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Abstract

To better understand, and analyse, natural language argu-
ments, it is desirable to represent them as logical arguments.
However, most real-world arguments are enthymemes (i.e.
some of the premises and/or claims are implicit), and there-
fore, there is a need to identify these implicit aspects. A
ramification of this is that we may then need to edit some
of the explicit premises and/or claim to remove redundant as-
pects and/or to allow the newly identified implicit formulae
to work correctly with the explicit formulae. Furthermore,
we may need to edit the claim so that it correctly attacks or
supports other arguments as predicted by argument mining or
as required by the user. To address these requirements, we
propose a logic-based framework, based on classical propo-
sitional logic, for representing enthymemes, and manipulat-
ing them through a range of logical operations. We intro-
duce meta-level rules to manipulate arguments (e.g. to add or
delete premises, to edit claims, to split an argument into two
arguments, and to merge two arguments into one). In order
to direct the use of meta-level rules, we also introduce gain
measures. When choosing a sequence of meta-level rules to
apply, we can choose those that increase gain. This meta-
level reasoning framework provides some clarity on the na-
ture of enthymemes, and on how agents might elucidate them
through a transparent and incremental process.

1 Introduction
There are a number of frameworks for modelling argumen-
tation in logic. They incorporate a formal representation of
individual arguments, where the premises imply the claim,
and techniques for comparing conflicting arguments (Atkin-
son et al. 2017). However, real arguments (i.e. arguments
presented by humans) usually do not have enough explic-
itly presented premises for the entailment of the claim. This
is because there is some contextual, common, or common-
sense, knowledge that can be assumed by a proponent of an
argument and the recipient of it (Walton 2001).

To understand a natural language enthymeme, we can
translate the explicit premises and claim into logical formu-
lae, and then try to decode it, for instance, by identifying
formulae to add to the premises that would then allow the
premises to entail the claim.
Example 1. Suppose, we hear the enthymeme “it is a
square, the sum of its corners is 360 degrees”. We can trans-
late it into logic. Let s be “it is a square”, and t be “the sum

of its corners is 360 degrees”. So s does not logically entail
t. Now let f be “it has four corners”, and e be “each cor-
ner is 90 degrees”. So for instance, with the set of formulae
{s, s → f ∧ e, f ∧ e → t} we can infer the claim t.

Whilst human agents constantly need to understand en-
thymemes, whether in everyday or professional life, there
is a lack of adequate methods for supporting this process.
There are some proposals for extending argument mining
to identify implicit knowledge (for a review, see (Sviri-
dova, Cabrio, and Villata 2025)), though this is a challeng-
ing task. For logic-based representation of enthymemes, de-
coding can be modelled as abduction (Hunter 2007; Black
and Hunter 2012; Hosseini, Modgil, and Rodrigues 2014),
and there has been some consideration of how this can
be undertaken within a dialogue (Black and Hunter 2008;
de Saint-Cyr 2011b; de Saint-Cyr 2011a; Xydis et al. 2020;
Panisson, McBurney, and Bordini 2022; Leiva, Gottifredi,
and Garcı́a 2023). However, these proposals only con-
sider some kinds of enthymemes, and they lack logical tools
to support a user in investigating, and reasoning with, en-
thymemes arising in natural language. Two recent proposals
offer ways to judge candidates for decoding of enthymemes
(Ben-Naim, David, and Hunter 2025; David and Hunter
2025), but they assume that somehow we can find these can-
didates. They do not provide a means for incrementally con-
structing candidates, and furthermore, they do not consider
how this is part of a wider process of elucidating a set of ar-
guments and counterarguments. We aim to address some of
these shortcomings in this paper.

Translating natural language arguments into logic offers
a clear and unambiguous representation of the explicit in-
formation in the arguments. This is the starting point for
what we present in this paper. We do not investigate trans-
lating language into logic in this paper but the advent of large
language models offers promising methods we could use
(e.g. (Lu et al. 2022; Olausson et al. 2023; Pan et al. 2023;
Lalwani et al. 2024; Yang et al. 2024; Feng and Hunter 2025;
Liu 2025; Sadeddine and Suchanek 2025)).

As context for this paper, we assume argument mining is
applied to some text to identify the arguments and the sup-
port and attack relationships between them. Then the text
describing each argument is translated into classical logic
which results in an argument map (a directed graph where
a logical argument is assigned to each node). As the argu-
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ments are enthymemes, it may be necessary to edit them in
order to elucidate (i.e. make clearer) the argument map —
for instance, in one or more of the following ways:
• to change premises because some premises are missing

(and so require additional premises), and/or there are un-
necessary premises (and so require removal);

• to change claims by strengthening or weakening so they
have the correct relationship (attack, support, or neither)
with other arguments as identified by argument mining;

• to restructure arguments by dividing some arguments be-
cause they are complicated (perhaps because they have
too many premises) and/or merging some arguments (per-
haps because each has too few premises, and the graph
could benefit by combining the arguments into fewer but
more substantial arguments).
We illustrate the above ways of elucidation in the follow-

ing examples where we assume an argument is a set of for-
mulae (premises) and a formula (claim). An argument is
valid if its premises entail its claim.
Example 2. To illustrate changing premises, let r be
“weather report predicts rain”, and let u be “you should
take an umbrella”. The pair ⟨{r}, u⟩ is an enthymeme
since the premises are insufficient for entailing the claim.
We can change the premises by adding a formula so that
⟨{r, r → u}, u⟩ is now a valid argument.

Now let c be “weather report predicts cold weather”, and
consider the argument ⟨{r, r → u, c}, u⟩. Since this has an
irrelevant premise c, we can delete this premise to give the
valid argument ⟨{r, r → u}, u⟩.
Example 3. To illustrate changing a claim, consider the
atoms from Example 2, and let w be “the weather report pre-
dicts strong wind”. Below, the left argument has a claim that
does not logically contradict the premises of the right argu-
ment, even though argument mining suggests it is a coun-
terargument. By editing premises and claim of the counter-
argument to give ⟨{w, r, w → ¬u},¬(r → u)⟩, we have a
counterargument that logically attacks the right argument
by negating the defeasible implication r → u.

⟨{w}, w⟩ ⟨{r, r → u}, u⟩
−

Example 4. To illustrate restructuring, let l be “he needs
his laptop”, p be “he needs to make a presentation at the
meeting”, i be “he needs to impress his boss at the meet-
ing”, and a be “he is applying for promotion”, which can
be used for the argument ⟨{l, l → p, p → i, i → a}, a⟩.
Here, it might be desirable to split this argument into simpler
arguments (each making a more focused point) as follows.

⟨{l, p → p}, p⟩ ⟨{p, p → i}, i⟩ ⟨{i, i → a}, a⟩
+ +

Further benefits of this restructuring include the first new ar-
gument represents only one possible way to achieve the final
goal (i.e. applying for a promotion). In the original argu-
ment, if we assume, one or two attacks, such that his laptop
does not work or that he forgot it, the entire argument col-
lapses (in a deductive setting). However, alternative options
could exist, such as borrowing another laptop.

