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Abstract

We study the expressive power and computational proper-
ties of first-order logic and its extensions under the semiring
semantics originating from the seminal work of Green, Kar-
vounarakis, and Tannen. While semiring semantics is currently
extensively used, e.g., in the study of provenance in database
theory and description logic, a comprehensive computational
analysis of these logics acting over general semirings is still
lacking. We analyse expressivity, and complexity of model-
checking of first-order formulae in this framework, providing
characterizations in terms of generalized Blum—Shub—Smale
machines over semirings. We also show a variant of Fagin’s
theorem, i.e., a logical characterization of non-deterministic
polynomial time over semirings using a version of existential
second-order logic. We further generalize Cook’s theorem for
the semiring framework and show that propositional satisfi-
ability in the semiring semantics is complete for this notion
of NP, and that the true existential first-order theory of the
semiring is complete for its Boolean fragment.

1 Introduction

Over the last two decades, the use of semiring semantics to
study provenance for database query languages has become
a very active area of research (Green, Karvounarakis, and
Tannen 2007; Tannen 2017; Green and Tannen 2017; Khamis
et al. 2024). More recently, the use of semiring semantics has
been also considered in relation to other database tasks such
as consistent query answering (Kolaitis et al. 2025; Frohlich
et al. 2025). Furthermore, provenance analysis has been also
studied for description logics (see (Calvanese et al. 2019;
Bourgaux and Ozaki 2019; Bourgaux, Ozaki, and Pefialoza
2023) and the references therein), and for full first-order logic
and its extensions (Gridel and Tannen 2017).

Semirings are algebraic structures that generalize rings
by relaxing the requirement for additive inverses, and they
have found numerous applications in computer science
and Al due to their versatility and modularity in mod-
elling and analysing computational problems (Peeva 1991;
Gaubert and Katz 2006; Litvinov et al. 2013; Moller 2013;
Esparza, Luttenberger, and Schlund 2015; Vrana 2022;
Eiter and Kiesel 2023). Different choices of semirings cor-
respond to different computational paradigms or problem
domains. Classical decision problems are typically stud-
ied over the Boolean semiring B, counting problems over
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the semiring of natural numbers N, and problems involving
geometric or continuous aspects over the semiring of non-
negative reals R>(. Tropical semirings, on the other hand,
have applications in performance analysis (Omanovic, Oblak,
and Curk 2023) and reachability problems (Gaubert and Katz
2006).

Several computational models admit natural generaliza-
tions to semirings. Weighted automata and weighted Turing
machines assign semiring elements to transitions, represent-
ing quantities such as probabilities, costs, or capacities, and
recognize formal power series r7: £* — K over a finite
alphabet ¥ and a semiring K (see, e.g., (Kostolanyi 2024;
Badia et al. 2024; Eiter and Kiesel 2023)). Conversely, lan-
guages over the reals and, more generally, over rings have
been investigated using register machines that operate directly
on numerical values. The Blum—Shub—Smale (BSS) machine
model (Blum, Shub, and Smale 1988; Preparata and Shamos
1985) provides a prominent example and extends naturally
to semirings and arbitrary first-order structures (Poizat 1995;
Bournez et al. 2006). Unlike classical Turing machines, BSS
machines treat elements of the underlying semiring as atomic
objects: each element occupies a single cell regardless of
its representation size, allowing, for instance, transcendental
numbers to be manipulated in constant time.

Nowadays semirings play a central role in database the-
ory research through semiring provenance. In this ap-
proach, query evaluation yields more than a Boolean an-
swer by annotating atomic facts in database tables with
elements of a semiring K and propagating these annota-
tions through the query (Green, Karvounarakis, and Tan-
nen 2007). Depending on the chosen semiring, prove-
nance information can encode information on the confi-
dence, cost, or the number of satisfying assignments of
a query (see, e.g., (Calautti et al. 2024; Im et al. 2024;
Eldar, Carmeli, and Kimelfeld 2024; Muiioz Serrano, Riveros,
and Vansummeren 2024; ten Cate et al. 2024)). On the
other hand, K -relations (or weighted structures) provide
a unifying abstraction that subsumes, for example, bags
and probability distributions, with applications extending
beyond database theory (cf. (Atserias and Kolaitis 2025;
Grohe et al. 2025)).

Semiring semantics has also been defined for first-order
logic (Grédel and Tannen 2017; Tannen 2017). In this setting,
it has been studied via central themes of finite model theory,
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including Ehrenfeucht-Fraissé games, locality, 0-1 laws, and
definability up to isomorphism (Biziere, Gridel, and Naaf
2023; Brinke, Gridel, and Mrkonjic 2024; Gridel et al. 2022;
Gridel and Mrkonjic 2021). The framework has since been
extended to more expressive logics, such as fixed-point
logic (Dannert et al. 2021) and team-based logics (Barlag
et al. 2023). Despite their growing popularity and range of
applications, the complexity-theoretic properties of logics
under semiring semantics remain largely unexplored. A sys-
tematic investigation of these properties naturally relies on
models of algebraic computation, rather than on classical
complexity theory.

From a complexity-theoretic perspective, BSS machines
provide a natural computation model for logics acting on
semirings. It is worth noting that logical characterizations
for algebraic complexity classes over the reals defined by
BSS machines are known in the context of metafinite model
theory (Gridel and Meer 1995) and similar results are also
known for BSS machines computing over arbitrary first-order
structures (de Naurois 2004; Kirn et al. 2025). However,
these results cannot be directly utilized to analyse the com-
plexity of logics in the semirings semantics due to the differ-
ences between the two semantical frameworks.

