jackson 2002;
Ballester 2004; Dimitrov et al. 2006). For intuition, a parti-
tion is Nash stable if no single agent has an incentive to move
to another (possibly empty) coalition, and core stable if no
group of agents would strictly prefer the group to their as-
signed coalition. Often different notions of stability give rise
to NP-hardness for deciding if a given hedonic game admits
a stable partition (Ballester 2004; Sung and Dimitrov 2007a;
Sung and Dimitrov 2010; Woeginger 2013b; Woeginger
2013a). For example, for Boolean hedonic games deciding
the existence of a Nash stable partition is NP-complete (Pe-
ters 2016) while for strict core stability the problem is pre-
sumably even harder, namely Y5 -complete (Peters 2017).

In this work we study computational aspects of finding
Nash stable partitions in Boolean hedonic games under mem-
bership rights (Sung and Dimitrov 2007b; Karakaya 2011).
Membership rights refer to refinements of stability notions
that have been proposed to allow for modelling and solving
hedonic games in cases in which a coalition has the right
to disallow single-agent deviations (Brandt, Bullinger, and
Tappe 2024)—an agent from moving to another coalition
or from their assigned coalition. In terms of single-agent
deviations, Nash stability only requires that, keeping the
coalition structure otherwise intact, an agent may move to
another coalition if they individually turn from unhappy to
happy by making the move. Nash stability hence considers
“free entry” (the agent is allowed to enter another coalition),
“free exit” (the agents is allowed to exit its current coali-
tion) membership rights, or FE-FX in short. The more strin-
gent requirement to free entry/exit are approved entry/exit
(AE/AX), giving rise to the refined notions of individual
stability (i.e., AE-FX), contractual stability (i.e., FE-AX),
and contractual individual stability (i.e., AE-AX) in the lit-
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erature (Bogomolnaia and Jackson 2002; Ballester 2004;
Sung and Dimitrov 2007b; Karakaya 2011).

Our contributions come both in terms of new complex-
ity results and exact algorithms for finding stable coalitions
in Boolean hedonic games. In terms of complexity results,
we establish b -completeness results for deciding the exis-
tence of a Nash stable partition under different membership
rights combined with requiring Pareto-optimality (the require-
ment that no partitions exist which would make some agent
happier and other agents at least as happy) or core stability.
Specifically, the problems of deciding if a given Boolean
hedonic game admits a partition which is (i) both Pareto
optimal and Nash stable under AE-FX; (ii) both Pareto opti-
mal and Nash stable under FE-AX; and (iii) both core stable
and Nash stable under FE-AX are all ¥5-complete. Further-
more, as we show, deciding the existence of a partition that
is Nash stable under FE-AX is NP-complete. As most of
our of complexity results suggest that the problems in ques-
tion do not admit a polynomial-size encoding into Boolean
satisfiability (SAT) (Biere et al. 2021), we complement the
complexity results by designing SAT-based counterexample-
guided abstraction refinement (CEGAR) (Clarke et al. 2003;
Clarke, Gupta, and Strichman 2004) algorithms for each
of the ¥5-complete problems. The CEGAR algorithms are
based on iteratively using two SAT solvers, one as a base
NP-abstraction solver and one as a counterexample-checking
NP-oracle. We furthermore empirically evaluate our open-
source implementations of the CEGAR approaches and show
empirically that the algorithms can scale beyond 100 agents
within minutes.

2 Related Work

Notions of Nash stability, including those involving mem-
bership rights, have been studied for various types of he-
donic games. Finding AE-FX Nash stable partitions has
been shown to be computationally hard for various types of
restricted non-dichotomous preferences (Peters and Elkind
2015). By contrast, in Boolean hedonic games an AE-FX
or AE-AX Nash stable partition is guaranteed to exist and
can be found in polynomial time (Peters 2016). Brandt,
Bullinger, and Wilczynski (2023) showed, however, that find-
ing a sequence of (AE) deviations leading to an AE-FX Nash
stable coalition from an arbitrary partition is NP-hard even in
Boolean games. Hybrid membership rights, where deviations
require majority rather than unanimous approval, have also
been proposed (Brandt, Bullinger, and Tappe 2022). Addi-
tionally, Aziz et al. (2015) consider various notions of welfare
maximization in fractional hedonic games, in analogy to how
we consider Pareto optimality in the dichotomous case.
Algorithmic approaches to hedonic games, particularly for
notions involving membership rights, are somewhat scarce.
Bullinger and Kraiczy (2024) develop probabilistic algo-
rithms for finding FE-AX and AE-FX Nash stable parti-
tions in randomized games where agents’ (additively sep-
arable) preferences are drawn from a probability distribution.
Bullinger et al. (2025) obtain algorithms for finding FE-AX
and AE-FX Nash stable partitions in hedonic games with
additive preferences, but for a variant where coalition sizes
are constrained to fixed bounds, and for which such partitions
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are polynomial-time computable. Fichtenberger and Rey
(2021) propose sublinear algorithms for determining whether
a so-called graphical hedonic game (with many agents) is
“nearly” stable under various notions, including membership
rights based notions. Additionally, Bredereck, Elkind, and
Igarashi (2019) proposed a polynomial-time algorithm for
computing AE-FX partitions in hedonic diversity games (with
single-peaked preferences). In hedonic diversity games, a di-
chotomous variant has also been proposed (Darmann 2023).

Finally, beyond hedonic games, algorithmic approaches
using SAT or related techniques have been earlier pro-
posed for other problems studied in computational so-
cial choice, including voting (Boixel and Endriss 2020;
Conati, Niskanen, and Jirvisalo 2024; Conati et al. 2024) and
fair allocation (Bredereck et al. 2021; Bredereck et al. 2023;
Conati et al. 2025).

3 Preliminaries

We begin with necessarily definitions related to propositional
satisfiability, Boolean hedonic games, and Nash stability
under membership rights.

3.1 Boolean Satisfiability

For a Boolean variable z there are two literals, z and —z.
A clause C' is a disjunction (V) of literals. A conjunc-
tive normal form (CNF) formula F' is a conjunction (A)
of clauses. For convenience we view clauses as sets of
literals and CNF formulas as sets of clauses. A truth as-
signment 7 maps each variable to 0 (false) or 1 (true), and
is extended to literals via 7(—z) = 1 — 7(z), to clauses
via 7(C) max{7(l) | I € C}, and to formulas via
7(F) = min{r(C) | C € F}. The Boolean satisfiabil-
ity problem (SAT) asks if a given CNF formula F' has an
assignment 7 with 7(F) = 1; if so, F' is satisfiable (and 7
a satisfying truth assignment to F'), and otherwise unsatis-
fiable. A SAT solver is a complete decision procedure for
SAT (or, in practice, an implementation of such a decision
procedure which, given enough computational resources, is
guaranteed to output a satisfying truth assignment for any
satisfiable CNF formula, and determine unsatisfiability for
any unsatisfiable CNF formula).

