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Abstract

This work proposes novel splitting techniques for argumenta-
tion formalisms that incorporate supports between defeasible
elements. We base our studies on bipolar set-based argu-
mentation frameworks (BSAFs) which generalize argumenta-
tion frameworks with collective attacks (SETAFs), as well as
bipolar argumentation frameworks (BAFs), by incorporating
both collective attacks and supports. Notably, BSAFs estab-
lish a crucial link to structured argumentation as they natu-
rally capture general (potentially non-flat) assumption-based
argumentation. The increase in expressiveness calls for di-
verse forms of splitting. We consider splits over collective
attacks (thereby generalizing the recently proposed splitting
techniques for SETAFs), splits over collective supports, as
well as splits over both collective attacks and supports. We
establish suitable splitting schemata and prove their correct-
ness for the most common argumentation semantics.

1 Introduction

In the field of knowledge representation and reasoning, for-
mal models of argumentation (Baroni et al. 2018) provide
computational approaches for representing and reasoning
about argumentative scenarios, and have been successfully
applied across a wide range of domains such as medical
decision-making, law and explainable Al (Atkinson et al.
2017; Cyras et al. 2021; Leofante et al. 2024). In particu-
lar, abstract models of argumentation have gained significant
popularity due to their flexible and rich modelling capabili-
ties. Starting from Dung’s seminal work (Dung 1995), Ar-
gumentation Frameworks (AFs) have become a central for-
malism for capturing debates and reasoning over them, with
the ultimate goal of extracting rational viewpoints. In Dung-
style AFs, arguments are treated as primitive entities, while
their internal structure, e.g. the premises supporting their
conclusions, is abstracted away. Conflicts between argu-
ments are captured by a binary attack relation. Debates are
thus represented via simple directed graphs where nodes are
the arguments exchanged and edges keep track of their con-
flicts. Rational viewpoints are then identified by computing
sets of jointly acceptable arguments, so-called extensions.
Over the years, numerous generalizations of AFs have
been proposed to enrich their simple structure and increase
its modelling capabilities (Brewka et al. 2018; Amgoud et
al. 2008; Nielsen and Parsons 2006; Modgil 2009). No-
tably, bipolar argumentation frameworks (BAFs) (Amgoud
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et al. 2008; Boella et al. 2010) allow also for the explicit
representation of support relations, enabling the modelling
of scenarios in which arguments may reinforce one another.
In parallel, argumentation frameworks with collective at-
tacks (also called SETAFs) (Nielsen and Parsons 2006) have
been introduced to capture situations in which an argument
is insufficient to attack another on its own, but can do so
jointly with others. More recently, bipolar set-based argu-
mentation frameworks (BSAFs) (Berthold, Rapberger, and
Ulbricht 2024) have been proposed as a unifying general-
ization of both BAFs and SETAFs by combining the accrual
of arguments with a notion of support. With this, BSAFs can
model scenarios in which arguments ‘join forces’ to support
or defeat another argument collectively. In addition, they
have been shown to faithfully capture rule-based argumenta-
tion formalisms such as general (non-flat) assumption-based
argumentation (Berthold, Rapberger, and Ulbricht 2024). As
a result, BSAFs offer a simple yet expressive means of rep-
resentation for complex argumentative scenarios.

However, similarly to AFs, BAFs, and SETAFs, bipo-
lar set-based argumentation frameworks exhibit a high
computational complexity for most standard reasoning
tasks (Berthold, Rapberger, and Ulbricht 2024). In par-
ticular, the size of the search space may grow exponen-
tially with the size of the framework, making direct com-
putation of extensions infeasible in practice. To address
this challenge, incremental reasoning techniques have been
developed that decompose a framework into smaller sub-
frameworks, compute their extensions independently, and
then combine the results (Baumann 2011; Liao 2013; Ba-
roni, Giacomin, and Liao 2014; Bengel and Thimm 2025;
Bliimel et al. 2025; Giacomin, Baroni, and Cerutti 2021).
Among these techniques, splitting (Baumann 2011; Bau-
mann et al. 2012; Linsbichler 2014; Buraglio et al. 2024;
Buraglio 2025) has proven to be particularly effective in ab-
stract argumentation (Baumann, Brewka, and Wong 2011).
The central idea underlying splitting procedures is to com-
pute the extensions of a given framework F' by decomposing
it into suitable sub-frameworks F and F5 and then comput-
ing the extensions of F} and F» independently. Naturally,
this requires suitable modifications of F5 to take into ac-
count the acceptance status of the arguments in F;. More-
over, although computational efficiency is the primary moti-
vation for employing splitting techniques, they also provide
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a useful tool for the study of argumentation dynamics (Rap-
berger and Ulbricht 2023; Prakken 2023; Cayrol, de Saint-
Cyr, and Lagasquie-Schiex 2010), as previously computed
parts of the framework can be reused when new information
is introduced (Baumann 2011; Liao, Jin, and Koons 2011).

Splitting has been successfully applied to AFs and gen-
eralizations thereof; most crucial in our context, to SETAFs.
Nevertheless, despite the increasing demand for efficient ap-
proaches that take into account positve links, the develop-
ment of splitting techniques for argumentation formalisms
that feature support relations, particularly in the presence of
collective relations, remains largely unaddressed.

In this paper, we start to fill this gap by investigating the
possibilities and limitations of splitting in AFs that feature
both collective attacks and supports. The added expressive-
ness of BSAFs allows for a richer variety of cuts: a frame-
work may be split along collective attacks, collective sup-
ports, or combinations thereof. We introduce the necessary
ingredients for splitting BSAFs in a progressive manner, ad-
dressing the unique challenges that arise due to the presence
of supports. We investigate splitting techniques for attacks
and supports separately before we present a unified splitting
pipeline that enables the incremental computation of exten-
sions for arbitrary cuts of a BSAF.

Our main contributions are as follows.