Contributions. The complexity results in this article are
based on a version of the BSS machine computing over a
semiring K. We use these machines for computing func-
tions f: K* — K and recognizing languages L. C K*.
On the logical side, we consider versions of propositional,
first-order and existential second-order logic interpreted via
commutative and positive semirings. Our languages extend
the standard systems of these logics by a formula value com-
parison ¢ = 1 that generalizes identity checks from variables
to arbitrary formulae. We demonstrate the effects of adding
this construct to first-order logic which is very useful in ex-
pressing conditionals.

We analyse the expressivity and complexity of model
checking of first-order logic formulae using the BSS ma-
chine model showing that, analogously to the Boolean set-
ting, the model checking problem is in PSPACE i and data
complexity is in P . For existential second-order logic and
non-deterministic computations we establish analogues of
Fagin’s and Cook’s theorems in the BSS model. In particular,
we show that the satisfiability problem of propositional logic
under semiring semantics is complete for this notion of NP,
and that the true existential first-order theory of the semiring
is complete for its Boolean fragment. What is more, we show
that the polynomial-time reductions for these completeness
results can be carried out in a manner that does not depend
on computing the arithmetic operations of the semiring.

Related work. Research on logics acting on semirings
and other algebraic structures is currently active on sev-
eral fronts, hence we discuss the similarities and differences
of our work compared to some of the other approaches.
First of all, although the BSS machine model was ini-
tially defined for rings in (Blum, Shub, and Smale 1988;
Preparata and Shamos 1985), it has been also generalized for
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arbitrary first-order structures (Poizat 1995). Hence, our ver-
sion for semirings is not novel in that sense. Furthermore, al-
ready the work (Goode 1994) shows a version of Corollary 4
for BSS machines for a general class of first-order structures
with all constants, and (Biirgisser and Cucker 2003) shows
a result similar to Corollary 5 for Boolean constants and or-
dered rings. We also want to note that versions of Fagin’s
theorem for BSS machines over reals and also general first-
order structures have been shown in (Griadel and Meer 1995;
de Naurois 2004; Kirn et al. 2025) in the context of
metafinite logic. There are also several characterizations
of NP for weighted Turing machines (Kostolanyi 2024;
Badia et al. 2024; Eiter and Kiesel 2023; Badia et al. 2025)
using logics under semiring semantics.

Organization. In Section 2, we review basic notions on
semirings, state our background assumptions and introduce
the BSS machine model for semirings. In Section 3, we show
that the satisfiability problem of propositional logic under
the semiring semantics is a complete problem for NP . In
Section 4, we consider first-order logic and its extension by
the formula value comparison ¢ = 1 and their model check-
ing problem. In Section 5, We define a version of existential
second-order logic (ESO7%) in the semiring framework and
show a version of Fagin’s theorem. Finally, in Section 6,
we consider the existential first-order theory for K (under
the usual Tarski’s semantics), and show using novel non-
arithmetic reductions that it is a complete problem for the
Boolean part of the restriction of NP i to machines that use
only the values 0 and 1 as machine constants. In fact, we show
a generalized version of this result for any set X D {0, 1} of
elements of K treated as constant symbols.

2 Preliminaries

We assume familiarity with basic concepts in theoretical
computer science, e.g., complexity theory (Sipser 1997). We
start with the fundamental definition of a semiring.

Definition 1. A semiring is a tuple K = (K,+,-,0,1),
where + and - are binary operations on K, (K,+,0) is a
commutative monoid with identity element 0, (K,-,1) is a
monoid with identity element 1, - left and right distributes
over+,andz-0=0=0-zforall x € K. K is called com-
mutative if (K, -, 1) is a commutative monoid. As usual, we
often write ab instead of a - b. A semiring is ordered if there
exists a partial order < (meaning < is reflexive, transitive,
and antisymmetric) such that 0 < 1, and for all a,b,c € K
a < bimpliesa+c < b+ ¢, anda < b A0 < cimplies
ac < beNca < cb. A semiring is positive if it has no divisors
of 0,i.e., ab # 0 forall a,b € K, where a # 0 # b, and if
a + b = 0 implies thata = b = 0.

Remark 1. Throughout this paper, we consider semirings
that are commutative, positive, and non-trivial (i.e., 0 # 1).
These assumptions are made for the sake of simplicity, even
though the results in Section 6 require these assumptions only
for non-triviality.

BSS machines were introduced as a model for real compu-
tation by (Blum, Shub, and Smale 1988) and were originally
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defined over rings. The computation nodes of a BSS machine
are usually formulated in terms of polynomial functions with
coefficients from the underlying ring. In case this ring is
actually a field, also rational functions, i. e., divisions of poly-
nomials, are permitted. This model is modified to work over
semirings K and called a BSS x machine.

In BSS machines, the analogue of a Turing machine’s tape
is a state space consisting of infinite tuples with a dedicated
centre.

Definition 2. Foraset A, welet A* =], ., A" By A, we

denote the set AZ of all z = (..., 5,2 _1,20.71, T2, .. ),
where “.” marks the first position. We define two shift
operations on A, : shift left o, where oy(x;) = x;41, and its

inverse, shift right ., where o,.(z;) = x;,_1, for all ¢ € Z.

Based on this, we define our BSS machine model of com-
putation over semirings.

Definition 3 (BSS x machines). A BSSx machine M con-
sists of an input space Z = K*, a state space S = K, and
an output space O = K*, together with a connected directed
graph whose nodes are labelled by 1, ..., N. The nodes are
of five different types as follows.

Input node: The node labelled by 1 is the only input node.
The node is associated with a next node 3(1) and the input
mapping gr: Z — S.

Output node: The node labelled by N is the only output
node. This node is not associated with any next node.
Once this node is reached, the computation halts, and the
result of the computation is placed on the output space by
the output mapping go: S — O.