Problems hard for higher levels of the polynomial hierar-
chy do not, under standard complexity-theoretic assumptions,
admit polynomial-sized SAT encodings. A central paradigm
for solving such problems is SAT-based counterexample-
guided abstracton refinement (CEGAR) (Clarke et al. 2003;
Clarke, Gupta, and Strichman 2004), typically instantiated
with two SAT solvers for X5 -complete problems. The first
solver is used to iteratively solve an abstraction in NP of
the problem to obtain candidate solutions. The abstraction
overapproximates the actual solutions: each actual solution
is a solution to the abstraction, but in general not vice versa.
The second solver is used to check the current candidate for
counterexamples, witnessing the fact that the candidate is not
an actual solution. In case a counterexample is found, it is
used to generate refinement constraints which are added to
the first solver to prevent the counterexample (and potentially
other non-solutions) from occurring in subsequent iterations.
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Search terminates once either the abstraction becomes un-
satisfiable (implying that there are no actual solutions) or an
actual solution is found (a candidate has no counterexample).

3.2 Hedonic Games

In a hedonic game (A, =), a set of agents A = {1...n}
have preferences == (=;);c o, where foreach i € A, =, is
a complete, reflexive, and transitive relation over all possible
coalitions C; = {C' C A | i € C} containing agent . A
partition is a collection of coalitions 7 C 24 with | J cer C =
A, and forevery C;, D € 7 with C' # D itholds that CND =
(). For a partition 7, we denote the coalition to which agent 4
is assigned by (i) € 24.

We consider Boolean hedonic games (Aziz et al. 2016;
Peters 2016), where preferences are dichotomous, separating
coalitions into preferred and non-preferred sets of agents.
Formally, a preference relation >; is dichotomous if we can
partition the coalitions C; into two disjoint sets Cj' and C;,
where for any two coalitions C, D € C;, it holds that C' >=; D
if and only if C € C;* or D € C;". We represent a dichoto-
mous preference relation >; by a propositional formula ¢;
over variables A \ {i}, where ¢; evaluates to true under 7 if
and only if the assignment 7 corresponds to a coalition in Ci+
(e (i} U{j € A\ {i} | 7(j) = 1} € C)).

Of interest in hedonic games are criteria of partitions of
the set of agents. A key such criterion is stability, where
we consider a class of possible deviations by the agents.
A partition is stable for a given class of deviations if and
only if no deviations are possible. We consider single-agent
deviations where a partition is altered only with respect to
the deviating agent. That is, a single-agent deviation by
agent ¢ € A transforms a partition 7 to 7" so that (i) #
7'(), and for all agents j # i, it holds that 7(j) \ {i} =

7' (5) \ {i}. We denote such a deviation by 7 - 7’. A Nash
deviation is a single-agent deviation performed by agent ¢
with 7/ (i) >; 7(i). A partition where no agent can perform
a Nash deviation is Nash stable.

We consider Nash stability under membership rights,
which place restrictions on the set of allowed Nash devi-
ations by requiring consent of the coalitions the agent is
entering and/or exiting. Towards a formal definition, we fol-
low (Brandt, Bullinger, and Tappe 2024). Let C' C A be a
coalition and 7 € A an agent. The favor-in set of C' wrt. i is
the set of agents in C' (excluding ¢) who strictly favor having ¢
inside C, i.e., Fin(C, i) = {j € C\{i} | CU{i} =; C\{i}}.
The favor-out set of C wrt. i is, dually, the set of agents in
C (excluding ) who strictly favor having ¢ outside C, i.e.,
Fou(C,1) = {j € C\{i} | O\ {i} =; CU{i}}.

An approved-entry (AE) Nash deviation (an individual

deviation) is a Nash deviation 7 - 7/ with (7' (i), 1)
(). Analogously, an approved-exit (AX) Nash deviation (a

contractual deviation) is a Nash deviation 7 — 7/ with
Fin(m(i),i) = 0. We denote free entry and free exit, i.e.,
Nash deviation without required approval for entering or ex-
iting coalitions, respectively, by FE and FX. Hence Nash
stability is more unambiguously denoted FE-FX Nash sta-
bility. A partition 7 is AE-FX Nash stable if no agent can
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perform an AE Nash deviation; FE-AX Nash stable if no
agent can perform an AX Nash deviation; and AE-AX Nash
stable if no agent can perform a Nash deviation which is
both AE and AX. We again note that In the literature AE-FX,
FE-AX, and AE-AX Nash stability are also called individ-
ual stability, contractual stability, and contractual individual
stability, respectively; we use the terms synonymously. The
more uniform and perhaps more descriptive *E-*X naming
scheme was introduced by Karakaya (2011).

Example 1. Suppose three agents have dichotomous pref-
erences with Ci” = {{1,2}}, C = {{2,3}}, and C5
{{1,2,3}}. Consider the partition m = {{1,2},{3}}. Agent
2 has an available Nash deviation to the coalition {3}, and
agent 3 has an available Nash deviation to {1, 2} (i.e., 7 is
not FE-FX Nash stable). The deviation of agent 2 to {3} is an
AE Nash deviation (agent 3 is indifferent to the move) but not
an AX Nash deviation (agent 1 would veto). Conversely, the
deviation of agent 3 to {1, 2} is an AX Nash deviation (7(3)
is a singleton) but not an AE Nash deviation (agent 1 would
veto). Thus 7 is not Nash stable under AE-FX or FE-AX, but
it is AE-AX Nash stable, since neither Nash deviation is valid
under both approved entry and exit.

We also consider the more classical notions of core stabil-
ity and Pareto optimality in combination with membership
rights. Given a partition 7, a core-blocking coalition is a
coalition C' ¢ 7 where for each agenti € C, C' =; 7(i):
7 is core-stable if there is no coalition which blocks it. A
partition 7w’ Pareto-dominates 7 if (i) for each agent i € A,
7' (1) =; 7(4), and (ii) there exists some agent j € A where
m'(j) >; m(j): we then say a 7 is Pareto-optimal if no
partition dominates it.