* First, we develop a suitable attack splitting procedure for
BSAFs by extending and revising the splitting procedure
for SETAFs. We prove the correctness of our splitting
schema wrt. the most common argumentation semantics.
Notably, we show that splitting works only partially under
grounded semantics. Section 3

» Next, we investigate the splitting of supports. We define
suitable modifications that enable splitting wrt. the com-
mon argumentation semantics. Notably, for preferred and
grounded semantics, the splitting procedure selects only
some, and not all, extensions. Section 4

* Finally, we combine the previous techniques and consider
arbitrary splits over collective attacks and supports. We
prove a general splitting theorem, thereby paving the way
for the incremental computation under most of the seman-
tics. The combined splitting inherits the limitations con-
cerning preferred and grounded semantics. Section 5

All proofs are available at https://arxiv.org/abs/2604.28112.

2 Background

We recall BSAFs (Berthold, Rapberger, and Ulbricht 2024)
which generalize SETAFs (Nielsen and Parsons 2006), and
basics of splitting for SETAFs (Buraglio et al. 2024).

2.1 Bipolar SETAFs

Bipolar argumentation frameworks with collective attacks
(BSAFs) (Berthold, Rapberger, and Ulbricht 2024) are
a generalization of Dung’s abstract argumentation frame-
works (AFs) (Dung 1995). They combine the ideas underly-
ing AFs with collective attacks (SETAFs) (Nielsen and Par-
sons 2006) and bipolar AFs (BAFs) (Cayrol and Lagasquie-
Schiex 2005; Amgoud et al. 2008; Ulbricht et al. 2024). In
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particular, they incorporate notions of support and attack
among arguments, and generalize both SETAFs and BAFs
by modeling collective attacks and supports.

Definition 1. A bipolar set-argumentation framework
(BSAF) is a tuple F = (A, R,S), where A is a finite
set of arguments, R C 24 % A is the attack relation and
S C 24 x A is the support relation.

A SETAF is aBSAF F = (A, R, S) with S = (); an AF is
a SETAF with |T'| = 1 for all (T, h) € R.

For an attack (support) (T, h), we call T the rail of the
attack (support) and h the head of the attack (support). We
call (T, h) a negative link if (T, h) € R, a positive link if
(T,h) € S, and simply a link if (T,h) € RUS. If |T| =1,
we write (¢, h) instead of ({¢}, h), where T' = {t}. Further-
more, given BSAFs F' = (A, R, S) and F’ = (A", R, 5’),
we define set-operations component-wise; e.g., the union is
definedas FUF' = (AUA', RUR',SUS").

In contrast to the broad agreement on the interpretation
of attacks, there exist several interpretations of support in
the literature (Cohen et al. 2014; Cohen et al. 2018; Polberg
2016). BSAFs adopt a form of deductive support (Boella et
al. 2010; Berthold, Rapberger, and Ulbricht 2024). A central
notion in this context is the closure of a set.

Definition 2. Given BSAF F=(A,R,S) and E C A, let
suppp(E):=EU{he€ A|3(T,h) € S:T C E}.

The closure of E is defined as clp(E) == U5, suppt(E);
Hence, E is closed if clp(E) = E.
Definition 3. Given BSAF F = (A, R, S), a set E C A de-

fends a € A if for each closed attacker E' C A of a, E attacks
E'; E defends E' if E defends each ac E'.

We omit the subscript F' for c! if clear from context.

Let us now head to BSAF semantics. A set £ is conflict-
free (E € ¢f(F)) if it does not attack itself; F is admissible
(E € adm(F))ifitis conflict-free, closed and defends itself.
Definition 4. Let F' be a BSAF and let E € adm(F).

* E € com(F) iff E contains every argument it defends;
* E € grd(F) iff E is C-minimal in com(F);

» E € pref(F) iff E is C-maximal in adm(F).

o E € stb(F) iff E attacks each x € A\ E.

Given a BSAF F = (A, R, S) and a set of arguments
E C A, wedenote Ef, := {h | 3T C E: (T,h) € R} and
the range of E; by E;‘g = Er U EE. We omit R if clear
from the context. Given a o-extension E of F', we say that
an argument a € A is: accepted or in if a € E, rejected,
defeated or out if a € EE and undecided if a ¢ E%.

Graphically, we depict the attack and the support relations
of a BSAF via solid and dashed edges respectively.

Example 5. We consider a BSAF F with arguments A =
{a,b,c,d, e}, attacks R = {(f,¢), ({d,e}, f), (¢,d)}, and
support S = {({a, b}, )}, as depicted below.
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The arguments a and b jointly support c, thus, whenever
{a, b} is accepted, the argument ¢ must be true as well. Ac-
cepting c is, however, impossible: to defend c against f, both
arguments d and e are required; only then, the joint attack
({d, e}, f) fires. However, accepting both is not possible
since c attacks d. Thus, a and b cannot be accepted together.
It follows that F' has no complete and grounded extension;
the admissible sets are (), {a}, {b}, {e}, {a, e}, and {b,e}.

2.2 Splitting SETAFs

In their recent work, Buraglio et al. (2024) investigated
splitting procedures for SETAFs, extending splitting proce-
dures for AFs (Baumann 2011). A splitting of a SETAF
SE = (A, R) separates the framework into two frameworks
SF1 and SF5 which share attacks directed towards SF's.

Definition 6. Let SF = (A, R) be a SETAF, SF, =
(A1, Ry) and SFo = (As, Ry) two sub-frameworks of SF
suchthat AiNAs =0, A= AjUAs and R = R{URyUR3
with Rg C{(T,h) e R| TNA; £ 0, T C A h € Ay}
The triple (SF'1, SF2, R3) is called a splitting of SF and R
its set of negative links. A link is undecided if no argument
in its tail is defeated, but at least one is undecided.

Example 7. We consider a splitting (SF1,SF2, R3) of a
SETAF SF, as depicted below; SF1 and SF5 are left resp.
right of the dotted line; the set of shared negative links of

Buraglio et al. (2024) developed a procedure that enables
the incremental computation of the extensions of SF' wrt. a
given semantics o. The extensions of SF' can be computed
as a combination of extensions of SF'; and (an adjusted ver-
sion of) SF'5. The second sub-framework SF'5 gets modified
on the basis of the information contained in the extension(s)
of SF'y. Such alteration is tailored to account for the prior
accepted and rejected, and undecided arguments. In the liter-
ature (Baumann 2011; Buraglio et al. 2024), this is achieved
in a two-step procedure, by appealing to the notions of so-
called reduct and modification of the sub-framework SF5.
In the first step, the reduct takes care of the arguments in
SF, that are rejected wrt. F; by deleting them, and modi-
fies the links by projecting the part of the attack to SF5.