In the following, we review deductive argumentation
(Besnard and Hunter 2001), and we show how this can be
used for modelling enthymemes. Then we introduce our
novel framework based a set of meta-level rules that manip-
ulate argument maps, and a gain function that can be used to
ensure that applications of meta-rules improves the elucida-
tion of the argument map (e.g. increases the number of valid
arguments and/or the number of logical arguments that cor-
rectly attack or support the other arguments). We illustrate
how the framework can be used, and provide some results,
with proofs in (Ben-Naim, David, and Hunter 2026).

2 Deductive Argumentation
We adapt a version of deductive argumentation proposed for
handling enthymemes (Hunter 2007; Hunter 2022).

Let L be the set of propositional formulae composed as
usual from atoms A and the logical connectives ∧, ∨, ¬, and
→. We use α, β, γ, δ, ϕ, ψ, . . . for arbitrary formulae and
∆,Φ,Ψ, . . . for arbitrary sets of formulae. A knowledgebase
K ⊆ L is a set of formulae. Let ⊢ denote the classical
consequence relation, and write ∆ ⊢ ⊥ to denote that ∆ is
inconsistent. Let Atoms(∆) give the atoms appearing in the
formulae in ∆.

An argument is a pair ⟨Φ, α⟩ where Φ ⊆ L and α ∈ L.
This is a very general definition. It does not assume that Φ
is consistent, or that Φ entails α. Let A = {⟨Φ, α⟩ | Φ ⊆
L and α ∈ L} be the set of all arguments. For ⟨Φ, α⟩ ∈ A,
let Support(⟨Φ, α⟩) be Φ, and let Claim(⟨Φ, α⟩) be α.

Some kinds of arguments include: If Φ ⊢ α, then ⟨Φ, α⟩
is valid; If Φ ̸⊢ ⊥, then ⟨Φ, α⟩ is consistent; If Φ ⊢ α, and
there is no Φ′ ⊂ Φ such that Φ′ ⊢ α, then ⟨Φ, α⟩ is minimal;
And if Φ ⊢ α, and Φ ̸⊢ ⊥, then ⟨Φ, α⟩ is expansive (i.e. it is
valid and consistent, but it may have unnecessary premises).
A strict argument is a valid, consistent, and minimal, argu-
ment. In addition, we require a further kind of argument that
has the potential to be transformed into a valid argument: If
Φ ̸⊢ α, and Φ ̸⊢ ¬α, then ⟨Φ, α⟩ is a precursor (i.e. it is
a precursor for a valid argument). Therefore, if ⟨Φ, α⟩ is a
precursor, then there exists some Ψ ⊂ L such that Φ∪Ψ ⊢ α
and Φ ∪Ψ ̸⊢ ⊥, and hence ⟨Φ ∪Ψ, α⟩ is expansive.

Example 5. Let ∆ = {a,¬a ∨ b, c,¬b, b,¬c,¬b ∨
c}. Some arguments from ∆ that are valid include
{A1, A2, A3, A4, A5, A8} of which {A1, A3, A4, A8} are expan-
sive, {A2, A4, A8} are minimal, and {A4, A8} are strict ar-
guments. Also, some arguments that are not valid include
{A6, A7} of which A6 is a precursor.

A1 = ⟨{a,¬a ∨ b, c, b}, b⟩ A2 = ⟨{c,¬c}, b⟩
A3 = ⟨{a,¬a ∨ b, c}, b⟩ A4 = ⟨{a,¬a ∨ b}, b⟩
A5 = ⟨{a,¬a ∨ b, c,¬c}, b⟩ A6 = ⟨{¬a ∨ b}, b⟩
A7 = ⟨{¬a ∨ b,¬b ∨ c,¬c}, b⟩ A8 = ⟨{}, a ∨ ¬a⟩

An enthymeme is a precursor that can be generated from
a strict argument (i.e. a precursor ⟨Φ, α⟩ is an enthymeme
for argument ⟨Ψ, β⟩ iff Φ∪Ψ ̸⊢ ⊥ and {α, β} ̸⊢ ⊥). So if a
proponent has a strict argument that it wishes to present to a
recipient, the intended argument, then the proponent may
send an enthymeme instead of the intended argument to the
recipient. The notion of an enthymeme, and the connection
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Augment

Strengthen

Augment

⟨{b}, f⟩ ⟨{p},⊤⟩
−

⟨{b, b → f}, f⟩ ⟨{p},⊤⟩
−

⟨{b, b → f}, f⟩ ⟨{p}, b ∧ ¬f⟩
−

⟨{b, b → f}, f⟩ ⟨{p, p → b, p → ¬f}, b ∧ ¬f⟩
−

Figure 1: Example of a metaproof. Each box contains an argument
map. Let the left and right nodes of each argument map be n1
and n2. The argument is given for each node in each argument map
where b is bird, f is fly, p is penguin. The expected relation is given
above the arc in each argument map. By convention, only attack
and support relationships are given in the figures for metaproofs.
The meta-level rule used is on the right of each big arrow.

with its intended argument, is very general. Often, there
is a tighter relationship between an enthymeme ⟨Φ, α⟩ and
intended argument ⟨Ψ, β⟩ — with for instance, Φ ∩ Ψ ̸= ∅,
or Φ ⊆ Ψ and {β} ⊢ α, holding.
Example 6. Consider the atoms in Example 2. For an in-
tended argument ⟨{r, r → u}, u⟩, the enthymeme sent by
the proponent to the recipient may be ⟨{r}, u⟩.

Argument A attacks argument B if C(A) ⊢ ¬
∧
S(B).

This is only one option but it is the most general definition
considered in (Besnard and Hunter 2001). For other defini-
tions, see (Cayrol 1995; Besnard and Hunter 2001)
Example 7. Argument ⟨{a ∨ b, c}, (a ∨ b) ∧ c⟩ attacks ar-
gument ⟨{¬a,¬b},¬a ∧ ¬b⟩,

An argument A supports argument B if there is an ϕ ∈
S(B) such that C(A) ⊢ ϕ.
Example 8. Argument ⟨{a ∨ b ∨ c,¬c}, a ∨ b⟩ supports
argument ⟨{a ∨ b ∨ d,¬d,¬b}, a⟩.

In the next section, we explain how we can consider a set
of arguments and counterarguments in a graphical structure.