4 Nash Stability under Approved Entry

We start with AE-FX Nash stability (i.e., individual Nash
stability), where an agent requires approval from a coalition’s
members in order to join (deviate to) their coalition. We
establish %5 -completeness for deciding the existence of an
AE-FX Nash stable partition which is also Pareto-optimal
and detail a SAT-based CEGAR algorithm in line with this
computational complexity.

4.1 Complexity

Although in Boolean hedonic games an AE-FX Nash stable
partition is guaranteed to exist and can be found in poly-
nomial time (Peters 2016), we will show that deciding the
existence of an AE-FX Nash stable partition which is also
Pareto-optimal is complete for 5. Proof details are provided
under Appendix A for readability.

Lemma 1. For any Boolean hedonic game G and for any
agent i in G, we can modify G to a game G’ involving the
addition of only a constant number of new agents such that
the partitions for G’ that are both Pareto optimal (PO) and
Nash stable under approved entry and free exit (AE-FX)—
when projected to the agents appearing in G—consists of
exactly those partitions for G that are both Pareto optimal
(PO) and Nash stable under approved entry and free exit
(AE-FX) and where agent i is satisfied.
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Lemma 2. For any Boolean hedonic game G and for any
agent i in G, we can modify G to a game G’ involving the
addition of only a constant number of new agents such that
the partitions for G’ that are both Pareto optimal (PO) and
Nash stable under approved entry and free exit (AE-FX)—
when projected to the agents appearing in G—consists of
exactly those partitions for G that are both Pareto optimal
(PO) and Nash stable under approved entry and free exit
(AE-FX) and where agent i appears in a singleton coalition.

Theorem 3. Deciding if a given Boolean hedonic game
admits a partition that is both Pareto optimal and Nash stable
under approved entry and free exit (AE-FX, i.e., individually
Nash stable) is 35 -complete.

Proof. For membership in ¥, a polynomial-time (alternat-
ing) algorithm can first use existential nondeterminism to
guess a partition 7 and check that it is Nash stable under
approved entry and free exit (AE-FX), and then use universal
nondeterminism to verify that there are no Pareto improve-
ments.

To show hardness, we give a reduction from 3V-QBF-
SAT. Let y = 34X,V X519 be a quantified Boolean formula,
where ¢ = t1V- - -Vt,, is a (quantifier-free) formula in 3DNF.
Let X1 = {z1,...,2n, }and Xo = {Zp 41, ., Tny }-

We will construct a Boolean hedonic game as follows,
that admits a partition that is both Pareto optimal (PO) and
Nash stable under approved entry and free exit (AE-FX) if
and only if y is true. As the set of agents, we take A =
{2, Tij,wi |1 < i <n}U{x;,T; |[ni+1<j5<na}tU
{ue |1 <k <m}u{z}.

The next step is to define the formulas expressing the
agents’ preferences. Before we describe these formulas, we
briefly introduce some notation that we will use. For each
term 5, in 1, the formula [, ] is obtained from ¢y, as follows.
We start with =, and write it into negation normal form—
i.e., as a clause. We replace each negative literal —z;, by Z;.
We are now ready to define the agents’ preferences:

P, = Wi forl <i<ny
Pz, = w; forl <i<mny
bw, = (x; <> °T;) N~z

Gz; = TT; forng +1<j<ns
$z; = 7T; forng +1<j<nyp
by, = ([Ftr] A yryr) V -z forl <k<m
Gy, = [Ttm] V -2

¢ =11

In addition, we invoke Lemma 1 (a polynomial number of
times) to enforce that all agents w;, for 1 < ¢ < ng, are
satisfied in any partition that is both Pareto optimal (PO)
and Nash stable under approved entry and free exit (AE-FX).
Also, we invoke Lemma 2 (a polynomial number of times)
to enforce that all agents z; and T, for ny +1 < 5 < ng,
all agents y, for 1 < k < m, and agent z are in a singleton
coalition in any partition that is both Pareto optimal (PO) and
Nash stable under approved entry and free exit (AE-FX). We
defer a full proof of correctness to the appendix.
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Intuitively, a solution « for ) corresponds to a partition 7
where agents for literals z; over X that are false in v are in a
coalition with (the corresponding) w;, and all other agents are
in a singleton coalition. A counterexample S for « being a
solution for  corresponds to a Pareto improvement involving
a ’grand’ coalition involving the agents for literals that are
true in o U 3. O

4.2 Algorithm

We continue by detailing a SAT-based CEGAR procedure
for finding a partition which is both AE-FX Nash stable
and Pareto-optimal. To this end, we first develop a SAT
encoding for AE-FX Nash stable partitions, building upon a
previously presented encoding for envy-freeness in hedonic
games (Conati et al. 2025).

Let G = (A, >) be a Boolean hedonic game where ==
(=1)ica is dichotomous; that is, each >; is represented by a
propositional formula ¢; over variables A \ {i}. To represent
a partition 7, we instantiate Boolean variables p; ; for each
i,j € A, i # j. For a satisfying truth assignment 7, we
interpret 7(p; ;) = 1iff (i) = 7(j). We ensure symmetry
by treating p; ; and p; ; as the same variable, and transitivity
via

TRANSITIVITY (A) =\ ((pij ADjk) = pik)-

i,5,k€EA
i#iFk

For each agent i € A, we define

¢ = ¢ili = pig |7 € A\{i}].
In words, ¢} evaluates to true iff 7(¢) € AZT". In addition, for
each i, j € A withi # j, we define
¢ilil = dilk = pjx [ k€ ANLd, 53[5 — T]

which evaluates to true iff 7(j) € A

LetL={ic A|{i} =, Cforall C C A,i € C} be the
set of agents who prefer to be in a singleton coalition. This
set is precomputed by checking whether ¢; evaluates to true
under the assignment 7(p; ;) = O forall j € A, j # i. We
encode individual rationality as pir(G) = A, ;-

Now, the formula

LETENTER(Z,j) = ¢; — ¢;[pij — T]
encodes that agent ¢ approves the entry of agent j in their
coalition, i.e., if agent ¢ is happy, they remain happy with j
included. Finally, AE-FX Nash stability is expressed by the
formula pag.Fx.ns(G) defined as R (G)A

A

i€A\L
jeA\{i}
where we interpret p; ; = T for each agent i € A.