Definition 8 (Reduct). Let (SF1,SF», R3) be a splitting
for a SETAF SF. We define the (E1, Rs3)-reduct (or simply
reduct) of SFo for some extension E1 of SF'1 as the SETAF
SFIE = (AL REY) where,

Afl ={a€As|a¢ (E1)J1§3} and

REV={(T,h) € Ry | T C AE" h e A"} U
{(TﬂAQ,h) | (T,h) S Rg, TﬁAl QEl,

TN(E)g, =0, T\ AL #0, he AJ'}

Example 9. We continue Example 7. Below, we depict the
reduct wrt. E1 = {a} on the left-hand side, the reduct wrt.

E{ = {c} on the right-hand side; the attacks and arguments
not contained in the reducts are grayed out.

@ @ @
5@ °9..50°

We begin by computing the reduct wrt. E1. Since Ry = (),
thus we only deal with the links in Rs. For the attack
({a, 2}, z), we have {a, z}N Ay = {a} C Fy, {a,z}\ A1 #
0, and {a, z} is not attacked by E, thus the attack (z,x)
is in the reduct. The attack ({b,z},y) does not satisfy
these conditions, thus it is not part of the reduct. The lat-
ter also holds for the reduct for EY; in addition, the attack
({a, 2}, z) is defeated since a is defeated.

As per the second step, the notion of modification is intro-
duced to account for possibly undecided arguments wrt. £ .
As these may affect other arguments in S F5 via the links, a
notion of undecided links is introduce to keep track of such
external influences on arguments in (the reduct of) SF5.

Definition 10 (Undecided Links). Given a splitting
(SF41,SFq9, R3) for a SETAF SF and a set E1 C Ay we
define the set of undecided links wrt. Ey as:

Upt == {(T,h) € Ry | TN (E1)} = 0,(T N A1) £ Er}.

Itholds that (E)}, = (El)j%lu R, Since Ay is not attacked

by links in Ry. Next, we recall the modification which ac-
counts for the effects of the undecided links.
Definition 11 (Modification). Let (SFi,SFy, R3) be a
splitting for SETAF SF and E1 C A;. Let SFQE1 =
(Af1 , Rfl) be the (E1, R3)-reduct of SF5 and Ug; the set
of undecided links wrt. E1. By modg;(SFgl) = SF% =
(A%, R%) we denote the U gj -modification (or simply modi-
fication) of SFf1 s.t. A5 = A;El and R} is given by:

Ry U{((T N AF") Uk}, h) | (T, h) € Ugt, he A3}

Taken together, when splitting up a SETAF, we either sep-
arate the tail of collective attacks or remove them altogether.

Example 12. In Example 9, the link ({b, z},y) is undecided
for both E1 and EY; resulting in the following modifications.

2e ~ 2g

Buraglio et al. (2024) proved the correctness of the proce-
dure wrt. the semantics under consideration. They showed
that (1) combining extensions of SF'; and (the altered ver-
sion of) SF'y yields extensions of SF, and (2) extensions of
SF induce extensions in SF'y and (the altered version of)
SF'5, when restricted to the respective argument-sets.
Theorem 13. Let (SF1,SFs, R3) be a splitting for a
SETAF SF = (A, R) with SF; = (Al, Rl), SFy =
(A2, Ry), and o € {stb,adm,com, pref, grd}. Below, we
let SF5 = modf;! (SF}").
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1. E1€0(SF1)and Ex € 0(SF}) implies EUE, € o(SF).

2. IfEEU(SF), then E1 = EﬂAlea(SFl) and Fy =
ENAsco(SFp).

Example 14. We use the result to compute the admissible
extensions of SF from Example 7 incrementally. Both sets
Ey and EY are admissible in SFy. For Ey, {z} is the
only (non-empty) admissible extension of SF3; therefore,
{a, z} € adm(SF). For EY, the sets {x} and {x, z} are ad-
missible. Using the splitting theorem, we correctly deduce
that {c,z}, {c, z} and {c, z, z} are admissible in SF.

3 Splitting over Collective Attacks

In this section, we introduce a splitting algorithm for
BSAFs. In particular, we take into account the situation
where we can split over collective attacks only. Notably, the
presence of support relations forces significant changes with
respect to the SETAF notions of reduct and modification.

Definition 15 (Attack Splitting). Let F' = (A, R, S) be a
BSAE, Fy = (Al,Rl,S1) and Iy = (AQ,RQ,SQ) two sub-
frameworks of F such that A1 N Ay = (, A = A; U A,
S =851US8s, and R = Ry U Ry U R3 with R3 C {(T,h) S
R|TnNA # 0,T C Ah € Ay}. We call the triple
(Fy, Fy, R3) an attack splitting of F. Moreover, we call Rs
the set of negative links wrr. (Fy, F», R3).

Ideally, we would like to transfer the results for SETAFs
to the case of attack splitting for BSAFs. There are, however,
certain subtleties that need to be taken care of. We illustrate
these in the following example.

Example 16. Consider the BSAF F below left and attack
splitting (F, Fs, R3); Fy is left and Fs right of the dashed
line. Let {d} = Ey € adm(Fy). We illustrate in the Figure
below right how the notions of SETAF reduct and modifica-
tion apply to the present example.

First, we consider ({a,w},t). By definition, it is an un-
decided link, therefore we apply the modification to create
the attack ({w,t},t). However, this makes {t} not admis-
sible. Further, the same happens for the undecided link
({c,w},v). However, the presence of support ({v,w},u)
makes {v} admissible again by defeating its closed attacker
{v,w,u}. Hence, although ({c,w},v) is truly an undecided
link, the SETAF modification is not adequate. Finally, the
link (d,x) triggers the elimination of x via the reduct, to-
gether with its support, leaving {y, z} as an admissible ex-
tension of FX*. However, {d,y, 2} is not admissible in F
since it is not even closed.