Computation nodes: A computation node m is associated
with a next node §(m) and a mapping g,,: S — S such
that for some ¢ € K and i, j, k € Z the mapping g,, is
identity on all coordinates different from 7 and on current
coordinate ¢ one of the following holds:

* gm(x); = x; + x (addition),
* gm(2); = x; - o1 (multiplication),
* gm(x); = c (constant assignment).

Branch nodes: A branch node m is associated with nodes
B~ (m) and BT (m). Given z € S the next node is 5~ (m)
if x1 = 2o and BT (m), otherwise. If K is ordered, instead
the next node is 3~ (m) if z1 < x5 and 87 (m), otherwise.

Shift nodes: A shift node m is associated either with shift
left o or shift right .., and a next node 3(m).

The input mapping gr: Z — S places an input (x1, . ..
in the state

(...,0,1,...,1,0.a1,..
——

n

»Tn)

) eSS,

5 Tp, 0,

where the size of the input n is encoded in unary in the n
first negative coordinates. The output mapping go: S — O
maps a state to the string consisting of its first £ positive
coordinates, where ¢ is the number of consecutive ones stored
in the negative coordinates starting from the first negative
coordinate. For instance,

go((-..,2,1,1,1,0.x1, 2, x3, 24, ...)) = (x1, T2, T3).
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A configuration at any timestep of the computation consists
of anode m € {1,..., N} and a current state © € S. The
(sometimes partial) input-output function fy;: K* — K* of
a machine M is now defined in the obvious manner. Note
that for finite computations, that means that there are only
ever finitely many nonzero coordinates in the state space. A
function f: K* — K™ is computable if f = f; for some
machine M. A language L C K* is decided by a BSSk
machine M if

Ze€ L ifandonlyif fu(Z)#D0,

holds for all z € K*.

The constant values of the semiring that are used in the
computation nodes corresponding to constant assignments in
the previous definition are referred to as machine constants.
Since the number of computation nodes of a BSS i machine
is finite, each machine has a only finite number of machine
constants.

Arbitrary computations and comparisons need a way
to remember intermediate values. To this end, we use
(...,0.21,1,29,1...,2,,1,0...) as a more useful starting
state of a BSS - machine. The gap between two input values
allows the machine to temporarily store values or move a
value from one end of the state space to the other. The follow-
ing result shows, that obtaining this gap normal form can be
achieved with polynomial overhead as an initialization step
of a BSS ¢ machine.

Proposition 1. The initial state space
(-..,0,1,...,1,0.x1,...,2,,0,...) can be converted
into (...,0.x1,1,20,1...,2,,1,0...) with quadratic
overhead. Similarly, the reverse direction can be achieved
with quadratic overhead.

Remark 2. Using the gap normal form allows easy simulation
of branching nodes using x; = x; or x; = c as branching
condition.

Analogously to classical complexity theory, we can argue
about the complexity of a language over a semiring via the
computation time of a BSS i machine deciding it.

Definition 4. Let M be a BSSx machine. The input-output
Sfunction fyr of M is the partial function that maps each input
z € K™ for which the machine halts to the corresponding
output of M. On any input z € K*, the computation time of
M on input 7 is the number of steps that M takes before halt-
ing. Likewise the space of M is the number of coordinates
of the state space visited by M before halting.

The complexity class Pg (resp., PSPACE) is then de-
fined as the set of all subsets of K* that are decided by some
machine M running in polynomial time (requiring polyno-
mial space).

Non-deterministic decisions are realized using the same
idea of verification as in the classical model of Turing ma-
chines. In our case, additional K-values are guessed and
added after the input to the BSS x machine by modifying the
input mapping.

Definition 5. A language L. C K* is decided non-
deterministically by a BSSx machine M, if z € L if and
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only if there exists an ¥ € K* such that fy(Z,%') #
0. We call 7/ the guess. Furthermore, the machine M
uses a modified input mapping ¢;: Z — S, which places

((x1,... ), (24, ..., 2},)) in the state
(...,0,1,...,1,0,1,...,1,
———  ~—
m n
0.21,...,Tpn,0,25,...,20.,0,...) €S.

Based on this definition, we are able to define a semiring
analogue to the class NP via the model of non-deterministic
BSS i machines. Note that the run time of non-deterministic
BSSk machines is determined in regard to the size of the
first parameter of the input and not dependent on the guess.

Definition 6. The class NPy consists of all languages
L C K* for which there exists a BSSxg machine M
that runs in polynomial time such that M decides L non-
deterministically.

Similarly, we define the notion of polynomial time many-

to-one reductions with respect to functions computable in
polynomial time by BSS i machines.
Definition 7 (<Fx). Let P,Q C K*. We then write P <Pk
Q if there exists a function f: K* — K™ such that f is
computable in polynomial time by a BSSx machine and for
all Z € K* it holds that « € P if and only if f(Z) € Q.

In line with the previous definitions, we now define the
analogue of NP-completeness over a semiring K.

Definition 8. A language L C K* is NP g -complete if L €
NPz (membership in NPg)and L' < rPnK L, for all languages
L' € NP (hardness for NP ).

3 Propositional Logic

We first introduce PL7,, the propositional logic over semir-
ings. Let Prop be a countably infinite set of propositions. An
assignment s is a mapping s: {p, —p | p € Prop } — K that
associates each (negated) atomic proposition with a semiring
value.