(#01 A A\ i — LETENTER(k,3) ) — o
keA
ki

Proposition 4. Let G = (A, =) be a Boolean hedonic game.
If G admits an AE-FX Nash stable partition 7, then the
assignment T defined by T(p; ;) = 1 iff (i) = m(j) for each
i,j € A i # j, satisfies pap.rpxns(G). Conversely, if T is a
satisfying assignment to pap.rx.ns(G), then the partition
formed by assigning w(i) = w(j) iff T(pi;) = 1 is AE-FX
Nash stable.
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Algorithm 1 SAT-based CEGAR for finding Nash stable
and Pareto optimal partitions. Input: Stability notion
S € {AE-FX-NS,FE-AX-NS}, Boolean hedonic game
G = (A, ») with preferences represented as propositional
formulas (¢;)ica-

1: ¢ < TRANSITIVITY(A)

2: while true do

3: (result, Taps) < SAT(p A 0s(G))

4: if result = unsat then return false

5: Tabs <— PARTITION(Typs)

6: while result = sat do

7. $Pdom < /\iEHAPPY(Tﬂbs) QSZF A \/iEUNHAPPY(TabS) Qb;k
8: (result, 7) < SAT(p A ps(G) A ©dom)

9: if result = sat then

10: Tabs <— T, Tabs <— PARTITION(T)

11 Pdom /\iEHAPPY(Tabs) ¢: A ViEUNHAPPY(TabS) dﬁ
12: (result, Teex) < SAT(p A ©dom)

13: if result = unsat then return 7,

14: Y= A \/iEUNHAPPY(TCEX) on

The CEGAR procedure for finding an AE-FX Nash stable
and Pareto-optimal partition is presented as Algorithm 1.
The abstraction ¢ encodes valid partitions by enforcing
transitivity (line 1). Entering the main loop of the algo-
rithm, we iteratively call a SAT solver on the abstraction
in conjunction with pagrx.ns(G) encoding AE-FX Nash
stability (line 3). If no solution to the abstraction exists,
there is no Pareto-optimal AE-FX Nash stable partition ei-
ther, and we return false (line 4). Otherwise, from the so-
lution 7, We obtain a candidate partition 7., by setting
Tabs (1) = Tans(j) iff Tans(pi;) = Lforalli,j € A, i # j
(line 5). Letting HAPPY (Tabs) = {i € A | Tuns(}) = 1} and
UNHAPPY (Taps) = A \ HAPPY (7yps), we proceed by itera-
tively (line 6) encoding a partition which Pareto-dominates
the current solution (line 7), and asking a SAT solver for such
a partition while still enforcing AE-FX Nash stability (line 8)
until reaching unsatisfiability. In the positive case, we update
the current partition 7, (line 10). It now remains to check
with one SAT solver call whether there exists a counterexam-
ple, that is, a partition which Pareto-dominates the current
solution 7, but is not AE-FX Nash stable (line 11-12). If
there is no counterexample partition, the current solution
is AE-FX Nash stable and Pareto-optimal, so we return it
(line 13). Otherwise, we refine the abstraction by adding
a constraint which excludes all partitions which are Pareto-
dominated by the counterexample partition (line 14).

Proposition 5. Let G = (A, >) be a Boolean hedonic game.
With input S = AE-FX-NS and G, if G admits an AE-FX
Nash stable and Pareto-optimal partition, then Algorithm I
returns such a partition, and if no such partition exists, Algo-
rithm 1 returns false.

S Nash Stability under Approved Exit

We continue by considering FE-AX Nash stability (i.e., con-
tractual Nash stability), providing both complexity results
and SAT-based CEGAR algorithms for different variants of
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its decision problem.

5.1 Complexity

In contrast to AE-FX Nash stability, in Boolean hedonic
games FE-AX Nash stability has received less attention in
the literature. Indeed, no polynomial-time algorithm for
finding such a partition is known. As we will show, no FE-
AX Nash stable partition is guaranteed to exist, and deciding
the existence of such a partition is NP-complete. In turn,
combining FE-AX Nash stability with Pareto-optimality or
core stability results in 35-completeness. We start with the
NP-completeness result.

Lemma 6. For any Boolean hedonic game G and for any
agent i in G, we can modify G to a game G' involving the
addition of only a constant number of new agents such that
the partitions for G' that are Nash stable under free entry
and approved exit (FE-AX)—when projected to the agents
appearing in G—consists of exactly those partitions for G
that are Nash stable under free entry and approved exit (FE-
AX) and where agent 1 is satisfied.

Proposition 7. Given a Boolean hedonic game, a partition
that is Nash stable under free entry and approved exit (FE-
AX, i.e., contractually Nash stable) does not always exist.
Deciding the existence of a partition that is Nash stable under
free entry and approved exit for a given Boolean hedonic
game is NP-complete.

Proof. Membership in NP follows from the fact that check-
ing Nash stability under free entry and approved exit (FE-
AX) for a given partition is polynomial-time computable.
To show NP-hardness, we give a reduction from 3SAT.
LetyY = ¢y A--- A ¢y, be a propositional formula in 3CNF,
over the variables X = {x1,...,z,}.

We will construct a Boolean hedonic game as follows, that
admits a partition that is Nash stable under free entry and
approved exit (FE-AX) if and only if # is satisfiable. As the
set of agents, we take A = {z;,Z; |1 <i<n}U{y; |1 <
j < m}. The next step is to define the formulas expressing
the agents’ preferences. Before we describe these formulas,
we briefly introduce some notation that we will use. For each
clause ¢y, in 1), the formula [c] is obtained from c;. We
replace each negative literal —x;, by ;. We are now ready to
define the agents’ preferences, as follows.

Op; = T4 for1 <i<n
Oz, = T4 forl <i<n
by, = [ee] N yjsa forl<j<m
by, = [em]

In addition, we invoke Lemma 6 (a polynomial number of
times) to enforce that all agents z; and T;, for 1 <1 < nq,
and all agents y;, for 1 < j < m, are satisfied in any partition
that is Nash stable under free entry and approved exit.

By the use of Lemma 6, partitions that are Nash stable
under free entry and approved exit (FE-AX) are exactly those
where all agents are satisfied. By definition of the agents’
preferences, these correspond exactly to satisfying truth as-
signments for ¢). We defer a full proof of correctness to the
appendix. O
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We now turn to establishing that combining FE-AX Nash
stability with Pareto-optimality or core stability results in
¥P-completeness.

Lemma 8. For any Boolean hedonic game G and for any
agent i in G, we can modify G to a game G’ involving the
addition of only a constant number of new agents such that
the partitions for G' that are Nash stable under free entry
and approved exit (FE-AX)—when projected to the agents
appearing in G—consists of exactly those partitions for G
that are Nash stable under free entry and approved exit (FE-
AX) and where agent i appears in a singleton coalition.