In what follows, we adapt the splitting schema and show
how to solve the aforementioned issues.
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Example 17. Let us have a closer look into a part of the
BSAF from Example 16. Consider the following attack split-
ting (G1, G2, Us) of the BSAF G C F (displayed left).

The set E = {d,t,w} is admissible in G since d defends
t against the closed set {a,b,w}. Note that {a,w} is not
closed thus it is not necessary to defend t against ({a, w}, t).
We depict G5 wrt. Ey = {d} above on the right-hand side.
Observe that {d} is admissible in Gy, but {t} is not ad-
missible in G3. The issue is that the attack on t is indirectly
defeated since its closure is attacked by d. This information,
however, is lost when computing the modification G7.

A negative link may be deemed as undecided under Defi-
nition 10, but become defeated due to some support in F}, as
the example shows. To account for this issue, we must deal
with the negative links first in order to make explicit the in-
formation encoded in the support relation. Before we can
construct the reduct, we alter I’ and apply the link-closing
procedure, replacing all attacks (T, a) € R3 with (cl(T), a).

Definition 18 (Closed Negative Links). Let ' = (A, R, S)
be a BSAE F1 = (Al,Rl,Sl) and F2 = (AQ,RQ,SQ)
two sub-frameworks of F such that (Fy, F3, R3) is an at-
tack splitting of F'. We define the set of closed negative links

g = {(CZS(T)’h> | (T7 h) € RS}'

As a result, we are able to adapt the SETAF splitting
schema while avoiding aforementioned issues concerning
the interplay between negative links and supports in SF3.

Example 19. Ler (G1,G2,Us) be as in Example 17. We
modify Us = {({a,w},t)} as follows: first, we compute
the closure of {a,w} and replace the result with the source
of the attack, obtaining US = {({a,b,w},t)} (left). Then,
the reduct wrt. Ey = {d} makes the attack defeated. Thus,
the closed negative link ({a,b,w},t) is not undecided. We
depict the link-closure (G1, G2, U%) and F¥ below.

D ® @
: ::_.- )

Now, {w,t} is admissible in G5 and we retrieve the admis-
sible extension {d, w,t} of G.

Observe that closing the negative links preserves the se-
mantics of the original framework.
Proposition 20. Let F = (A, R, S) be a BSAFE, (T,h) €
R an attack and let F' = (A,R',S) with R' = (R \
{(T,h)}) UA{(c(T),h)}. Then o(F) = o(F') for all
o € {stb,adm, com, pref, grd}.

After this preliminary step, we follow the splitting schema
and appeal to the notions of reduct and modification. As ob-
served in Example 16, the SETAF reduct cannot be directly
inherited in our context. The reason is that the removal of
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arguments attacked by an extension of F) imposed by the
reduct may interfere with the closed sets in F5. If defeated
arguments in F5 are deleted, all their supporting sets would
wrongly be considered closed in the reduct of Fb.

Example 21. We consider another problematic part of the
BSAF F from Example 16. Let H C F with a splitting
(Hy, Ho,V3) as below left. Note that the link in V3 is closed.
The only preferred extension of Hy is Ey = {d}. By simply
applying the original notion of (E, V3)-reduct, we obtain the
framework HQE Y (right) which has one preferred extension
Ey = {y, z}, from which we would erroneously derive that
E1 U Ey ={d,y, 2z} is a preferred extension of H.

®
w@@@ ®

To account for this issue, we change the reduct as fol-
lows: instead of removing arguments defeated by E7, we let
them be attacked by the empty set. This syntactical differ-
ence preserves the defeated status of such arguments, while
preserving its supports in F5. In fact, for each defeated ar-
gument h which is supported by some set of arguments 7" in
F5, such an addition works as constraint: not all elements in
T can be accepted, otherwise, h should be accepted as well.

Definition 22 (R-reduct). Let (Fy, F», R3) be an attack
splitting for a BSAF F'; let RS denote the closed nega-
tive links. We define the (E, R§)-reduct (or simply R-
reduct) of Iy for some extension Ei of Fy as the BSAF
FEv = (Ay, RYY, Sy) with:

REV .= RyU{(T'N Ay, h) | (T,h) € RS,

T (E)fups =0, TNAL C Ei}
Note that in the updated version of the reduct, no argu-

ments are deleted. On top of that, negative links are pro-
jected to their (possibly empty) part in F5.

Example 23. Let (Hq, Ha,Vs) (left) be as in Example 21.

The (En, VS)-reduct consists of the framework H. f ' (right)
which has two preferred extensions Ey = {y} and Efy =
{z}, from which we now obtain the two preferred extensions

of H,ie. E ={a,y} and E' = {a, z}.
FU

It remains to state the final modification to deal with the
closed undecided links in R5. For a given attack splitting

(Fy, Fy, R3) for a BSAF F and a set E; of arguments in
Fy, we use the notion of undecided links as defined for
SETAFs (see Definition 10, but applied to the BSAF split-
ting (Fy, Fy, RS), i.e., after closing the links in R3. We are
now almost ready to apply the modification relative to Uﬁg.
There is, however, a final subtlety that we need to deal with.

Example 24. Let us zoom into another part of the BSAF F

from Example 16, as displayed below. We consider the at-
tack splitting (I, I, W3) for the BSAF I C F (left), with
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Ws = Wy = {({c,w},v)}, i.e., the attack is closed. Since
FEy1 = 0 is an admissible extension of I, we know that the
attack ({c, w}, v) is an undecided link in W¥$. Via the stan-

dard SETAF UV%S -modification, we would add the set-self
attack ({w, v}, v) to obtain I3 (right).

8 @F

As previously noticed, the argument v now defend itself
against its only closed attacker {w,v,u} by attacking u.
Hence, we erroneously conclude that {v} € adm(I).