Definition 9. Let K = (K,+,-,0,1) be a semiring and
Prop a set of propositional symbols. The syntax of proposi-
tional logic over K and Prop is defined as follows:

pi=plplcl(oned)|(dVe)|d=9,
where p € Prop, ¢ € K. For ordered K we additionally
have ¢ == ¢ < ¢.
Lets: {p,—p|p € Prop } — K be an assignment. The

semantics of a PL-formula 6 under an assignment s is
denoted by [0]s and defined as follows:

[p]s = s(p),
[cls = ¢,
H¢Awﬂ5 = [[¢Hs : [[wﬂ& [[(Z5\/¢]]S = [[(bﬂs + [[1/1]]57
[ 9], = {1 if [9] o [¥].,

0 otherwise,
This definition only makes use of atomic negation, which
is a standard approach in semiring semantics (Green, Kar-
vounarakis, and Tannen 2007). In this framework, s(p) and

[=pls = s(-p),

where o € {=, <}.
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s(—p) are independent values representing the “evidence for
and “evidence against” a proposition. This is crucial for in-
consistent or fuzzy information processing, where a database
might contain reasons for both a fact and its negation.

Other methods to deal with negation in the setting of semir-
ing semantics include monus semirings and negation via im-
plication, each with their own advantages and disadvantages
(Gridel and Tannen 2025, Section 8).

We will make use of shortcut notations that allow us to use
any of the following comparison operators in PL%- formulae:
$F# Y= (6=1)=0,0 %= (¢ <)< 0. We define
this (as well as first- and second-order) logic using formula
value comparisons ¢ = v as this gives us the ability to show
hardness results such as Theorem 1 and Theorem 3. These
constructs were originally introduced into first-order logic
to enable the formalization of quantitative constraints, such
as probabilistic independence, by the means of FO-formulae
(Barlag et al. 2023). The upper bounds still hold true for the
logics without the comparison atom.

Next, we define the satisfiability problem SAT7 for a
semiring K in the context of this logic. Since there is not
exactly one value denoting truth in general, we define satis-
faction with respect to any non-zero value.

Definition 10. The satisfiability problem for PL% is defined
as

SAT% = { ¢ € PL | there exists an
assignment s such that [¢]s # 0 }.

Example 1. Consider the semiring N of natural numbers. The
formula ¢ = ((pVq) < (pAq)) A3 < pA3 < qis satisfied
by the assignment s(p) = s(q) = 3, with [¢]s = ((3+3) <
(3:-3))-(3<3)-(3<3)=1. As aresult, we have that
¢ € SATY. On the other hand, the slightly modified formula
v=(pNqg) <(pVq)AN3<pA3<qisnotsatisfied by
any assignment, because either p < 3,¢q < 3orp-q > p+q.
Therefore, we get that [¢)] s = 0 for all assignments s and
¥ & SATY.

Similar to the classical setting, we can now prove a version
of Cook’s theorem over semirings. That is, we show that the
satisfiability problem of PL}; is also complete for the class
of non-deterministic polynomial time in the semiring setting.

But first, we briefly discuss encodings of assignments and
formulae. An assignment can be encoded as elements of
K*. Similarly, we can encode formulae of PL7 as elements
of K*. For these encodings, we follow the convention that
elements of the semiring K are encoded as they are, i.e.,
each x € K is encoded by z itself, and other information is
encoded using binary encodings with the semiring elements
0 and 1. Then, for instance, symbols for connectives are
encoded as binary strings, whereas constants corresponding
to elements of K are encoded as their interpretations in K.

Lemma 1. SAT% € NPg.

Proof. Let M be a non-deterministic BSS i machine with
input (), the encoding of a PL7% formula, that guesses (s),
the encoding of an assignment for ¢. This machine M then
computes frr ({¢), (s)) = [¢]s in polynomial time, bounded
by the size of the encoding |{)| of the formula (.
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Now, we have that ¢ € SAT7% if and only if there exists
an assignment s such that [¢] s # 0 if and only if there is a

guess (s) such that fys((¢), (s)) # 0. O

Theorem 1. SAT7% is NP g-complete.

Proof. Since Lemma 1 gives us SAT € NPg, we only
need to show hardness. We construct a formula ¢ that de-
scribes the computation of a non-deterministic BSSx ma-
chine M on some arbitrary input x, such that ¢ is satisfiable
if and only if M accepts . To do so, we define proposi-
tions that describe the content of the tape and the current
computation node of M at a given time ¢:

* vy, € K describes the content of the tape at time ¢ and
position p

. = 17
qt,s = 07

In contrast to the original proof for the Boolean setting, the
propositions v; ;, are values from the semiring K as we are
adapting it to BSS x machines. We then use these to build
 as a conjunction of subformulae that each describe the
changes in the tape and nodes in one time step £ to ¢t + 1
for the runtime of the machine M. Together with some
subformulae that ensure a correct initialization, termination
and no invalid transitions, this makes up the formula ¢ as
desired. The full proof can be found in the earlier arXiv
version of the paper (Barlag et al. 2025b). O

if M is at node s at time ¢
else.

Remark 3. Notice that we only need formula value compar-
isons with constants to show hardness for NP .

4 First-Order Logic

In this section, we define FO7, the first-order logic over
semirings, and consider some of its basic properties, as well
as its model-checking problem.

4.1 Definition and Basic Properties of FO};

We begin by defining the syntax and semiring semantics for
first-order logic with constants and formula value comparison
atoms (cf. (Grddel and Tannen 2017; Barlag et al. 2023)).

Definition 11. The syntax for first-order logic over a semir-
ing K (of vocabulary 7), is defined as follows:

¢pui=rz=yleFy|lc|RE)[-REZ) | ¢=0]
(on¢)[(¢V¢)|Txg| Vg,

where z,y € Var, c € K, R € 7 and Z is a tuple of vari-
ables so that ar(R) = |z|. For ordered semirings K, we
additionally have that ¢ < ¢.