3 Argument Maps
We assume that we start with an argument map (as defined
below) that has been obtained by argument mining of an ar-
ticle (or perhaps a dialogue). In the definition below,R is the
expected relation between the pairs of nodes. For instance, if
argument mining classifies the relationship from a text argu-
ment associated with node x1 to a text argument associated
with x2 as attack (respectively support), then the expected
assignment R(x, y) is − (respectively +), otherwise it is 0
(i.e. neutral).
Definition 1. An argument map is a tuple (N,R, I) such
that N is a set of nodes, R : N ×N → {+, 0,−} is an ex-
pected relation between the pairs of nodes, and I : N → A

Merge

Augment

Strengthen

Augment

⟨{}, a⟩ ⟨{b}, b⟩ ⟨{}, c⟩
+ −

⟨{b}, a⟩ ⟨{}, c⟩
−

⟨{b, b → a}, a⟩ ⟨{}, c⟩
−

⟨{b, b → a}, a⟩ ⟨{}, c ∧ (¬c ∨ ¬b)⟩
−

⟨{b, b → a}, a⟩ ⟨{c ∧ ¬b}, c ∧ (¬c ∨ ¬b)⟩
−

Figure 2: Example of a metaproof. Each box contains an argument
map. The meta-level rule used is on the right of each big arrow.

is an injective instantiation function that assigns an argu-
ment to each node.

We give examples of argument maps in Figures 1 and 2.
For instance, in Figure 1, the top argument map is instan-
tiated with enthymemes and the bottom is instantiated with
strict arguments where each strict argument is obtained from
an enthymeme in the first argument map.

The support for an argument map M = (N,R, I), de-
noted Support(M), is the union of the premises of its argu-
ments (i.e. Support(M) = ∪x∈NS(I(x))). Let M = {M |
Support(M) ⊆ L} be the set of all argument maps.

Given an argument map M = (N,R, I), we can obtain
the logical relation between the arguments as follow where
LRM : N ×N → {+, 0,−}. For each x, y ∈ N , if I(x) at-
tacks I(y), then LRM (x, y) = −, else if I(x) supports I(y),
then LRM (x, y) = +, else LRM (x, y) = 0. So if an argu-
ment both attacks and supports another argument, it is the
attack that we identify. By letting attacks take precedence
over support, we have a function.

Example 9. In Figure 1, let the top argument map be
M1, and let the bottom argument map be M2. Therefore,
LRM1(n1, n1) = 0, LRM1(n1, n2) = 0, LRM1(n2, n1) = 0,
LRM1(n2, n2) = 0, LRM2(n1, n1) = 0, LRM2(n1, n2) = 0,
LRM2(n2, n1) = −, and LRM2(n2, n2) = 0.

To recap, for an argument map (N,R, I),R is the relation
identified by argument mining between the natural language
arguments, and so it is the relation we may want to hold for
the logical arguments. In other words, we may choose to
seek an instantiation I such that LRM = R.

4 Meta-level Rules
We informally describe three types of meta-level rule for
manipulating arguments and then, in Table 1, we formalize

Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

158



Operation Preconditions Postconditions
Graphical Logical Logical Graphical

Divide n1 ∈ N I(n1) = ⟨Φ ∪Ψ, α⟩ I(n2) := ⟨Ψ, β⟩ N := (N \ {n1}) ∪ {n2, n3}
n2, n3 ̸∈ N I(n3) := ⟨Φ, α⟩ R := Divide(R,n1, n2, n3)

Merge n1, n2 ∈ N I(n1) = ⟨Φ, α⟩ I(n3) := ⟨Φ ∪Ψ, α⟩ N := (N \ {n1, n2}) ∪ {n3}
n3 ̸∈ N I(n2) = ⟨Ψ, β⟩ R := Merge(R,n1, n2, n3)
R(n1, n2) = +

Augment n ∈ N I(n) = ⟨Φ, α⟩, Ψ ⊆ K I(n) := ⟨Φ ∪Ψ, α⟩
Shrink n ∈ N I(n) = ⟨Φ, α⟩, Ψ ⊆ Φ I(n) := ⟨Ψ, α⟩
Strengthen n ∈ N I(n) = ⟨Φ, α⟩, {β} ⊢ α I(n) := ⟨Φ, β⟩
Weaken n ∈ N I(n) = ⟨Φ, α⟩, {α} ⊢ β I(n) := ⟨Φ, β⟩

Table 1: Definitions for meta-level rules where (N,R, I) is an argument map and K is a decoding knowledgebase. The first two rules
concern arguments, the second two rules concern premises, and the third two rules concern claims. For each rule, if the preconditions are
satisfied (i.e. there are the arguments of the specified form, and the specified consequence, and subset relationships hold), then the argument(s)
in the post-condition are obtained. Note, for the augment rule, any formula added to the premises comes from a decoding knowledgebase K.
The Divide and Merge functions are defined below in Definition 2 and Definition 3 respectively.

them. These are the argument restructure rules that merge or
divide arguments, the premise amendment rules that add or
delete formulae from the premises, and claim editing rules
that make the claim weaker or stronger.

Argument restructure rules These can divide an argu-
ment into two arguments, or merge two arguments into a
single argument. The divide rule is useful when an argument
appears too complicated, whereas when a pair of arguments
appear too busy, they can be merged into one, as illustrated
in Example 10. We introduce (in Section 6) the degree of
detail which judges an argument as overly complex if it ex-
ceeds a specified number of formulae in its premises. Fur-
ther ways of judging arguments include evaluating the com-
plexity of the formulae used in the premises and/or claim
(e.g. the number of occurrences of logical connectives, the
degree of nesting of logical connectives, and the number of
different propositional letters occurring).

Example 10. An argument A1 = ⟨{a, a → c, c → b}, b⟩
can be divided into A2 = ⟨{a, a → c}, c⟩ and A3 = ⟨{c →
b}, b⟩. Similarly, A2 and A3 can be merged into A1.

Premise amendment rules An amendment rule either
adds formulae from a knowledgebase K (that we refer to as
the decoding knowledgebase) to the premises (augment), or
subtracts formulae from the premises (shrink) as in Example
11. If appropriate formulae are added and/or deleted, it can
result in an enthymeme being made into a strict argument as
in A3 of Example 11. Whether this is possible depends on
what is in the decoding knowledgebase K.

Example 11. For argument A1 = ⟨{c, d, f}, a⟩, an aug-
mentation is A2 = ⟨{c,¬c ∨ ¬d ∨ a, d, f}, a⟩. For A2,
A3 = ⟨{c,¬c ∨ ¬d ∨ a, d}, a⟩ is a shrinkage.

Claim editing rules The claim editing rules are intended
to change the claim of the argument so that it is implied by
the premises or that it attacks or supports another argument
as required by the expected relation.

Example 12. Consider the enthymeme ⟨{b}, e⟩ where b is
“bird”, and e is “lays eggs”. Also let K = {b ∧ f, b ∧
f → c} where f is “female” and c is “capable of laying

n1x y

z

Divide

n2 n3x y

z

+

Figure 3: Schematic diagram of the divide operation (Definition 2)
on a node n1 and the nodes that it is connected to. As a result, n2

and n3 are introduced, with the connections of n1 adjusted for n2

and n3. Everything else in the map remains the same.

eggs”. Suppose we augment the premises to give ⟨{b, b ∧
f → c}, e⟩, To make this valid, we can apply the weakening
and strengthening rules to change the claim, plus apply the
augment and shrink rules to change the premises, to give
⟨{b ∧ f, b ∧ f → c}, c⟩.