=>

A new version of the U 1% -modification is then needed to
deal with scenarios of this kind. Instead of using the target
v of the attack to build a new self-attack in F5, we introduce
a self-attacking dummy argument *( that jointly attacks v
together with the right-most part of the undecided link. For-
mally, the BSAF U 1%1 -modification is defined as follows.
Definition 25 (Modification). Let (Fy, Fy, R3) be an at-
tack splitting for a BSAF F'; let RS denote the closed neg-
ative links. Let E1 an extension of Fy. Take F2E1 as the
(E1, RS)-reduct of F and UE§ as the set of undecided

links wrt. Ev. By modgt(Fy*) = F3 = (A3, R5,S3)
we denote the U II% -modification (or simply modification) of
FPY = (A, R So) st A == Ay U {x0}, S5 := Sy and
R} is given by:

R U{(x0,%0)} U{((T N A2) U {x}, h) | (T, h) € U}
Example 26. Let (I, I3, W3) as in Example 24 (left). The
BSAF UV?,;C—modiﬁcation of I is I3 (right); here, v does not
defend itself against {w, xo } and is therefore not admissible.

ENOaay

We are now in the position to state the overall split-
ting procedure. Given an attack splitting (F}, F», R3) for
a BSAF F, we proceed as follows.

1. We close the negative links following Definition 18. We
obtain a set of new negative closed links R5.

2. We apply our BSAF reduct following Definition 22. As
a result, we obtain two separate frameworks F and F2E N
They have the same arguments A; and A, as before; all
arguments in F; that are defeated by attacks in F are
attacked by the empty set.

3. To account for undecided links, we apply the modifica-
tion from Definition 25 and preserve undecidedness in F5.
The BSAF F5 has been extended by the self-attacker *g.

After these considerations, we are now in possession of
all the ingredients to prove the correctness of our splitting
schema for BSAFs. As a first step towards it, we ensure that
the adjusted version of R-reduct is not in conflict with the
notion of closed set of arguments.
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Proposition 27. Ler (Fy, Fy, R3) be an attack splitting for
a BSAF F = (A,R,S) with F, = (Al,Rl,Sl), Fy =
(A2, Rz, S3); let RS denote the closed negative links. Fur-
ther, let By C Ay, Ff' the (E, RS)-reduct of Fy, Fy¥
modgt (Fy™), and Ey C A3,

1. If By = clp,(F1) and By = clpy (Ez), then E = (£ U

E2) \ {x0} = clp(E).

2. If E = clp(E) for some E C A, then EN A; = F4

CZF1 (El) andE n AQ = E2 = CZFZ,* (EQ)

From this, we get an attack splitting theorem for BSAFs.
Theorem 28. Let (Fy, Fy, R3) be an attack splitting for
a BSAF F = (A7R, S) with F (Al,Rl,Sl), Fy
(A2, Ra, Sa); let RS denote the closed negative links. Let
o € {stb,adm,com, pref}. Further, let F¥ = modgé (F)
where Ff* is the R-reduct wrt. Ej.

1. If By € 0(F1) and E3 € o(FY), then E1 U E; € o(F).
2. IfE € O'(F), then By = ENA; € U(Fl)andEﬁAg €
o(Fy).

For grounded semantics, only the first direction of the

splitting theorem can be guaranteed, due to a clash between
the minimality and completeness conditions.

Example 29. Consider the BSAF F with splitting
(Fy, Fs, R3) as below. The empty set defends d in F, so
it is not complete. However, {d} does not defend e, so that
E = {a,d,e} is the only grounded extension of F. Note,
however, that the empty set is grounded in F'y, making it im-
possible to reconstruct E.

D~

Theorem 30. Let (F, F», R3) be an attack splitting for a
BSAF F = (A, R, S) and RS the set of closed negative links.

Let Fy = mod%(FzEl) where FY" is the (Fy, RS)-reduct.
IfEy € grd(F1) and By € grd(F3), then E1UE> € grd(F).

4 Splitting over Collective Supports

We continue our investigation of how splitting translates
from SETAFs to full BSAFs by focusing on the support re-
lation. Analogously to attack splitting, we first consider sup-
port splitting in an isolated setting; i.e., we split a BSAF F'
with sub-BSAFs F; and F5 which share only positive links.

In the case of attack splitting, our schema relies on the
subsequent evaluation of F and (a modification of) F; for a
given BSAF F', unpacking the evaluation of the entire frame-
work in an incremental fashion. Our goal is to find appro-
priate modifications that enable the modular computation of
the semantics if F; and F5 share positive links. However,
a closer investigation of the effects of the supporting links
reveals a fundamental issue.

Example 31. Consider the BSAF F with the subframeworks
Fy (left) and Fy (right) and the shared support (b, c) below.

@—@-O—@
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In F, the set {a,d} is admissible since d defends a against
the closed attacker {b,c}. In Fy, however, the argument a
is defeated by b. The acceptability of a in Fy cannot be
accomplished without modifying Fy; this is, however, not
foreseen in the traditional approach to splitting.

The underlying issue is that sets in F5 are not closed; as
we have demonstrated in the above example, the acceptance
status of arguments in F; may thus depend on those of the
arguments in F5. Intuitively, the support in Example 31 has
the effect of directing an attack from F5 to Fj.

If we consider shared supports directed in the opposite
direction, where the head h of each positive link (7', h) is
contained in F}, all sets in F} are closed. Therefore, this
problem cannot occur in this case. We will therefore focus
our efforts on backward support splitting.

Definition 32 (Support Splitting). Let F' = (A, R, S) be a
BSAFE, I = (Al,Rl,Sl) and Fy, = (AQ,RQ,SQ) two sub-
frameworks of F such that Ay N Ay = 0, A = A1 U A,
R=R{URy and S = S1 U Sy U S3 with S3 C {(T,h) S
S| TNAy # 0, T C A h € Ar}. We call the triple
(Fy, F», S3) support splitting of F. Moreover, we call S5
the set of positive links wrt. (Fy, F», S3).

Example 33. We consider a similar example as before; now,
the support is directed in the other direction. The support
splitting (F1, F, S3) for the BSAF F below consists of Fy
(left), F5 (right) and a single shared support S5 = {(c,b)}.

Note that d defends a against the closed attacker {b,c} as
before; however, in the given BSAF, the set {b} is closed as
well. Since b is not attacked, a cannot be defended.

Our goal is to develop a suitable splitting procedure anal-
ogous to the case for splitting attacks. We consider a o-
extension of F} and modify F5 so that, for each o-extension
FE5 of (the modified version of) F5, it holds that F; U Fs
is a o-extension of F'. Likewise, each o-extension £ of F'
should satisfy £ N A; and E N A, both are o-extensions of
F and (the modified version of) F5, respectively.