Note that a formula of FO% that does not contain any
¢ € K or subformulae of form ¢ = 1 or ¢ < 1) is a first-
order (FO) formula in the usual sense. The definition of a
set of free variables FV (¢) of a formula ¢ € FO extends
from FO in the obvious way: FV(c) = @ and FV(¢ o)) =
FV(¢) UFV(9), for o € {=,<}. If ¢ contains no free
variables, i.e., FV(¢) = 0, it is called a sentence.

Let A be a finite set (i.e., the model domain), 7
{R1,..., Ry} afinite vocabulary, and K a semiring. Define
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Figure 1: Ferry network as a K-interpretation.

Lit 4 - as the set of literals over A, i.e., the set of facts and
negated facts Lits , = {R(a),~R(@) | a € AR R ¢
7 }. A K-interpretation 7 is amapping 7: Lit4 » — K. A
K-interpretation 7 is ordered, if A = {ag,a1,...,a34-1}
and 7 contains a binary relation R such that

1, ifi<j,

a(he(oras) = {

otherwise.

An assignment s is a mapping s: Var — A that associates
each first-order variable with an element of A.

Definition 12. Let K = (K, +,-,0, 1) be a semiring, 7 be
a K-interpretation, and s be an assignment. The semantics
of a FO % -formula 0 under 7 and s, is denoted by [6] - s and
defined as follows:

_ {nfs(x)*s(y),

= h =
[ Y]ns 0 otherwise, where x € {=, 7},

[[C]]ms =cC
[R(T)]xs = 7(R(s(2))), [~R(Z)]xs = 7(=R(s(7))),
[[¢ A w]]ﬂ',s = [[d)]]ﬂ',s . II¢]]7\',Sa [[Elx(b]]w,s = Z[[(bﬂms(a/z)v

acA

[[¢ v w]]ﬂ,s = [[(b]]ﬂ,s + [Wﬂn,a [[Vl‘(b]]ms = H [[(b]]ﬂ',s(a/z)v

acA

1if [[d)]]ms o [[¢]]7T,sa

: where o € {=, <}.
0 otherwise, ==}

[606]rs = {

If ¢ is a sentence, we write @] for [¢] - ¢.

We can again define # and £ for formulae, in the same
way as was done for PL7-. Sometimes, K -interpretations 7
are called model-defining (Gridel and Tannen 2017; Grédel
and Tannen 2025), which is the case if, for all R(a), we have
that 7(R(a)) = 0 if and only if 7(—R(a)) # 0. Sentences
¢ and ¢ of FO} are K-equivalent, written as ¢ =g 1, if
[¢]= = [¥] is true for all model-defining K -interpretations.
Example 2. Suppose A consists of the city codes OSL (Oslo),
GOT (Goteborg), KI (Kiel), FKH (Frederikshavn), and 7
of one edge relation I/. Consider the tropical semiring
T = (R U {oo}, min, +, 00,0) with its natural order (de-
fined for semirings K as: a < bif and only if 3¢ : a+ ¢ = b).
In particular, since addition is interpreted as min, the natu-
ral order inverts the usual order of the reals. An example
T-interpretation w: Lit4 , — T is obtained by assigning
E(x,y), for each pair of cities = and y, a number represent-
ing the duration of a direct ferry ride between them, as in
Figure 1; if no direct ferry connection exists between two
cities « and y, E(x,y) is assigned co. Furthermore each
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negated fact —E(x,y) can be assigned a number so that 7
is model-defining. Then, we can express in FO that the
duration of a direct ferry trip between any two cities x and
1y is shorter than the sum of durations for ferries from x to z
and z to y, for any city z:

¢ = Vayz((E(z, 2) N E(z,y)) < E(z,y)). (1)

Note that [¢]. = oo, that is, ¢ evaluates to the identity
element of addition under 7 (i.e., ¢ is “false”), since OSL and
GOT are missing a direct connection. Adding a connection
between these two cities, labeled by 8, would entail [¢], = 0
(i.e., ¢ is “true”). Furthermore, in the naturally ordered
Boolean semiring, (1) simply expresses that the graph is
transitively closed, i.e., “<” collapses to the ordinary Boolean
implication “—”.

The previous example demonstrates that FOF- provides a
principled generalization of first-order logic to the semiring
context. In addition to interpreting disjunction as addition and
conjunction as multiplication, implication can be conceived
via the (natural) order of the semiring. As a consequence, the
same sentence can express either transitivity in the Boolean
setting or the triangle inequality in the tropical setting, de-
pending on the choice of the semiring. From this perspective,
classical first-order logic arises as the special case induced
by the Boolean semiring, where the natural order coincides
with ordinary implication.

For logics £ and L', we write £ <g L' if for each sen-
tence ¢ from L there is a sentence ¢ from £’ such that
o= Y. If L <g L and L' <k L, we write L =g L',
and say that £ and £’ are equally expressive under K. As
usual, we write £ < L' if £L <g L' and L' £x L. We
now consider some results that demonstrate the expressiv-
ity of the logics in the special case of the Boolean semiring
B = (B,V,A,0,1). Let A be a structure of vocabulary 7.
The canonical truth interpretation 7 4, is the B-interpretation
7: Lit4 » — B defined for each R(a) and ~R(a) as follows:
m(R(a)) = 1ifa € RA, n(R(a)) = 0ifa ¢ RA, and
m(—R(a)) = 1—7(R(a)). The following proposition shows
that for FO-formulae, the canonical truth interpretation 7 4
under an assignment s corresponds to the usual first-order for-
mula evaluation under s in the structure A. It can be proven
by induction on «.