We can characterize elucidation of enthymemes in terms
of the six meta-level rules in Table 1. As we will discuss
in the next section, these rules are very liberal. In a later
section, we will introduce gain measures to help control the
use of the meta-rules so that they guide the derivation of
desirable elucidations of argument maps.

In general, elucidating an argument map, requires a se-
quence of steps (i.e. a sequence of meta-rules) to incremen-
tally change the argument map (as in Figures 1 and 2).

The following definition returns the expected relation af-
ter the divide meta-level proof rule is applied. The function
removes the arcs involving n1 (the node being divided) and
adds corresponding arcs for n2 and n3 (the nodes resulting
from the division of n1). A schematic representation of what
arcs are added and deleted is given in Figure 3.
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Definition 2. The function Divide(R,n1, n2, n3) returns the
following set where # ∈ {+, 0,−}:

(R \ Sub(R,n1)) ∪ Add(R,n1, n2, n3)

where Sub(R,n1) is {(x, y,#) ∈ R | x = n1 or y = n1},
and Add(R,n1, n2, n3) is the union of the four sets below.

1. {(n2, n3,+)}
2. {(x, n2,#) | (x, n1,#) ∈ R and (n1, x,#) ̸∈ R}
3. {(n3, y,#) | (n1, y,#) ∈ R and (y, n1,#) ̸∈ R}
4. {(z, n3,#), (n3, z,#) | (z, n1,#), (n1, z,#) ∈ R}

We explain each of the above four sets as follows: (1) this
is the assumption that the arc from one of the new nodes
to the other is a support relation; (2) a unidirectional attack
(undercut) or support on n1 is taken by n2; (3) a unidirec-
tional attack (undercut) or support by n1 is taken by n3; and
(4 ) a bidirectional attack (rebuttal) or support involving n1
is taken by n3.

The following definition returns the expected relation af-
ter the merge meta-level proof rule is applied. The func-
tion removes the arcs involving n1 and n2 (the nodes being
merged) and adds corresponding arcs for n3 (the node re-
sulting from the merger of n1 and n2). A schematic repre-
sentation of this is given in Figure 4.
Definition 3. The function Merge(R,n1, n2, n3) returns the
following set where # ∈ {+, 0,−}:

(R \ Sub(R,n1, n2)) ∪ Add(R,n1, n2, n3)

where Sub(R,n1, n2) is

{(x, y,#) ∈ R | x ∈ {n1, n2} or y ∈ {n1, n2}}
and Add(R,n1, n2, n3) is the union of the two sets below.

1. {(x, n3,#) | (x, y,#) ∈ R and y ∈ {n1, n2}}
2. {(n3, y,#) | (x, y,#) ∈ R and x ∈ {n1, n2}}

In the above definition, the subtracted arcs are those in-
volving the removed nodes n1 and n2, and the added arcs
are those with node n3 replacing either n1 and n2.

Note, in Definitions 2 and 3, when we divide or merge, we
are specifying what we want from the expected relationR in
the restructured argument map, and so they do not depend on
the current logical relationships. For instance, for divide, we
introduce two new nodes n2 and n3 with R(n2, n3) = +.
So then in subsequent proof steps, we will try to edit the
premises and/or claim of the new supporting argument so
that eventually I(n2) does indeed support I(n3).

5 Metaproofs
Now we take an argument map (e.g. from argument mining
of an article or a dialogue), and then iteratively apply meta-
level rules from Table 1, to form a metaproof (as defined
below) to obtain a revised argument map.
Definition 4. A metaproof is a tuple P = (X,K) where
X = (M1, . . . ,Mk) is a sequence of argument maps, andK
is a decoding knowledgebase s.t. for each i ∈ {1, . . . , k−1},
Mi+1 is obtained from Mi using one application of a meta-
level rule. We say that Mk is obtained from M1 using P .
Let P be the set of metaproofs and PK ⊆ P be the set of
metaproofs where K is the decoding knowledgebase.

n1 n2x

yz

+
x′

y′
z′

Merge

n3x

y

z

x′

y′

z′

Figure 4: Schematic diagram of merge operation (Definition 3) on
nodes n1 and n2 and the nodes that they connect to. As a result, n3

introduced, with the connections of n1 and n2, reassigned to n3.
Everything else in the map remains the same.

Examples of metaproofs are given in Figures 1 and 2. In
these examples, the resulting argument maps contain strict
arguments, but this does not need to be the case.

For a metaproof P = ((M1, . . . ,Mk),K), we require
the following subsidiary functions: Let In(P ) = M1,
Out(P ) =Mk, and Len(P ) = k.

The metaproof connection function ⊕ is defined as
follows where P1 = ((M1

1 , . . . ,M
1
n1
),K1) and P2 =

((M2
1 , . . . ,M

2
n2
),K2) are metaproofs: If M1

n1
= M2

1 , then
P1 ⊕ P2 is ((M1

1 , . . . ,M
1
n1
,M2

2 , . . . ,M
2
n2
),K1 ∪K2).

An atomic metaproof is a metaproof ((M1,M2),K).
So it is a metaproof involving exactly one proof rule. For
P ∈ P , where P = ((M1, . . . ,Mk),K), let Atomic(P ) =
{((Mi,Mi+1),K) | i ∈ {1, . . . , k}} be the set of atomic
metaproofs in P . So for atomic metaproofs P1, . . . , Pk−1,
Atomic(P ) = {P1, . . . , Pk−1} iff P = P1 ⊕ . . .⊕ Pk−1.

For an atomic metaproof ((M1,M2),K), if M1 = M2,
then M2 can be obtained (trivially) from M1 using augment
or shrink (with no premises added or deleted) or strengthen
or weaken (with the claim unchanged), whereas if M1 ̸=
M2, then there is only one of the meta-level rules in Table 1
that can be applied to obtain M2 from M1.

We now consider some subsidiary definitions. For a
metaproof P = (X,K): P is finite iff X is a fi-
nite sequence; P is minimal iff there is no metaproof
P ′ s.t. In(P ) = In(P ′) and Out(P ) = Out(P ′) and
Len(P ) > Len(P ′); and P is non-repetitive iff for all
n,m ∈ {1, . . . , k}, if n ̸= m, then Mn ̸=Mm.
Proposition 1. If P ∈ P is minimal, then P is non-
repetitive.
Proposition 2. If K1 ⊆ K2, then PK1 ⊆ PK2 .

The logical rules are reversible in the sense that for any
argument, and sequence of rules, we can apply further rules
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to get the original argument back.
Proposition 3. For each P ∈ P s.t. In(P ) = A, there is a
metaproof P ′ s.t. In(P ⊕ P ′) = A, and Out(P ⊕ P ′) = A.