Given the BSAF from Example 33 and the set E; = {b},
we can perform the split by simply removing the shared sup-
port. The split correctly deduces that {b} and {b, d} are ad-
missible in F'. Such an easy solution of simply removing the
shared support is, however, not always possible.

Example 34. We consider the BSAF F' below, with Fy and
F; left resp. right of the dotted line and Ss={({c1,c2},b)}.

B
=0

Let By = {a}. Since b is defeated, not both ¢, and co can
be accepted in Fy; otherwise, b would be accepted in F'.

The example above shows that defeating the head of a
shared support induces a constraint. There are two natural
options to encode constraints in BSAFs; and we will make
use of both of them. Given (T,h) € Ss, the first option is
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to add a new argument *; which is attacked by the empty
set and supported by T'N As (type-1-constraint); the second
option is to add a new argument %o which is attacked by
(TN A3)U{*2} and supported by TN As (type-2-constraint).

Example 35. Consider the BSAF from Example 34. We can
prevent the joint acceptance of ci and co in Fy by applying
one of the following modifications. On the left-hand side, we
add an argument that is attacked by the empty set (1), on
the right-hand side, we add an argument (*3) which is the
head of the self-attacking set.

We observe that the type-1-constraint (left) defeats all at-
tacks originating from (supersets of) T = {c1,ca}. This is
because the closure of T is attacked by the empty set.

We break down which constraint is appropriate in which
situation. First, we observe that a shared link (7', ) induces

a constraint whenever all arguments in 7'M A; are contained
in the selected extension Ey, but h ¢ Ej.

Definition 36. Ler (Fy, Fy, Ss) be a support splitting for
BSAF F, where F| = (Al,Rl, Sl) Let B C Aj. By

Tso(E) :={T C A|3h € Ay : (T, h) € Ss,
TNA CEy, heE}

we denote the collection of sets of arguments that are
support-incompatible with respect to Ey and Ss.

As observed in Example 35, adding a type-1-constraint
for a shared link (7', k) by adding %; which is attacked by
the empty set and a support from 7' N A, implies that all
attacks originating from 7" N A, are defeated. We can apply
this construction therefore only in the very restricted setting
in which the set 7" is already defeated in F;. We also require
T N A; = () because in all other cases, no outgoing attacks
from T exist (recall that F' and F5 do not share attacks).

Definition 37. Ler (F1, Fy, Ss) be a support splitting for
BSAF F, where Fy = (A1, Ry, 51). Let E; C Ay. By
Dg,(E1) :={T CA|T € Ts,(Er), TN AL =1,
cp(T)N(B1)f # 0}
we denote the collection of sets of arguments that are
closure-defeated with respect to E1 and Ss.
We are ready to state our first modification.

Definition 38 (Type-1-Modification). Let (F, F», S3) be a
support splitting for a BSAF F, let I, be an extension of F
and let Dg, (E1) denote all sets which are closure-defeated
wrt. E1 and S3. We define the type-1-modification of Fb
as the BSAF FQC1 = Fy if Dg,(E1) = 0 and, otherwise,
F§t = (Ap U {1}, RS, S5) with

RS := Ry U{(0,%1)}
SST = S, U{(T N Az, %) | T € Ds,(Ey)}.
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Example 39. Consider the BSAF F with Fy (left) and F»
(right) and the shared support (c,b) below. Let 1 = {a}.

@) {—(d)

In F, clp({c}) = {c, b}, is attacked, thus, d is defeated.
This is correctly captured by the type-1-modification FQC L
the set CZcml ({c}) = {¢, *1} is attacked by the empty set.

We consider an example where this construction fails.

Example 40. Consider the BSAF F with F (left) and F»
(right) and the shared support ({c,e},b) below. Let Ey €

{{e},{a,e}}, then {c,e} € Ts,(E1).
X0
@9

g’“‘ -@®
Neither {e,d} nor {a,e,d} are admissible in F. However,
in FCY, argument d is defended since cl rci (¢) is attacked.
2

We thus require constraints of the second type in this case.

Definition 41 (Type-2-Modification). Let (Fy, F»,S3) be a
support splitting for a BSAF F, let F1 be an extension of
Fy and let Dg,(E1) and Tg,(E1) denote all sets which are
closure-defeated resp. support-incompatible wrt. E1 and Ss.
Let TGP (Ey) := Ts,(Er) \ Ds,(E1) We define the type-2-
modification of F; as the BSAF FQC 2.=Fyif TSSD(El) =0
and, otherwise, FS? := (Ay U {*2}, RS2, S$2) with

RS® := Ry U{((T'N Ag) U {x2},%2) | T € TsP(E)}
8% =Sy U{(T'N Az, %2) | T € TSP (E1)}

Example 42. We continue Example 40 and apply the type-
2-modification for Ey € {{e},{a,e}}.

e-q @
@ 0<p

@

Now, in F2C 2, the argument c supports %o and d is attacked;
thus, no argument can be accepted and the only admissi-
ble extension is (). This correctly detects the admissible
extensions {e} and {a,e} of F. For E; = {a}, we have
{e,c} ¢ Ts,(Eh), thus the support is simply removed.

We define the S-reduct as a combination of both modifica-
tions. The union of two BSAFs is defined componentwise.

Definition 43 (S-reduct). Let (Fy,F5,S3) be a support
splitting for a BSAF F, let E\ be an extension of Fy and
let Ds,(E1) and Ts,(E1) denote all sets which are closure-
defeated resp. support-incompatible wrt. E1 and S3. We de-
fine the (E, Ss)-reduct (or simply S-reduct) of Fy as the
BSAF FF* = (APr REr SEY) where FPY .= FO U FC2.

The splitting procedure preserves admissible, complete
and stable semantics.
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Theorem 44. Let (Fy, F5,Ss) be a support splitting for
a BSAF F = (A,R,S) with F, = (Al,Rl,Sl), Fy =
(Az, Ry, Ss), and o € {stb,adm,com}. Further, let Fy*
be the S-reduct of F.