Proposition 2 (Gridel and Tannen 2017). Let « be an FO-
Sformula, and A a structure. Then [¢!]~ ,.s = 1 if and only if
A=

Let i : K — B be the characteristic mapping such that
&k (a) = 0if a is the zero element of K and £x(a) = 1
otherwise. Collapsing the interpretations of FO-formulae
to the Boolean semiring by taking the composition of the
characteristic mapping £ and a K -interpretation 7 preserves
the 0-valued interpretations.

Proposition 3 (Barlag et al. 2023). Let be 7: Lity ; = K
an interpretation. Then for all oo € FO, [o]¢or = 1 if and
only if [l # 0.

Note that in case of the Boolean semiring B, the constants
0 and 1 can be expressed with the FO-formulae « # = and
x = z, respectively. This means that adding these constants
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does not affect the result of (Barlag et al. 2023) that states that
having access to formula value comparison atoms does not
increase expressivity in the sense of the following proposition.

Proposition 4 (Barlag et al. 2023). FO =5 FOg.

The above proposition does not hold if the semiring K has
at least three elements. Note that constant formulae are not
needed for the result: there are constant-free FO - -formulae
that do not have K -equivalent FO-formulae.

Proposition 5. Let K be a semiring such that | K| > 3. Then
we have that FO < FOF.

Proof. Notice first that if K is ordered and | K| > 3, there
are two non-zero elements a1,as € K such that a; f as.
Either all non-zero elements of K are incomparable (and
hence the existence of the two elements follows trivially)
or there are two different non-zero elements by,by € K
such that b; < by. In the latter case, by antisymmetry of
the order, we have by f by. Consider the formula ¢ =
VaVy(P(x) o P(y)), where o € {=, <} We claim that ¢
cannot be translated to FO. Suppose for a contradiction that
we find ¢’ € FO such that v =, ¢'. Let A = {1,2},
and let 7 = {P} for a unary relation symbol P. Consider
two interpretations 7: Lity , — K and 7': Lity , — K
such that 7(P(i)) = a; and 7' (P(i)) = 1 forall i € A,
where a1, as are two different non-zero elements (such that
a1 £ az). Now [¢]. = 0, because [P(1) o P(2)]. = 0.
In contrast, since [P(i) o P(j)]. = 1 forall 4,5 € {1,2},
we obtain [¢)]» = 1. Consequently, our hypothesis entails
[/']1= = 0and [¢']~ = 1, so by Proposition 3, [¢']¢or =
0 and [¢']¢xon = 1. Butsince {x o m = {x o «’, this is
impossible. Thus the claim follows. O

4.2 Model-checking of FO formulae

In every logic, model-checking is a central problem of inter-
est. In the following, we define the model-checking problem
in the setting of combined complexity.

Problem: FO%-MC — the model-checking problem
for FO7 formulae

Input: FO% formula ¢, K-interpretation m, as-
signment s

Question: [p].s #0?

Given a formula ¢, we write FO%-MC(y) to denote the
fragment of FO%-MC restricted to the fixed formula (.
The encoding of the input formulae and K -interpretations
can be done analogously to the formulae and assignments in
the case of PL%.. Note that in the case of FO7, assignments
s contain no semiring values and can thus be encoded using 0
and 1 in the usual way. Lastly, notice that while the universe
A is absent from the inputs to FO%--MC, it is implicitly given
by the K -interpretation 7.
Theorem 2. Fix a semiring K. Given a FO¥; formula ¢, a K
interpretation 7, and an assignment s. The value [¢] - s can
be computed by a BSS ¢ machine in time O(n? - || - |x|1#))
and in space O(poly(n)), where n = |p| + |7t| + |s| is the
sum of the encoding lengths.
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The algorithm and runtime analysis can be found in the
earlier arXiv version of the paper (Barlag et al. 2025a).

Corollary 1. Every f € FO% can be computed in polyno-
mial space.

We immediately get model-checking results from Theo-
rem 2 by merely checking whether the computed value [¢] - s
is not 0.

Corollary 2. For any ¢ € FO, FO%-MC(p) € Pk.
Corollary 3. FO-MC € PSPACEk.

5 Existential Second-Order Logic

We define existential second-order quantification such that it
corresponds to the existence of a K -relation in the Boolean
sense, i.e., a formula with second-order quantification can
only have values O or 1. Another natural option would be to
define existential second-order quantification analogously to
existential first-order quantification, by using a sum over all
possible K -interpretations of the quantified relation. Note
that in our setting, we are mainly interested in infinite semir-
ings, since the operation table of a finite semiring can be
handled with a standard Turing machine. This means that
if the semantics of second-order quantification is defined by
using sums, we would need to consider infinite (even un-
countable) sums as described in more detail by (Brinke et al.
2024). Also note that second-order existential quantification
over infinite semirings is problematic because using the stan-
dard approach would require infinite sums to be definable,
which is not always the case.

Definition 13 (ESO7% ). The syntax for existential second-
order logic (of vocabulary 7) over a (ordered) semiring K, is
defined as follows

¢ == o | 3R,

where o € FO% and R is a relation symbol not in 7. We
say that a K-interpretation 7' Lit 4 ;ury — K extends 7
with R if n'(¢) = w(¢) forall ¢ € Lity .. The semantics
of existential second-order quantification is then defined as
follows.

1, if there is 7/ that extends 7 with
[3R¢HF,S = R such that [[QSHTF’,S 7£ 07
0, otherwise.