Different choices of proof system (i.e. different sets of
meta-level rules) allow for different types of elucidation. Let
Pamend (respectively Pedit, and Pae) be the metaproofs ob-
tained only with the premise amendment proof rules, (re-
spectively, only with the claim edit proof rules, and only
with the premise amendment and claim edit proof rules).
Proposition 4. If P ∈ Pae, and In(P ) = (N1, R1, I1) and
Out(P ) = (N2, R2, I2) then (N1, R1) and (N2, R2) are
isomorphic.

The next result shows that a claim can be changed into
any other formula using strengthen and weaken.
Proposition 5. For any arguments ⟨Φ, α⟩, ⟨Φ, β⟩ ∈ A,
there is a P ∈ Pedit s.t. In(P ) = (N1, R1, I1) and
Out(P ) = (N2, R2, I2) and there is an n ∈ N1 ∩ N2 s.t.
I1(n) = ⟨Φ, α⟩, and I2(n) = ⟨Φ, β⟩.

The next result shows that if all formulae are in the
decoding knowledgebase, then using the augment, shrink,
strengthen, and weaken, meta-level rules are sufficient for
any argument to be turned into any other argument.
Proposition 6. If decode knowledgebase K is L, then for
any arguments ⟨Φ, α⟩, ⟨Φ, β⟩ ∈ A, there is a P ∈ Pae

s.t. In(P ) = (N1, R1, I1) and Out(P ) = (N2, R2, I2)
and there is an n ∈ N1 ∩ N2 s.t. I1(n) = ⟨Φ, α⟩, and
I2(n) = ⟨Ψ, β⟩.

The above result shows that metaproofs are liberal in what
can be derived. Furthermore, there are potentially many
metaproofs that can be generated. (c.f. natural deduction
allows many possible proofs). Therefore, if we want to use
metaproofs in automated reasoning, we need to impose con-
straints to control them so they give useful elucidations. We
do this next by introducing the notion of a gain function.

6 Measuring Gain
So far we have assumed that a metaproof P has been con-
structed without considering how rules are chosen. We now
consider how we can direct the choice of rule using the fol-
lowing general notion of a gain function.
Definition 5. Let P be the set of meta-proofs. A gain func-
tion G : P → R s.t. for all P ∈ P , G(P ) = 0 if
In(P ) = Out(P ).

As an illustration, the strict gain functionGstrict : Pae →
Z gives the additional number of arguments that are elu-
cidated as strict arguments between the input and output
argument maps: If M2 = (N,R, I2) be obtained from
M1 = (N,R, I1) using T , then Gstrict(T ) is

|{n ∈ N | I2(n) is strict and I1(n) is not strict}|
In Defn 5, the constraint G(P ) = 0 if In(P ) = Out(P )

captures whether or not the output argument map is better
than the input argument map. More specifically, if the input
is the same as the output, then there is zero gain.

Further constraints that we may wish to adopt include
the following which capture potentially desirable features of
specific gain functions where P ∈ P:

C1 G(P ) > 0⇔ for all P ′ ∈ Atomic(P ), G(P ′) > 0.

C2 G(P ) > 0⇒ there is a P ′ ∈ Atomic(P ), G(P ′) > 0.

C3 G(P ) < 0⇒ there is a P ′ ∈ Atomic(P ), G(P ′) < 0.

The first constraint above captures the requirement that
for the metaproof to have positive gain, then every atomic
step has to be positive. The second constraint is a weaker
version of the first in that if the metaproof has a positive
gain, then there has to be an atomic step that has positive
gain. The third constraint is the counterpart to the second
constraint in that if the metaproof has a negative gain, then
there has to be an atomic step that has negative gain. We
can also consider constraints on pairs of metaproofs such as
follows, which captures a preference over metaproofs with
the same input and output that are shorter, where P, P ′ ∈ P:

C4 G(P ) > G(P ′) ⇔ In(P ) = In(P ′) and Out(P ) =
Out(P ′) and Len(P ) < Len(P ′)

To define specific gain functions, we will introduce mea-
sures of a specific dimension of an argument map (each of
which is a type of map measure, denoted by Mapσ , where σ
is the type). We define six types below, and discuss further
variants.

Degree of entailment For Φ ⊆ L, let W (Φ) be the set
of interpretations of Φ delineated by the atoms used in Φ
(i.e. W (Φ) = ℘(Atoms(Φ))). For an argument A, let ∆ =
S(A), and Γ = {C(A)}, let M(∆,Γ) be the set of models
of ∆ that are in W (Γ). So M(∆,Γ) = {w |= ∧∆ | w ∈
W (Γ)} where |= is classical entailment. In the following
definition, the degree of argument entailment for A, denoted
ArgEnt(A), is the number of models that ∆ and Γ have in
common divided by the number of models for ∆. If ∆ ⊢ ⊥,
then ArgEnt(A) = 1, otherwise:

ArgEnt(A) =
|M(∆,∆ ∪ Γ) ∩M(Γ,∆ ∪ Γ)|

|M(∆,∆ ∪ Γ)|

Example 13. ArgEnt(⟨{a}, a∧ b⟩) = 1/2, ArgEnt(⟨{a}, a∧
b ∧ c⟩) = 1/4, ArgEnt(⟨{a}, a ∧ b ∧ c ∧ d⟩) = 1/8,
ArgEnt(⟨{a ∧ b}, a ∨ b⟩) = 1, ArgEnt(⟨{a ∧ b ∧ c}, a ∧ e⟩)
= 1/2, ArgEnt(⟨{a ∧ b}, a ∧ ¬b⟩) = 0.

For an argument map M = (N,R, I), the degree of map
entailment is the average of the degree of argument entail-
ment: MapEnt(M) = 1/|N | × (

∑
n∈N ArgEnt(I(n))).

Degree of consistency For this, we can use an inconsis-
tency measure. For instance, we can use the cardinality of
the set of minimal inconsistent subsets of a set ∆ of propo-
sitional formulae denoted |MinInc(∆)|. The degree of ar-
gument consistency, denoted ArgCon(A), is defined below,
where n is the cardinality of ∆ and

(
n

⌊n/2⌋
)

is the upper
bound on |MinInc(∆)| as it is the maximum number of sub-
sets of ∆ for which none is a subset of another (Sperner’s
theorem). If S(A) = ∅, then ArgCon(A) = 1, otherwise:

ArgCon(A) = 1− |MinInc(S(A))|(
n

⌊n/2⌋
)

Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

161



Example 14. Consider argument A where S(A) = {a ∨
b,¬a,¬b ∧ c,¬c, d, e}. Since MinInc(S(A)) = {{a ∨
b,¬a,¬b ∧ c}, {¬b ∧ c,¬c}}, and

(
6
3

)
= 20, ArgCon(A) =

1− (2/20) = 9/10.
For an argument map M = (N,R, I), the degree of map

consistency is the average of the degree of argument consis-
tency: MapCon(M) = 1/|N | × (

∑
n∈N ArgCon(I(n))).