1. IfEy € o(F)) and Ey € o(FEY), then EyU(Ey\ {*2}) €
o(F).
2. IfE € O'(F), then B = ENA; € U(Fl) and(EOAQ €
o(Fy) or (EN Ag) U {x2} € o(F3)).
For preferred and grounded semantics, our procedure con-
structs only some of the extensions of the entire framework.
We illustrate this in the following example.

Example 45. Consider the BSAF F' and a support split-
ting (F1, F3, S3) as depicted below. Let B4 = {a,d}. We
compute the reduct F2E t by adding the dummy argument *q
which is supported by {b} and attacked by {b, x2} (depicted

right). @ @

In FEY, we get pref(FL') = {0}, obtaining only {a,d} as
preferred extension of the whole framework.

We get a splitting theorem for preferred and grounded se-
mantics that considers only the first direction.

Theorem 46. Ler (F1, Fs, S3) be a support splitting for a
BSAF F = (A, R,S), and let Ff* be the S-reduct of Fy
and o € {grd, pref}. If By € o(Fy) and Ey € o(FY"), then
Ei U (E2 \ {*2}) S J(F)

S Splitting Collective Attacks and Supports

Now that we have the building blocks of our approach, we
combine the notions of attack and support splitting and pro-
vide results similar to the section before.

Definition 47 (Splitting). Let ' = (A, R, S) be a BSAF,

= (Al,Rl, Sl) and Fy = (A27 Ry, SQ) two sub-

frameworks of F such that A; N Ay = 0, A = A; U A,

R=RiURy;UR3,and S =S, U Sy U S35 with:

Rg g{(T,h) €R | TﬂAl #@,Tg A,h S Ag},
S3s C{(T,h) € S| TNAy 0, T CAhe A}

We call the 4-tuple (Fy, Fa, Rs, S3) a splitting of F.

We apply the splits we developed in the previous two sec-
tions consecutively. Since attacks (7, k) in F, can support
arguments in I}, we start our splitting procedure by closing
attacks in Ry, before we apply the modifications we devel-
oped in Sections 3 and 4. Overall, we perform the following
splitting procedure. Given a splitting (F}, F», R3, S3) for a
BSAF F and aset 5 C Aj, we proceed as follows.

1. We close the attacks in Re U R3. Note that this may trans-
form R, attacks into shared attacks between F; and F5
since the tail of an attack Ry can support an argument in
Aj;. To account for this, we move the attacks in question

into the set R3; by Fg and 1:23, we denote the adjusted
BSAF and set of common negative links, respectively.
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2. We proceed by constructing the R-reduct FgEl of the
attack splitting (Fy, Fy, R3) wrt. Eq, following Defini-
tion 22.

3. Next, we compute the modification F = modg1 (BFY)

3
as in Definition 25. The tuple (Fy, F¥, S3) is a support
splitting for the BSAF (A; U A3, Ry U R, S).

4. Finally, we construct the S-reduct F2® of Fj for the sup-
port splitting (Fy, Fiy, S3) wrt. F, using Definition 43.

Definition 48. Let (Fy, Fy, R3,S3) be a splitting for a
BSAF F with F| = (A17R17S1), Fy, = (AQ,RQ,SQ). Let
RS and RS denote the sets of closed negative links wrt. R3
and Rg, respectively. Define

Ry :={(T,h) € RS | TN A, =0}

and let Fy = (Ao, ]%2, Sa) be the updated BSAF. Further,
let

Rs :={(T,h) | (T,h) € R§URS, TN A, #0}.
Let FQEl be the R-reduct of the attack splitting (F1, F27 Rg)

wrt. By and Fy = modg1 (EF). Finally, we let FY de-
'3

note the S-reduct for the support splitting (Fy, F},Ss) of
the BSAF (A1 U AE, AU Ag, S) wrt. F1.

We demonstrate the procedure in the following example.

Example 49. We consider a BSAF F with splitting
(Fy, F, R3, S3), as depicted below. Further, let E; = {a}.

First, we proceed by closing the negative links in Ry and
Rs, as depicted below. The set R contains the single attack
(c,x). Since c supports b, the attack ({b, ¢}, x) is contained
in Rs. Moreover, we get Ry = Ry because = and y do not
attack any argument in Fs. Thus we consider the following
attack splitting (Fy, Fy, Rg)

We apply the R-reduct and the modification for the attack
splitting (see Section 3). We depict Fi (left) and the result of
the procedure, F3, (right) below.



Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

Finally, we apply the S-reduct to handle the remaining links.
Thus, we obtain F2® (right) adding a type-1-constraint on x
and a type-2-constraint on y.

We are ready to state our main result for splitting BSAFs.

Theorem 50. Let (Fy, Fs, R3, S3) be a splitting for a BSAF
F = (A,R,S)with Fi = (A1, Ry, 51), F> = (A2, Rz, 52),
and o € {stb,adm,com}. Let Fy’ be defined as in Defini-
tion 48.

1. IfE, € 0(F)) and By € o(Fy), then By U(Eo\ {*2}) €
o(F).

2.IfE€o(F) then Ey =ENA; €o(F1)and EN Ay €
o(FP) or (BN Ag) U {2} € o(FY).

Example 51. We use the splitting theorem to compute the
extensions of BSAF F' from Example 49. First, note that
the set By = {a} is admissible in F. Next, we compute
the admissible extensions of Fy' and obtain the () and {z}.
Hence, we retrieve {a} and {a, z} in adm(F).

Note that we inherit the limitations with respect to pre-
ferred and grounded semantics.