This definition enforces that all quantified relation symbols

are in the beginning of the formula. Allowing quantified
relations to appear anywhere within a formula, especially
inside comparisons, would allow expressive power beyond
existential second-order logic. This is the case, because it
would allow that negated existential second-order quantifier
could be constructed, e.g., =3P could be simulated by
(3Py) =0.
Example 3 (Euclidian Distance Matrix recognition). Given
k € N, a k-dimensional Euclidian Distance Matrix (EDM)
D is an n-by-n matrix such that there exists k£ € [n] and
P1s-- . Pn € R¥ having

2
D = |lpi — pjll5,
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for all 4, j € [n]. This means, in other words, that n points
can be embedded into the k-dimensional Euclidean space in
such a way that the distances between all pairs of vertices
agree with D. Consider a formula of ESO7- defined as:

i
¢ = ARSVay( /\ (Ri(x) V Si(x,y) = Ri(y))A

(S1(z,y)? V-V Si(z,y)? = cij),

where 62 is a shorthand for 6 A 6. Let A = [n] and let
T = {¢; | 4,5 €}, where ¢;; are nullary relation sym-
bols (i.e., constant symbols). Consider a R>(-interpretation
m: Lita; — Rx¢ such that [¢;;()]r = D;;. Then,
[cij()]x # 0if and only if D is a k-dimensional EDM.

We now present a version of Fagin’s theorem in the con-
text of semiring semantics, which is used to characterise the
class NP via existential second-order logic over K. The
proof follows the classical structure, but has been adapted to
work with our model of BSS i machines. From the logical
perspective, we consider ordered K -interpretations in which
a single unary K -relation [ is used to encode an input in K *.
Formulae and K -interpretations are encoded as described in
Section 4.2.

Lemma 2. ESO% C NPk.

Proof. Let ¢ := JR;...dRyy be an existential second-
order formula with quantified relation symbols Ry, ..., Rx.
Per definition, we have that [¢] . # 0 for a K-interpretation
7 if there exists a K-interpretation 7’ for the symbols
Ry, ..., Ry such that [¢]rur # 0. There exists a BSSx
machine M that deterministically evaluates v in polynomial
time given the encoding of a K -interpretation (wUz’) as input
(see Corollary 2). Thus, there is a non-deterministic BSS g
machine M’ that, with input (7), guesses ('), and accepts if
and only if [¢]» # 0. Furthermore, it holds that [®] . # 0 if
only if [¥]rur # 0if and only if far ((m), (x')) #0. O

Theorem 3. ESO7 = NPg.

Proof sketch. Since Lemma 2 gives us ESO% C NP, only
NP C ESO%, is left to prove. The proof is similar to the
original proof in the Boolean setting, but is altered to use
BSS i machines and therefore uses values that are elements
of the semiring K. We construct a formula ® € ESO%
that describes for a non-deterministic BSS g machine M
on some arbitrary input z, that there exists a computa-
tion such that M accepts. To do so we define relations
t = (t1,...,t,) € A*and p = (d,p1,...,p,) € A*TL
where A = {ag,...,a,—1} is our domain, to identify the
time step and position of M.

We then use these to build ® as an existentially quantified
conjunction of subformulae that each describe the changes in
the tape and nodes in one time step ¢ to ¢t + 1 for the runtime
of the machine M. Together with subformulae that ensure
a correct initialization, termination and no invalid transitions,
this makes up the formula ® as desired. The full proof can
be found in the earlier arXiv version of the paper (Barlag
et al. 2025b). O
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6 Non-arithmetic Reductions and the
Existential Theory of K

In this section, we define novel non-arithmetic machines
and use them to show that the existential first-order the-
ory of a semiring K is complete for the Boolean fragment
of the complexity class NPx. We also generalize this to
BSSk machines that operate on subsets of K. For this,
we turn our attention to machines M that correspond to
polynomial-time computable input-output functions of the
forms fp;: X* — K* and fp;: X* — X* for some
X C K. However, without loss of generality, we may as-
sume that these machines run in polynomial time for all
inputs in the set K*. This simplifying observation is an ap-
plication of using a binary counter to limit the number of
computation steps before always halting. The missing proofs
of this section can be found in the earlier arXiv version of the
paper (Barlag et al. 2025b).

Lemma 3. Let X C K andlet f: X* — K™ be a function
computed by a BSS i machine M that runs in polynomial
time on inputs in the set X *. Then there is a BSS x machine
M’ such that fpp | X* = f and that M’ runs in polynomial
time on all inputs in K*. Furthermore, the machine M’ is
limited to only use the machine constants of M together with
0 and 1.

Definition 14. Let {0,1} C X C K. The class NP [X]
consists of all languages . C X * for which there exists some
BSSk machine M that runs in polynomial time and decides
L non-deterministically among inputs in X * and uses only
machine constants that are in the set X. That is, for every
input z € X* it holds that # € L, if and only if for some
guess ' € K*, fp(Z,%) # 0.

Definition 15. For languages L C K* and L’ C X*, we
write L' §IPHK (X1 I if there is a function f: X* — K* that
is computable in polynomial time by a BSS i machine using
only machine constants in the set X such that for all z € X*
it holds that Z € L' if and only if f(Z) € L.

In particular, NPx[K] = NPg, and for all languages
L,I' C K* the conditions L' <Px [ and L' <b<¥) [
are equivalent. We do not assume that the subsets X C K
we consider are closed under the arithmetic operations of
the semiring K, but instead we focus on reductions based
on BSSxk machines that use arithmetic operations only for
copying arbitrary elements of the semiring without changing
them, and for assigning constant values, thus resembling
Turing machines.

Definition 16. A BSSx machine M is said to be non-
arithmetic, if for every input z € K™ it holds that whenever
an arithmetic computation node is reached during a computa-
tion, this computation node corresponds to either a constant
assignment or an arithmetic operation a x b for x € {+,-}
so that at least one of the operands a and b is the neutral
element of the operation % in the semiring K. Furthermore,
a computable function f is non-arithmetic, if it is computed
by some non-arithmetic machine. For {0,1} C X C K
and P,Q C X*, a reduction @) ank ] P is called non-

arithmetic, if the computable function corresponding to it is
non-arithmetic.
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Lemma 4. Ler X C K be a finite subset, {0,1} C X, and
let P,(Q C X*. Then there is a non-arithmetic reduction
Q §an X1 P, if and only if we have Q gﬁl P, that is, there
is a Turing machine with input alphabet X computing a
reduction from @) to P in polynomial time.