The degree of argument consistency is the complement of
its degree of inconsistency. There are various options for
measuring inconsistency in a set of formulae (for a review,
see (Thimm 2016)) with counting the number of minimal
inconsistent subsets being the basis of many of them. We
use the normalized version to give a value in the unit interval
(Besnard and Grant 2020).

Degree of minimality For an argument A = ⟨Φ, α⟩,
MinProof(Φ, α) is {Ψ ⊆ Φ | Ψ ⊢ α and there is not a Ψ′ ⊂
Ψ s.t. Ψ′ ⊢ α} and let Nec(A) be the following set:

Max({|Ψ| | Ψ ∈ MinProof(S(A),C(A))})
For argument A, we define the degree of argument minimal-
ity, denoted ArgMin(A), as follows: If A is not valid, then
ArgMin(A) = 0, otherwise:

ArgMin(A) = 1− |S(A)| − Nec(A)

|S(A)|
Essentially, ArgMin is a measure of the proportion of the sup-
port of an argument that is necessary for the entailment.
Example 15. Let A = ⟨{¬a, a∨b, b → c,¬a∨b → c}, c⟩.
So |S(A)| = 4 and Nec(A) = 3. Hence, ArgMin(A) = 2/3.

For an argument map M = (N,R, I), the degree of map
entailment is the average of the degree of argument entail-
ment: MapMin(M) = 1/|N | × (

∑
n∈N ArgMin(I(n))).

Degree of agreement This is intended to capture the de-
gree of agreement between the expected relation and the log-
ical relation, and so we use the expected relation R as what
is required (i.e. the gold standard). Let M = (N,R, I) be
an argument map and n the cardinality of N . The degree
of agreement of M is defined as follows: If N = ∅, then
MapAgr(M) = 1, otherwise:

MapAgr(M) =
|{(x, y) ∈ N2 | R(x, y) = LRM (x, y)}|

n2

Example 16. For Figure 2, for the top (respectively bottom)
argument map M1 (respectively M2), MapAgr(M1) = 7/9
and MapAgr(M2) = 1.

Degree of detail With the degree of detail, µ denotes the
desired number of formulae in the support of each argument.
For any x ∈ R, let absolute(x) be the absolute value of
x. For argument A, the degree of argument detail, denoted
ArgDetµ(A), is defined below:

ArgDetµ(A) =
1

absolute(|S(A)| − µ) + 1

When |S(A)| = µ, ArgDetµ(A) is 1, and as the difference
between |S(A)| and µ increases, ArgDetµ(A) approaches 0.

Example 17. Let S(A) = {a, b, c, a ∧ b ∧ c → d,¬d ∨
e,¬f → ¬e,¬(g ∧ h)}, with µ = 3. So ArgDetµ(A) = 1/5.

For an argument map M = (N,R, I), the degree of
map detail is the average of the degree of argument detail:
MapDetµ(M) = 1/|N | × (

∑
n∈N ArgDetµ(I(n))).

We could define variants of the degree of argument de-
tail such as a measure that would have the value 1 when the
number of premises below or equal to µ, otherwise the de-
gree decreases as the number of premises increases.

Degree of context This measure aims to ensure that the
claim of an argument is elucidated in a way that is relevant
to the arguments attacked or supported by that argument.
For an argument map M = (N,R, I) and an argument A,
the degree of context is defined as follows:

ArgCtx(A) =

{
1 if A attacks/supports nothing;
τ1
τ2

otherwise,

where τ1 is the number of atoms that appear in the
claim of A and in at least one argument attacked or
supported by A (i.e. τ1 = |{a ∈ Atoms(C(A)) |
there is an n ∈ N s.t. A supports or attacks I(n) and a ∈
Atoms(S(I(n)))}|), and τ2 is the number of atoms appear-
ing in the claim of A (i.e. τ2 = |Atoms(C(A))|). This de-
gree is maximal when all the atoms appearing in the claim
also appear in a formula in the premise of an argument at-
tacked or supported by it.
Example 18. Let a = “John has an umbrella”, b = “It
rains”, and c = “John travels light” be atoms. Let A be the
argument ⟨{¬a}, c⟩, let B be the argument ⟨{b}, a⟩, and let
C be the argument ⟨{b, b → a}, a⟩ that is an augmentation
of B. Both B and C attack A but not vice versa. Therefore,
ArgCtx(A) = ArgCtx(B) = ArgCtx(C) = 1.

We define the degree of context of an argument map M
as: MapCtx(M) = 1/|N | × (

∑
n∈N ArgCtx(I(n))).

Example 19. Continuing Example 18, let M be the argu-
ment map consisting of A and C, and so MapCtx(M) = 1.
Now let d = “Snails go out” be an atom and D be the argu-
ment ⟨{b, b → a, b → d}, a ∧ d⟩. Let M ′ be the argument
map consisting of A and D. Then, MapCtx(M

′) = 1+0.5
2 =

0.75. Hence, given argument A and the counter-argument B
(which are enthymemes), our gain function prefers the elu-
cidation “It rains and John always takes an umbrella when
it rains, thus John has one” (i.e. C) over the one that also
speaks about snails (i.e. D).

The degree of agreement guarantees a connection be-
tween an argument and its target (contradiction in case of
attack, entailment in case of support). The degree of context
ensures that this connection is minimal. This is analogous to
that between the degrees of entailment and minimality.

General comments All the map measures Mapσ that we
have considered above are in the unit interval, with 0 denot-
ing the worst case and 1 denoting the best case.
Proposition 7. For each M ∈ M, and for each σ ∈
{Ent,Con,Min,Agr,Ctx,Detµ}, Mapσ(M) ∈ [0, 1].
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Step Map Metarule Ent Con Min Agr Ctx Average GΠ
av

1 ⟨{}, a ∧ b⟩ −−→ ⟨{}, c⟩ - 0.375 1 0 0.75 0.5 0.525 -
2 ⟨{}, a ∧ b⟩ −−→ ⟨{d, d → c}, c⟩ Augment 0.625 1 0.5 0.75 0.5 0.675 0.15
3 ⟨{a, a → b}, a ∧ b⟩ −−→ ⟨{d, d → c}, c⟩ Augment 1 1 1 0.75 0.5 0.85 0.175
4 ⟨{a, a → b}, a ∧ b⟩ −−→ ⟨{}, c⟩ Shrink 0.75 1 0.5 0.75 0.5 0.7 -0.15
5 ⟨{a, a → b}, a ∧ b⟩ −−→ ⟨{¬b, b ∨ c}, c⟩ Augment 1 1 1 1 0.75 0.95 0.25
6 ⟨{a, a → b}, b⟩ −−→ ⟨{¬b, b ∨ c}, c⟩ Weaken 1 1 1 1 1 1 0.05

Table 2: Example for calculating average gain function for map measures Π = {Ent,Con,Min,Agr,Ctx} and decoding knowledgebase
K = {a, a → b,¬b, b ∨ c, d, d → c}. Each argument map contains two arguments where the left argument is attacking the right argument.
The metarule used to obtain the argument map from its previous step is given for steps 2 to 6. The metaproof first elucidates the right
argument, and then the left argument. But then the left argument fails to attack the right argument. So the shrink step is a backtrack step
allowing for an alternative elucidation of the right argument. With this second elucidation, the left argument does attack the right argument,
and so the degree of agreement increases. In the final step, the claim is weakened thereby increasing the degree of context. The average
column is the average of the five columns to its left. The gain value is the change in the average between the current step and its previous step.