Theorem 9. Deciding if a given Boolean hedonic game
admits a partition that is both Pareto optimal and Nash stable
under free entry and approved exit (FE-AX, i.e., contractually
Nash stable) is 35 -complete.

Proof. For membership in ¥}, a polynomial-time (alternat-
ing) algorithm can first use existential nondeterminism to
guess a partition 7 and check that it is Nash stable under free
entry and approved exit (FE-AX), and then use universal non-
determinism to verify that there are no Pareto improvements.

The proof of 35-hardness is similar to the proof of Theo-
rem 3, where instead of Lemmas 1 and 2 we use Lemmas 6
and 8. Note that it seems at first sight that agent z could
deviate to the coalition containing y;, because they seem to
be in their own singleton coalition, but the use of Lemma 8
rules out this deviation. O

Theorem 10. Deciding if a given Boolean hedonic game ad-
mits a partition that is both core stable (CS) and Nash stable
under free entry and approved exit (FE-AX, i.e., contractually
Nash stable) is Xb-complete.

Proof. For membership in X5, a polynomial-time (alternat-
ing) algorithm can first use existential nondeterminism to
guess a partition 7 and check that it is Nash stable under free
entry and approved exit (FE-AX), and then use universal non-
determinism to verify that there are no core improvements.

To show hardness, we give a reduction from 3V-QBF-
SAT. Let y = X1V X519 be a quantified Boolean formula,
where ¢ = t1V- - -Vt,, is a (quantifier-free) formula in 3DNF.
Let X; = {331, ey mnl} and X, = {$n1+17 Ce ,LL’n2}.

We will construct a Boolean hedonic game as follows, that
admits a partition that is both core stable (CS) and Nash stable
under free entry and approved exit (FE-AX) if and only if x is
true. As the set of agents, we take I = {z;,ZT;,w; | 1 <i <
nifU{z;, T [n1+1 < j <na}U{yr |1 <k <m}u{z}.

The next step is to define the formulas expressing the
agents’ preferences. Before we describe these formulas, we
briefly introduce some notation that we will use. For each
term ¢, in v, the formula [—¢;] is obtained from ¢ as fol-
lows. We start with -y, and write it into negation normal
form—i.e., as a clause. We replace each negative literal —x;,
by Z;. We are now ready to define the agents’ preferences, as
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follows.
bay = (2 Ay1) V w; forl1<i<mn
¢z, = (2 Ayr) V w; for1 <i<ny
G, = (z3 > —T;) Az
¢x,:_‘§j/\(2/\yl) forn; +1<j<ny
¢z, = ~x; Az Ay1) forng +1<j < no

Oy = ([Tte] A yrs1) Az forl<k<m

by, = [Ttm] A 2
(bz ="

In addition, we invoke Lemma 6 (a polynomial number of
times) to enforce that all agents w;, for 1 < ¢ < nq, are
satisfied in any partition that is Nash stable under free entry
and approved exit (FE-AX). Also, we invoke Lemma 8 (a
polynomial number of times) to enforce that all agents z;
and T;, forn; +1 < j < ny, all agents yg, for1 < k < m,
and agent z are in a singleton coalition in any partition that
is Nash stable under free entry and approved exit (FE-AX).
We defer a full proof of correctness to the appendix.

Intuitively, a solution « for ) corresponds to a partition 7
where agents for literals z; over X that are false in v are in a
coalition with (the corresponding) w;, and all other agents are
in a singleton coalition. A counterexample S for «a being a
solution for  corresponds to a Pareto improvement involving
a ’grand’ coalition involving the agents for literals that are
true in o U 3. O

5.2 Algorithms

Towards a SAT encoding of FE-AX Nash stability, recall
the SAT encoding for AE-FX Nash stability presented in
Section 4, in particular the formulas ¢; for i € A and ¢} [j]
fori,j € A, i # j, as well as the set of agents L who prefer
to be in a singleton coalition. We define the formula

LETEXIT(i, j) = ¢F — ¢} [pij — L]

which encodes that agent ¢ approves the exit of agent j from
their coalition, i.e., if agent ¢ is happy, they remain happy
with 7 excluded.

Instead of individual rationality, we now need to ensure
that agents in L whose coalitions approve their exit must
be satisfied, as otherwise they would deviate to a singleton
coalition. This is encoded by

Yre-axns (G) = /\ ((pi,; — LETEXIT(j, 1)) = 7).
ieL
JeA\{i}
For agents not in L, we ensure that there is no FE-AX Nash
deviation via the formula xrg ax ns(G) defined as

A

i€A\L
JeA\{i}

Finally, prg-axns(G) = Yre-axns(G) A Xee-axns(G) en-
codes FE-AX Nash stability.

(@A A\ ik > LETEXIT(R, ) — 6]
keA
k#i,j
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Algorithm 2 SAT-based CEGAR for finding Nash stable
and core stable partitions. Input: Boolean hedonic game
G = (A, ») with preferences represented as propositional
formulas (¢;)ica.

1: ¢ < TRANSITIVITY(A)

2: while true do

3: (result, Tans) < SAT(p A vre-axns(G))

4: if result = unsat then return false

5 $Pbe /\iEHAPPY(Tabs) A \/iEUNHAPPY(TabS)(Z - ¢1)

6: (result, Teex) < SAT(Ppc)
7: if result = unsat then return PARTITION(Tybs)

8 P @A \/iGBC(Tcex) ¢i

Proposition 11. Let G = (A, =) be a Boolean hedonic
game. If G admits an FE-AX Nash stable partition T, then
the assignment T defined by 7(p; ;) = L iff w(i) = w(j) for
eachi,j € A, i # j, satisfies rpax-ns(G). Conversely, if T
is a satisfying assignment to prpax.ns(G), then the partition
 formed by assigning 7 (i) = w(j) iff T(p; ;) = 1 is FE-AX
Nash stable.

We note that a SAT-based CEGAR procedure detailed in
Section 4 as Algorithm 1 for the combination of AE-FX Nash
stability and Pareto-optimality can also be readily applied to
FE-AX Nash stability and Pareto optimality.

Proposition 12. Let G = (A, =) be a Boolean hedonic game.
With input S = FE-AX-NS and G, if G admits a FE-AX Nash
stable and Pareto-optimal partition, then Algorithm 1 returns
such a partition, and if no such partition exists, Algorithm 1
returns false.