Theorem 52. Let (Fy, Fy, R3, Ss) be a splitting for the
BSAF F = (A, R,S), let F° be as in Definition 48 and
o € {grd,pref}. If By € o(Fy) and By € o(Fy), then
FEi U (Eg \ {*2}) € U(F)

6 Related Work

Splitting has a long tradition in the field of knowledge rep-
resentation and reasoning, in particular, for non-monotonic
formalisms. The first splitting procedure has been proposed
for logic programs (Lifschitz and Turner 1994) and has re-
ceived much attention since then, e.g., in the context of an-
swer set programming (Beiser et al. 2024), extended frag-
ments of logic programming (Ben-Eliyahu-Zohary 2025;
Cabalar, Fandinno, and del Cerro 2021), for conditional
knowledge bases (Heyninck et al. 2023), and for abstract
and structured forms of argumentation (Baumann 2011;
Baumann, Brewka, and Wong 2011; Buraglio et al. 2024;
Linsbichler 2014; Buraglio 2025).
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Incremental Computation for Supports While most
works in computational argumentation focus on splitting
attacks, ADFs constitute a notable exception. In ADFs,
each argument has an acceptance condition, capable of ex-
pressing positive relations between arguments. Linsbich-
ler (2014) investigated splitting techniques for ADFs, while
more recent work has explored serialization (Bengel and
Thimm 2025) for abstract dialectical frameworks. The idea
behind serialization is based on finding so-called initial
models of a given ADF in an iterative way, thereby con-
structing serialization sequences that allow the incremen-
tal computation of its extensions. We notice, however, that
even though ADFs have been proven to capture collective at-
tacks (Dvoték, Keshavarzi Zafarghandi, and Woltran 2023),
this does not hold for collective supports under the closure
condition. From a semantic standpoint, this constitutes a
substantial difference with respect to BSAFs. Consequently,
existing incremental and splitting results for ADFs cannot
be transferred directly to our setting.

Directionality, Modularization, and SCC-recursiveness
Further approaches that compute extensions in an incre-
mental manner closely related to splitting techniques in-
clude schemes based on strongly connected components
(SCCs) (Baroni, Giacomin, and Guida 2005), modulariza-
tion (Baumann, Brewka, and Ulbricht 2022) and direction-
ality (Baroni and Giacomin 2007). Modularization is di-
rectly connected to the splitting schema via a similar no-
tion of reduct (Berthold, Bliimel, and Rapberger 2025). The
principle of directionality is connected with the possibility
of evaluating sub-frameworks independently from the re-
maining parts, provided that there is no incoming negative
link towards them. The relation to attack splitting is thus
clear given that we can project extensions of F' to those of
Fy without losing information. The SCC-recursive prop-
erty (Baroni, Giacomin, and Guida 2005) of argumentation
semantics defines the possibility to retrieve extensions of a
given framework by breaking down the computation along
its SCCs. Such decomposition ensures that the evaluation of
the whole graph can be assessed via a generalized seman-
tics that takes into account previous decisions concerning
already evaluated SCCs. Splitting represents a more flexible
alternative as it does not dictate that F; and F5 be strongly
connected components, while ensuring that every SCC of
the graph is in either of the two.

7 Conclusion

In this paper, we introduced a splitting schema for bipolar
set-based argumentation frameworks. Similar to existing lit-
erature on splitting for abstract forms of argumentation, we
developed a modification-based approach for the incremen-
tal computation of extensions of a given BSAF. In particular,
after splitting the framework F' into two sub-frameworks F}
and F5, we defined syntactic modifications of F5 that allow
one to reconstruct extensions of the original framework from
those of the components. By leveraging the richer syntax of
BSAFs, we have considered splits over collective attacks,
supports, and a combination of both. Importantly, each step
of our procedure is computationally feasible and does not
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induce an exponential blow-up in the size of the modified
sub-frameworks, making our approach a promising starting
point for efficient algorithms.

For future work, we plan to extend our splitting tech-
niques to cases where (a certain number of) backward at-
tacks and forward supports are present. In the context of
AFs, similar settings have been studied under the term pa-
rameterized splitting (Baumann et al. 2012). In addition, we
plan to implement our procedure and investigate its bene-
fits for dynamic programming approaches in argumentation.
In this regard, observe that for Dung-style AFs, all possi-
ble splittings can be computed in linear time by identify-
ing the strongly connected components of the graph (Bau-
mann, Brewka, and Wong 2011; Tarjan 1972). We antici-
pate that for BSAFs, a similar approach to computing split-
tings in AFs can be adapted, by treating the support and at-
tack relations separately and by exploiting the so-called pri-
mal graph (Dvoték et al. 2024). On top of this, Baumann,
Brewka, and Wong (2011) register an average acceleration
of 60% for executions with splitting in comparison to an ex-
ecution without splitting in the context of Dung-style AFs.

Crucially, BSAFs are closely related to general (non-
flat) ABAFs, as demonstrated by Berthold, Rapberger, and
Ulbricht (2024), which is one of the most popular for-
malisms in the area of structured argumentation. Recent
work exploits the close relation of SETAFs and flat ABAFs
to translate SETAF splitting results to this fragment of
ABA (Buraglio 2025). We thus expect that our results
for BSAF splitting can be transferred to general ABA in
a similar fashion. Our hope is that this will enhance ex-
isting non-flat ABA solvers (Lehtonen et al. 2024). We
are furthermore optimistic that our results could provide
further valuable insights into structured argumentation dy-
namics (Rapberger and Ulbricht 2024; Rapberger and Ul-
bricht 2023; Prakken 2023; Baumann and Brewka 2010;
Cayrol, de Saint-Cyr, and Lagasquie-Schiex 2010; Berthold,
Rapberger, and Ulbricht 2023) and other popular forms of
structured argumentation (Modgil and Prakken 2013).

While the present work has focused on the canonical se-
mantics for BSAFs (which capture ABA semantics), the
literature on bipolar argumentation provides a wide range
of alternative interpretations of support (Cohen et al. 2014;
Cohen et al. 2018; Amgoud et al. 2008; Polberg 2016;
Boella et al. 2010). Furthermore, (Berthold, Rapberger, and
Ulbricht 2024) develop novel BSAF semantics aimed at ad-
dressing certain undesirable properties of the canonical ap-
proach. Extending established notions of support to the set-
ting of set-supports, as well as developing corresponding
splitting techniques for these alternative BSAF semantics,
is a promising direction for future research.

Lastly, we plan to study the relation of our splitting tech-
niques to the aforementioned principles of directionality,
modularity and SCC-recursiveness. For doing so, appropri-
ate notions of these principles in the presence of supports
need to be identified, which we deem an interesting direc-
tion of future work on its own. As suitable starting points
for these studies, we identify the principle-based analyzes
for SETAFs (Dvordk et al. 2024) and BAFs (Yu et al. 2023).
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