We have just given a few options for map measures. There
are some interesting further options. For instance, splitting
degree of agreement so that we separately measure the num-
ber of expected attacks that are logical attacks, the number
of logical attacks that are not expected attacks, etc, and simi-
larly for supports (Amgoud and David 2018). Other options
include evaluating the complexity of formulae in premises.

Average gain function We assume a set of map mea-
sures Π s.t. for each σ ∈ Π, and for each P ∈ P ,
Mapσ(P ) ∈ [0, 1]. For instance, we may let Π be a par-
ticular subset of {Ent,Con,Min,Agr,Ctx,Detµ}. For a
metaproof P , let In(P ) = M1 = (M1, R1, I1), Out(P ) =
M2 = (M2, R2, I2). The average gain function, denoted
GΠ

av, is defined as follows: GΠ
av(P ) =

(
1

|Π|
×

∑
σ∈Π

Mapσ(M2))− (
1

|Π|
×

∑
σ∈Π

Mapσ(M1))

For example, for Figures 1 and 2, each metaproofs P is
such that GΠ

av(P ) > 0 when Π = {Ent,Con,Min,Agr}.
Note, the average gain function is only one option for aggre-
gating the values from a set of map measures.
Proposition 8. The average gain function is a gain function
(i.e. satisfies Definition 5) that returns a value in [−1, 1]. If
Π ⊆ {Ent,Con,Min,Agr,Ctx,Detµ}, then it satisfies con-
straints 2 and 3, but not constraints 1 or 4.

We illustrate the use of the average gain function in the
example in Table 2 for Π = {Ent,Con,Min,Agr,Ctx}, and
in Table 3 with also Detµ. In these examples, we see that
there is backtracking (i.e. moves reversed). In particular, an
augment is reversed by a shrink move, with a reversing of
the gain, which is generalized in the following result.
Proposition 9. Let Π ⊆ {Ent,Con,Min,Agr,Ctx,Detµ}.
If metaproofs P = ((M1,M2),K) and P ′ =
((M2,M1),K), then GΠ

av(P ) = −GΠ
av(P

′).
In practice, we are using the gain function to direct the

search for a better elucidation in a space of elucidations. For
instance in Table 2, we see how steps 1, 2, and 3 improve

Map Ent Con Min Agr Ctx Detµ GΠ
av

M1 0.5 1 0 1 1 0.5 -
M2 1 1 1 1 1 0.25 0.208
M3 0.5 1 0 1 1 0.5 -0.208
M4 1 1 1 1 1 1 0.333

Table 3: Let K = {a → b, c, c → d, b∧d → e,¬a∨e} and Π =
{Ent,Con,Min,Agr,Ctx,Detµ} where µ = 2. Consider the ar-
gument map M1 containing just the enthymeme ⟨{a}, e⟩. Let M2

be obtained by augmenting ⟨{a, a → b, c, c → d, b ∧ d → e}, e⟩.
This increases the degree of entailment but reduces the degree of
detail. Let M3 be the result of backtracking to ⟨{a}, e⟩, and let
M4 be an alternative augmentation ⟨{a,¬a ∨ e}, e⟩ that improves
the degree of detail. The gain value is the change in the average
between the current step and its previous step

the gain, and then we need to backtrack at step 4, and then
proceed with steps 5 and 6 to obtain the optimal solution.
If we were to look ahead, and thereby compare alternative
sequences of steps in order to identify those that only have
positive gain for each step, we could have for instance iden-
tified the sequence of steps 1, 4, 5, and 6.

7 Directed Elucidation
The aim of a metaproof is to improve the quality of the argu-
ment map by making arguments explicit and clearer. Next,
we provide some options for defining this.

Definition 6. For argument maps M1 = (N,R, I1) and
M2 = (N,R, I2), M2 is a K-decoding of M1 w.r.t. decod-
ing knowledgebase K iff for all n ∈ N , I2(n) \ I1(n) ⊆ K.

Definition 7. For argument maps M1 = (N,R, I1) and
M2 = (N,R, I2), M2 is a complete elucidation of M1

w.r.t. decoding knowledgebase K iff M2 is a K-decoding
of M1 and R = LRM

2 and for all n ∈ N , I2(n) is a strict
argument.

Next, we show that when the input and output argument
maps are isomorphic, and Π = {Ent,Con,Min,Agr}, then
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the average gain function ensures that the enthymemes are
elucidated as strict arguments, and the structure of the input
argument map is respected.
Proposition 10. For argument maps M and M ′, M ′

is a complete elucidation of M w.r.t. decoding knowl-
edgebase K iff M ′ is a K-decoding of M and Π =
{Ent,Con,Min,Agr} and ( 1

|Π| ×
∑

σ∈Π Mapσ(M
′)) = 1.

Since a complete elucidation may be regarded as captur-
ing some key requirements for an ideal elucidation of an
argument map, the above result shows that we can capture
this when the degrees of entailment, consistency, minimal-
ity, and agreement, are all 1.
Theorem 1. For argument maps M = (N,R, I1) and
M2 = (N,R, I2), M ′ is a complete elucidation of M w.r.t.
decoding knowledgebase K iff there is a finite P ∈ PK

s.t. M ′ is obtained from M using P and for all P ′ ∈ PK

s.t. M ′′ is obtained from M using P ′′, and for Π =
{Ent,Con,Min,Agr}, GΠ

av(P
′′) ≤ GΠ

av(P ).
When there is not a complete elucidation, then we need

to find the best result as a Pareto optimal solution as defined
below where condition 1 ensures that the output is a solution
and condition 2 ensures that there is no better solution.
Definition 8. For argument maps M1 and M2, M2 is an
optimal elucidation of M1 w.r.t. decoding knowledge-
base K and map measures Π iff (1) M2 is a K-decoding
of M1 and (2) there is no argument map M3 s.t. M3 is
a K-decoding of M1 and there is a σ ∈ Π for which
(Mapσ(M3) − Mapσ(M2)) > 0 and for all σ ∈ Π,
(Mapσ(M3)−Mapσ(M2)) ≥ 0.