For core stability, the CEGAR procedure presented as Al-
gorithm 2 proceeds as follows. Similarly to Algorithm 1,
the abstraction encodes valid partitions as symmetric and
transitive relations (line 1). We obtain a candidate solution by
solving the abstraction under the constraint that the partition
must be FE-AX Nash stable (line 3); if no such partition
exists, we return false as no solution exists (line 4). Other-
wise, we encode a blocking coalition, i.e., a subset of unhappy
agents who would be happy in their own coalition, as a propo-
sitional formula (line 5), and call a SAT solver (line 6) asking
for such a counterexample. If no counterexample exists, we
return the candidate partition, as it is both core stable and
AE-FX Nash stable (line 7). If, on the other hand, a blocking
coalition BC(7eex) = {i € A | Teex(4) = 1} exists, we refine
the abstraction by adding a constraint stating that at least
one of the agents in the blocking coalition must be happy in
subsequent solutions (line 8).

Proposition 13. Let G = (A, ») be a Boolean hedonic game.
With G as input, if G admits a FE-AX Nash stable and core
stable partition, then Algorithm 2 returns such a partition,
and if no such partition exists, Algorithm 2 returns false.

6 Empirical Evaluation

We implemented the algorithms described in the previous
sections for finding Nash stable partitions under approved
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average time (max)

#a | POTNS_AEEX PO+NSFEAX CS+NS_FEAX
20 03 (05 03 (©6)] 03 ©0.6)
40 20 34| 15 29| 16 2.8)
60| 118 (29.7)| 56 (13.8)| 53 (7.8)
80 | 340 (94.1)| 141 (355)| 145  (24.0)
100 | 959 (269.9) | 288 (61.9) | 29.7  (48.9)
120 | 2345 (563.0) | 509 (82.2) | 524  (95.2)
140 | 503.8(1632.2) | 849 (142.1) | 91.7 (162.1)
160 | 1082.4 (2789.3) | 131.5 (215.2) | 143.6 (271.6)

Table 1: Runtimes for deciding existence of partitions: Pareto op-
timal Nash stable under approved entry (PO+NS_AEFX) and ap-
proved exit (PO+NS_FEAX); core stable and Nash stable under
approved exit (CS+NS_FEAX).

entry or approved exit (for single-agent deviations) while
satisfying Pareto-optimality or core stability. Note that, in
contrast to the second-level complexity of identifying such
partitions generally, a partition which is both core stable and
AE-FX Nash stable can be identified in polynomial time (Pe-
ters 2016). The implementation makes use of PySAT (Ig-
natiev, Morgado, and Marques-Silva 2018), and we em-
ploy the SAT solver CaDiCaL (version 1.9.5) (Biere et al.
2024) as the core reasoning engine. The open-source im-
plementation and experimental data are available at https:
//bitbucket.org/coreo-group/satdhg/. All experiments were
run on 2.40-GHz Intel Xeon Gold 6148 CPUs and 381-GB
memory.

As benchmarks, we generated preferences for the agents
semi-randomly in accordance with a social network graph,
with each edge of the graph representing an acquaintanceship.
The graph itself was constructed according to the Barabasi-
Albert model (Barabasi and Albert 1999). Each edge of the
graph was assigned either positive (“friendly” relationship)
or negative (“antagonistic” relationship) polarity. Finally, for
each agent 4, a preference formula in disjunctive normal form
with up to 3 terms was generated, where each term had up to
3 literals p; ; (for 7, j linked by a positive edge) or —p; ; (for
i, 7 linked by a negative edge). We generated 20 instances
for each number of agents 20, 40, . . ., 160.

The results are summarized in Table 1 as the mean and
maximum runtimes for finding Pareto-optimal, AE-FX Nash
stable partitions (left column), Pareto-optimal, FE-AX Nash
stable partitions (middle column), and core stable, FE-AX
Nash stable partitions (right column) for different numbers
of agents #a. We observe that, for each problem variant,
our algorithms enable finding sought-after partitions rather
quickly, despite theoretical complexity barriers. Notably, for
instances with at most 40 agents, runtimes never exceed 5
seconds, and for instances with 100 agents, runtimes never
exceed 5 minutes. Interestingly, runtimes are highest for
the combination of Pareto optimality with Nash stability
under approved entry, despite AE-FX Nash stability being
polynomial-time computable on its own.


https://bitbucket.org/coreo-group/sat4hg/
https://bitbucket.org/coreo-group/sat4hg/
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7 Conclusion

We studied coalition formation in the setting of Boolean he-
donic games under different membership rights, specifically
in problem settings for which computational complexity has
so-far not been established and which are currently lacking
practical exact algorithms. Our complexity results range
from polynomial-time computability to completeness for NP
and, most often, completeness for Eg. From the practical
perspective, we developed SAT-based CEGAR algorithms for
the Y5 -complete problem variants and empirically evaluated
our implementation of the algorithms, showing that they can
scale beyond 100 agents within minutes.
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A Proofs

Proof of Lemma 1. Take an arbitrary Boolean hedonic
game G and an arbitrary agent ¢ in G. We will describe how
to modify G to obtain the game G’ with the desired proper-
ties. Suppose that ¢’s preference is given by the formula ¢;.
We will add two new agents j and k, and the preferences of
these three agents in G’ are as follows:

Take a partition 7 for G that is both Pareto optimal (PO)
and Nash stable under approved entry and free exit (AE-FX)
and where agent ¢’s preference ¢; is satisfied. We can ex-
tend 7 to a partition 7’ for G’ that is both Pareto optimal (PO)
and Nash stable under approved entry and free exit (AE-FX),
by assigning k to the same coalition as ¢ and by assigning j to
its own singleton coalition. In 7/, agents ¢ and k are satisfied
and agent j is not. Moreover, by construction, j cannot be
satisfied without making % unsatisfied, so 7’ is Pareto opti-
mal. Since 7 is Nash stable under approved entry and free
exit (AE-FX), sois 7’.
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Conversely, take a partition 7’ for G’ that is both Pareto
optimal (PO) and Nash stable under approved entry and free
exit (AE-FX). We argue that then agent ¢ must be satisfied
by the formula ¢;. Suppose this were not the case. Then, the
only partitions where at least one of 4, j and k are satisfied
are those where two of these three agents are in the same
coalition. By Pareto optimality, this must be the case for 7’.
Suppose that 7 is satisfied in 7'—the other two cases are
entirely similar. Then ¢ and j are in the same coalition, and j
is not satisfied. Moreover, j moving to k’s coalition would
form an approved-entry (AE) Nash deviation, contradicting
Nash stability under approved entry and free exit (AE-FX).
Thus agent 4 is satisfied by the formula ¢;. So restricting 7/
the agents in G, yielding , gives us a partition for G with
the desired properties. O

Proof of Lemma 2. Take an arbitrary Boolean hedonic
game G and an arbitrary agent ¢ in G. Let A be the set
of agents in G. We will describe how to modify G to ob-
tain the game G’ with the desired properties. We will add
a new agent j' for each agent j € A\ {i}, and the prefer-
ences of these new agents are given by: ¢;; = i A =, for
each j € A\ {i}. Moreover, we invoke Lemma 1 (a polyno-
mial number of times) to enforce that each such new agent ;'
must be happy in any partition for G’ that is both Pareto
optimal and Nash stable under approved entry and free exit.

To see that the partitions for G’ have the stated required
properties, it suffices to observe that the new agents j' must
be happy, and by definition of their preferences, the only
way in which this can happen is if they are all together in
a coalition with only agent ¢ (and none of the other agents
in A\ {¢}. Thus, when projected to the agents appearing
in G, agent i is in a singleton coalition. O

Proof of Theorem 3 (continued). (=) Suppose that there ex-
ists a partition 7 that is both Pareto optimal (PO) and Nash sta-
ble under approved entry and free exit (AE-FX). By construc-
tion of the preferences and by our use of Lemmas 1 and 2, we
know that the only coalitions of size more than 1 in 7 consist
of w; and exactly one of z; and T;, for some 1 < i < nq,
and moreover, that each w; is in such a coalition of size 2.
This means that all agents are satisfied in 7, except for z and
exactly one of z; and T; foreach 1 < i < n;.

Consider the following truth assignment o : X; — {0,1},
where a(x;) = 1 if and only if agent x; is in a singleton
coalition in 7. Our claim is that ¢[«] is a valid proposi-
tional formula. Suppose, to derive a contradiction, that there
is a truth assignment 8 : Xo — {0, 1} that falsifies ¢[a],
i.e., such that o U 8 makes —ty, true foreach 1 < k < m.
We will construct a Pareto improvement for 7 based on
(and o), as follows. The Pareto improvement consists of the
following agents joining a single grand coalition C' (instead
of the singleton coalitions that they are in in 7): agent z, the
agents yi for 1 < k < m, the agents z; for 1 < i < my
such that a(x;) = 1, the agents Z; for 1 < i < ny such
that a(z;) = 0, the agents z; for n; + 1 < j < ny such
that B(xz;) = 1, and the agents T, for ny +1 < j < ny
such that (x;) = 0. The agents z; and Z; are not satisfied
in C, but they were also not satisfied in w. The agents x;
and T; are satisfied in C, and they were satisfied in 7 as
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well. The agent z is satisfied in C, but was not satisfied in 7.
All that remains to show is that the agents y;, are satisfied
in C. Take an arbitrary agent yj. Since oo U 3 makes —it,
true, by construction of C, we know that y is satisfied by the
formula [—¢,]. Thus, the coalition C' gives rise to a Pareto
improvement, contradicting Pareto optimality of 7. Thus
¥[a] is a valid formula and  is true.

(<) Suppose that  is true, i.e., that there exists a truth
assignment o : X; — {0,1}, such that ¢)[a] is a valid
propositional formula. Consider the following partition 7,
where for each 1 < ¢ < ny the agent w; is in a coalition of
size 2, namely together with Z; if a(x;) = 1 and with z;
if a(z;) = 0, and where all other agents are in a singleton
coalition.

We will show that 7 is both Pareto optimal (PO) and Nash
stable under approved entry and free exit (AE-FX). Note
that 7 satisfies all requirements enforced by the use of Lem-
mas 1 and 2. The only agents that are not satisfied in 7 are z
and those among x; and Z; that are in a singleton coalition.
However, there is no coalition that they can join to improve
their satisfaction without decreasing the satisfaction of some
agent in the coalition. Thus 7 is Nash stable under approved
entry and free exit (AE-FX).

What remains to show is that 7 is Pareto optimal. Suppose,
to derive a contradiction, that there exists a Pareto improve-
ment 7’. By construction of the preferences, the unsatisfied
agents x; and T; cannot be satisfied without decreasing the
satisfaction of another agent. Thus z (the only remaining
agent not satisfied in 7) must be satisfied in 7’. By an induc-
tive argument, we know that z must be in a coalition in 7’
with all agents yg, for 1 < k < m. Call this coalition C.
Further, without loss of generality, we may assume that C'
contains exactly one of z; and 7, forall nq + 1 < j < no,
and those agents x; and T;, for 1 < ¢ < ny, that are not
satisfied in 7. If they were not included in C, adding them
would not decrease their satisfaction, and by monotonicity of
the formulas [—¢], it would also not decrease satisfaction of
the other agents in C.

Consider the truth assignment 8 : Xo — {0, 1} where for
eachni +1 < j <ny, f(z;) =1lifandonlyifz; € C. We
claim that o U 3 falsifies ¢. To see this, consider ¢, for an
arbitrary 1 < k < m. Because agent yy, is satisfied in 7, it
must also be satisfied in C' (which is a coalition in the Pareto
improvement 7’ of 7). Since z € C, this can only happen
if yy, is satisfied by the formula [—¢;]. By construction of C'
and f3, this means that alU falsifies t. Since ¢y, was arbitrary,
aU S falsifies 1. This contradicts our assumption that ¢[a] is
a valid propositional formula. Thus 7 is Pareto optimal. [J

Proof of Lemma 6. Take an arbitrary Boolean hedonic
game G and an arbitrary agent 7 in G. We will describe
how to modify G to obtain the game G’ with the desired
properties. Suppose that ¢’s preference is given by the for-
mula ¢;. We will add four new agents j1, jo, k1, ko, and the
preferences of these five agents in G’ are as follows:

¢j1 = (ﬁjg N (Z VkiV ]fg)) \Y (ﬁjz At A —ky A ﬁkg)
¢j2 = (—‘jl A (Z VkiV kg)) V (—\jl A =i A\ —ky A —|k2)
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Gi = ((J1V j2) A —k1) V ¢
bk, = (J1V j2) A ko
Pry, = (J1 V J2) A i

Next, we will argue that the partitions for G’ have the stated
required properties.