So given a decoding knowledgebase, and a set of map
measures, an optimal elucidation of an argument map M1

is an argument map M2 for which there are no further eluci-
dation steps that can improve it (i.e. there are no steps that
can increase one map measures without decreasing another).
Therefore, as shown next, if a metaproof cannot be extended
to improve its output argument map, then the output argu-
ment map is an optimal elucidation.
Theorem 2. For a metaproof P ∈ PK , where In(P ) =M1

and Out(P ) = M2, and map measures Π, if GΠ
av(P ) ≥ 0

and there is no metaproof P ⊕ P ′ ∈ PK s.t. GΠ
av(P

′) > 0,
then M2 is an optimal elucidation of M1 w.r.t. K and Π.

The advantage of Theorem 2 is that we can obtain an op-
timal elucidation by a metaproof. Moreover, rather than ran-
domly search for the optimal solutions, we can use proof
steps, with the steering of the gain function, to find the opti-
mal solutions in a goal-directed way.

8 Derived Proof Rules
A set of natural deduction proof rules for classical logic does
not include all the natural proof rules that are valid for clas-
sical logic. In other words, from a finite set of natural de-
duction rules for classical logic, there are further proof rules
that can be derived from the set. We have the same situa-
tion with our meta-rules. Here we consider the following
derived meta-rules that are valid. They capture restrictions
on the preconditions and/or they capture multiple steps in

one rule. We assume each derived proof rule can be used
directly as a meta-rule in a metaproof.

Flip proof rule. An argument can present a claim based
on some evidence in the premises. For example, consider s =
“John is sneezing”, and c = “John has a cold”. Initially, we
may consider this as enthymeme ⟨{s}, c⟩. However, when
elucidating this enthymeme, we may wish to understand it
as a causal relationship in the form of the argument ⟨{c}, s⟩.
For an argument map M = (N,R, I), we can capture this
as the following derived proof rule where the precondition
(resp. postcondition) is above (resp. below) the line.

I(n) = ⟨{α}, β⟩ where n ∈ N

I(n) = ⟨{β}, α⟩
Refinement proof rule. The aim of refinement is to

change the premises in order to get the right level of gran-
ularity for the user. For example, consider the atoms j =
“John has a parrot”, and c = “John has good company”.
Also, consider the argument ⟨{j, j → c}, c⟩. For some au-
diences, an argument map containing this argument would
need elucidating by refining the argument as follows. Let p
= parrots are intelligent animals that are good company for
their owners. Now, with the formulae p and j ∧ p → c, we
can refine the argument as ⟨{j, j ∧ p → c}, c⟩. We assume
a preference ordering ⪯ over subsets of the knowledgebase
K where for Φ,Ψ ⊆ K, Φ ⪯ Ψ denotes that Φ is preferred
to Ψ as premises for an argument. Now we can capture this
refinement as the following derived proof rule.

I(n) = ⟨Ψ, α⟩ where n ∈ N and Φ ⪯ Ψ and Φ ⊢ α
I(n) = ⟨Φ, α⟩

For the above derived proof rule, we are assuming extra
information about the decoding knowledgebase, and there-
fore make the metaproof more constrained. Whilst speci-
fying ⪯ over all subsets of K would be impractical except
for small decoding knowledgebases, there may be efficient
heuristics that could be used to generate this ordering using,
for example, a ranking over propositional letters.

We formally define a derived proof rule as a proof rule
that satisfies the following: For all argument maps M , if
M satisfies the precondition of the proof rule w.r.t. decod-
ing knowledgebase K, and M ′ is the result of applying the
postcondition of the proof rule to M , then using the meta-
level rules in Table 1, there is a metaproof P = (X,K) s.t.
In(P ) = M and Out(P ) = M ′. By this definition, each of
the meta-rules in Table 1 is trivially a derived proof rule.
Proposition 11. The flip proof rule and the refinement proof
rule are derived proof rules.

Advantages of using derived proof rules include: (1) we
can add restrictions to the preconditions such as about the
decoding knowledgebase; (2) we can reduce multiple proof
step into a single step as in the flip proof rule; and (3) we
can define derived rules that have positive gain (depending
on the choice of gain function) for a single step but that
wouldn’t have positive gain for each step if we used the orig-
inal set of meta-level rules. To harness these advantages, we
can restrict metaproofs to specific derived proof rules (as we
did with meta-level rules in Propositions 4 to 6).
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9 Discussion
In this paper, we make the following contributions: (1) Char-
acterization of the elucidation of enthymemes in proposi-
tional logic; (2) Presentation of meta-level rules for manipu-
lating arguments in propositional logic; and (3) Presentation
of gain as a way of directing the use of meta-level rules. Our
proposal provides a clearer understanding of the process of
elucidation of enthymemes in argument maps, and it pro-
vides tools to support this process.

When applied to argument maps generated from natu-
ral language argumentation, a metaproof is an explicit and
therefore explainable derivation of the elucidation. The user
can see exactly how the output argument map has been ob-
tained from the input argument map, and this may facilitate
analysis, user-generated corrections, and also improved user
confidence in the process. We therefore see the proposal in
this paper being used to automate the process of elucidation,
possibly with a human-in-the-loop to steer elucidation. We
also see that the elucidation process could learn from the
human-in-the-loop by refining the gain functions to provide
the type of elucidations required by the user.

This paper complements evaluation of the quality of each
candidate for a decoding of an enthymeme on a pairwise ba-
sis (Ben-Naim, David, and Hunter 2025). Different quality
criteria are considered, including inference, coherence, sim-
ilarity between formulae in the enthymeme and in the can-
didate. These could provide alternative options for defining
gain functions in our proposal. However, no consideration is
given to optimization of decoding, and it only considers in-
dividual enthymemes, and so it does not consider argument
maps. In another proposal, optimization of decoding of en-
thymemes in argument maps is considered but only with re-
spect to what we refer to as agreement (David and Hunter
2025). Furthermore, no consideration is given in either of
the above cited papers as to how decoding candidates are
obtained (such as logical operations to obtain candidates, or
measures of them).

We focus on propositional logic in this paper to better un-
derstand the notion of elucidation. However, key aspects of
our paper (including the meta-level rules and some measures
of gain) apply to first-order predicate logic.

In our proposal, the relationship (i.e. attack, neutral, or
support) that one argument has with another is dictated by
the logical instantiation. In contrast, in (Corsi 2024), argu-
ments can be manipulated in terms of their logical structure.
For example, if argumentX attacks an argumentA∧B, then
X attacks A and X attacks B. Whilst, the proposal does not
deal with enthymemes, it would be interesting to investigate
how that approach could be harnessed in our proposal for
elucidating enthymemes in argument maps.

In future work, we will investigate further proof rules,
further measures of gain (new map measures and alterna-
tives to GΠ

av), and alternative notions of optimal elucida-
tions, including merging similar arguments (based on simi-
larity measures (Amgoud and David 2018)). We will also in-
vestigate automated reasoning for implementing the deriva-
tion of metaproofs, and evaluate the approach with real-data
such as the microtexts corpus (Peldszus and Stede 2016;
Skeppstedt, Peldszus, and Stede 2018).
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