Take a partition 7 for G that is Nash stable under free entry
and approved exit (FE-AX) and where agent ¢’s preference ¢;
is satisfied. We can extend 7 to a partition 7’ for G’ that is
Nash stable under free entry and approved exit (FE-AX),
by adding coalitions {ji, k1 } and {j2, k2}. In 7/, all of the
newly added agents are satisfied, so Nash stability under free
entry and approved exit (FE-AX) carries over from 7 to 7.

Conversely, take a partition 7’ for G’ that is Nash stable
under free entry and approved exit (FE-AX) and suppose, to
derive a contradiction, that agent ¢’s preference ¢; in G is not
satisfied by 7’. We will distinguish several cases: either (i) j;
and js are in the same coalition in 7/, or (ii) they are not. In
case (i), we get a contradiction with stability, because both j;
and jo want to deviate to their own singleton coalition. In
case (ii), there is always at least one of ¢, k1 and k- that wants
to deviate to a coalition containing either j; or j2 (and such a
deviation makes no agent in their current coalition worse off),
also contradicting the assumption of stability. Thus agent ¢’s
preference ¢; must be satisfied by 7/, and thus also by 7. [

Proof of Proposition 7 (continued). (=) Suppose that there
exists a truth assignment o« : X — {0, 1} that satisfies ¢». We
will construct a partition 7 that is Nash stable under free entry
and approved exit (FE-AX), and that satisfies all agents. We
let 7 consist of a single large coalition C, and all agents not
in C are in their own singleton coalitions in 7. We define C' =
{yj 11 <j<m}puU{z|ofx) =11U{7; | a(z;) = 0}
Because « satisfies each c¢;, we know that all agents are
satisfied in 7.

(<) Suppose that there exists a partition 7 that is Nash
stable under free entry and approved exit (FE-AX). By the
use of Lemma 6, we know that 7 satisfies all agents. Thus by
an inductive argument we know that 7 contains a coalition C
containing all agents y;, for 1 < j < m. Moreover, we
know that C' contains at most one of z; and Z; for each 1 <
i < n. Since the formulas [c,,] are monotonic, we may
assume without loss of generality that C' contains exactly
one of x; and T; for each 1 < ¢ < n. Consider the truth
assignment o : X — {0, 1} defined by letting o(z;) = 1 if
and only if z; € C. Because all agents y; are satisfied in 7,
and by the construction of «, « satisfies . O

Proof of Lemma 8. The proof is similar to the proof
of Lemma 2, where instead of Lemma 1 we invoke
Lemma 6. O

Proof of Theorem 10 (continued). (=) Suppose that there
exists a partition 7 that is both both core stable (CS) and
Nash stable under free entry and approved exit (FE-AX).
By construction of the preferences and by our use of Lem-
mas 6 and 8, we know that the only coalitions of size more
than 1 in 7 consist of w; and exactly one of z; and 7;, for
some 1 < ¢ < ny, and moreover, that each w; is in such a
coalition of size 2. This means that the agents that are satis-
fied in 7, are exactly the following: each w;, for 1 <7 < nq;
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and those agents among x; and x;, for 1 < ¢ < ny, that are
in a coalition with the corresponding w;. In other words, all
remaining agents are unhappy.

Consider the following truth assignment v : X; — {0, 1},
where a(x;) = 1 if and only if agent x; is in a singleton
coalition in 7. Our claim is that ¢ [a] is a valid propositional
formula. Suppose, to derive a contradiction, that there is a
truth assignment 5 : Xy — {0, 1} that falsifies ¢[a], i.e.,
such that o U 8 makes —t;, true for each 1 < k < m. We will
construct a core deviation for 7 based on 3 (and «), as fol-
lows. The deviation consists of the coalition C' consisting of
the following agents: agent z, the agents y; for 1 < k < m,
the agents x; for 1 < i < ny such that a(x;) = 1, the
agents T; for 1 < ¢ < ny such that a(z;) = 0, the agents
for ny +1 < j < ngy such that §(z;) = 1, and the agents Z;
for n; +1 < j < ny such that 3(z;) = 0. All agents in C
are not satisfied in 7. To see this, consider the agents y,—for
all other agents in C' this follows straightforwardly. Take an
arbitrary agent y. Since o U 3 makes —tj, true, by construc-
tion of C, we know that yy, is satisfied by the formula [—¢].
Thus the coalition C' gives rise to a core deviation, contradict-
ing core stability of 7. Thus 9[] is a valid formula, and 1 is
true.

(<) Suppose that x is true, i.e., that there exists a truth
assignment « : X; — {0,1}, such that ¢)[a] is a valid
propositional formula. Consider the following partition T,
where for each 1 < ¢ < n; the agent w; is in a coalition of
size 2, namely together with Z; if a(x;) = 1 and with z;
if a(z;) = 0, and where all other agents are in a singleton
coalition.

We will show that 7 is both core stable (CS) and Nash sta-
ble under free entry and approved exit (FE-AX). Note that 7
satisfies all requirements enforced by the use of Lemmas 6
and 8. The only agents that are satisfied in 7, are exactly
the following: each w;, for 1 < ¢ < ni; and those agents
among x; and T;, for 1 < ¢ < ny, that are in a coalition with
the corresponding w;. However, there is no coalition in 7
that they can join to improve their satisfaction. Thus 7 is
Nash stable under free entry and approved exit (FE-AX).

What remains to show is that 7 is core stable. Suppose, to
derive a contradiction, that there exists a core improvement
consisting of a coalition C. By construction of the pref-
erences, and by an inductive argument, {z} U {y; | 1 <
k < m} C C. Further, without loss of generality, we
may assume that C' contains exactly one of z; and T;,
for all n; + 1 < j < no, and those agents x; and 7;,
for 1 < 4 < ng, that are not satisfied in 7. If they were
not included in C', adding them would increase their satisfac-
tion, and by monotonicity of the formulas [—t], it would
also not decrease satisfaction of the other agents in C.

Consider the truth assignment 3 : Xo — {0, 1} where for
eachn; +1 < j < ng, B(z;) = 1ifand only if z; € C.
We claim that o U 3 falsifies ¥. To see this, consider ¢
for an arbitrary 1 < k < m. Because C'is a core deviation,
agent y;, must be satisfied in C'. This means that y is satisfied
by the formula [—-¢;]. By construction of C and 3, this
means that « U S falsifies ;. Since ¢; was arbitrary, o U 3
falsifies . This contradicts our assumption that ¢[a] is a
valid propositional formula. Thus 7 is core stable. O
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