We give two definitions for completeness based on non-
arithmetic reductions. The first one is a non-arithmetic ver-
sion of NP [ X]-completeness, and the other one is an even
stronger form of non-arithmetic NP g -completeness.

Definition 17. Let {0,1} C X C K and L C X*. We say
that L is NP i [ X ]-complete under non-arithmetic reductions,
if L € NPg[X] and if for every L’ € NP [X] there is a
non-arithmetic reduction L' <Px L.

Definition 18. A language L C K™ is NP g -complete under
non-arithmetic reductions respecting machine constants, if
the membership L € NP g is witnessed by a polynomial-time
BSS i machine that only uses 0 and 1 as machine constants,
and if for every L’ € NPk and for every polynomial-time
BSSk machine M the following holds: if M decides L’
non-deterministically, then there is a polynomial-time non-
arithmetic BSS k¢ machine M’ that is limited to only use the
machine constants of M together with 0 and 1 in such a
manner that for every z € K* it is true that 7 € L’ if and
only if fp;/(Z) € L.

Lemma 5. Let {0,1} C X C K, and let P C K* be
NP i -complete under non-arithmetic reductions that respect
machine constants. Then the problem P N X* is NP [X]-
complete under non-arithmetic reductions.

For the next result, let SAT" be the restriction of SAT7;
to those propositional formulae that do not have nested for-
mula (in)equalities. For this, we consider the shorthand no-
tations for the negated formula inequalities # and £ to be
logical symbols in their own right.

Theorem 4. The problems SAT7 and SATH are NP -
complete under non-arithmetic reductions that respect ma-
chine constants.

Proof. Although not explicitly stated, the claims in the state-
ment are demonstrated in the proofs of Lemma 1 and Theo-
rem 1. For Lemma 1, machine constants for elements other
than 0 and 1 are not used when a guess for a satisfying assign-
ment is verified. The proof of Theorem 1 can be modified to
show that, in addition to SAT% being NP x-complete, also
the modified problem SATfII(aLt is NP g -complete using non-
arithmetic machines that satisfy the claimed condition on
respecting machine constants. [

Next we consider the semiring K as a structure in the
context of ordinary first-order logic.
Definition 19. Let {0,1} C X C K. The existential theory
of K with constants in X is defined as the set of existential
sentences of first-order logic (in the vocabulary {+, -} U X)
that are true in K, 1. e., as the set

ETK[X]={¢eFO|K = ¢},

where the standard Tarskian semantics of truth is applied.
Furthermore, we write ETK instead of ETK[{0, 1}]. Then,
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JK is defined as the complexity class that consists of all those
Boolean languages that have a polynomial-time many-one
reduction to ETK, i.e.,

3K ={Lc{0,1}* | L <\ ETK}.

Theorem 5. The problem ETK[K] is NP x-complete under
non-arithmetic reductions respecting machine constants.

Proof. The claim ETK[K] € NP g can be demonstrated by
guessing a satisfying assignment for the existentially quanti-
fied variables and verifying it in polynomial time. Only the
values 0 and 1 are used as machine constants.

For the hardness claim, note that since the composition
of two non-arithmetic reductions is a non-arithmetic reduc-
tion, by Theorem 4 it is enough to show that there is a non-
arithmetic reduction SAT!* <Px ETK[K] that does not
use machine constants other than 0 and 1. For this, let ¢ be
a propositional formula that is given as input. Let g be an
injection that maps each negated and non-negated proposi-
tional literal of ¢ to a first-order variable. Within formula
(in)equalities, the connectives A and V are replaced with -
and +, respectively, and each literal ¢ is replaced with g(¢).
Outside the scope of formula (in)equalities, each literal £ is
replaced with g(¢) # 0. Constants are kept unchanged. Now,
we have a first-order formula v without quantifiers. Then,
let 0 := Jzq ... Jxx1), where x1, . . . zy are the newly intro-
duced first-order variables of . Using arguments based on
induction, it can be shown that the formula ¢ is satisfiable if
and only if K |= 6. The sentence 6 can be constructed with
a non-arithmetic BSS x machine in polynomial time. O

Following our conventions regarding encodings in Sec-
tions 3 and 4, it holds that ETK[X] = ETK[K] N X* when-
ever {0,1} C X C K. Thus, the following result follows
from Lemma 5 and Theorem 5.

Corollary 4. Ler {0,1} C X C K. Then ETK[X] is
NP k[ X]-complete under non-arithmetic reductions.

In the previous result, in the case that the subset X is finite,
we can use Lemma 4 to obtain a result about complexity
classes for ordinary Turing machines.

Corollary 5. Let X C K be a finite set so that {0,1} C X.
Then ETK[X] is complete for NP i [X] under polynomial-
time reductions computed by Turing machines with input
alphabet X. In particular, 3K = NPk [{0,1}].

Using the notation of, e. g., (Biirgisser and Cucker 2003),
our definition of NP x[{0, 1}] coincides with the class that
could be denoted by BP(NPY%), the Boolean part of NP, .
Here, NP(I)( is the restricted version of the definition of
NP x to those BSSx machines that are only allowed to use
the semiring values 0 and 1 as machine constants. Then,
BP(NPY,) is defined as the set { L N {0, 1}* | L € NP% }.

7 Conclusion

In this paper, we connected semiring semantics for logic
to algebraic models of computation. As the main results,
we provided semiring analogues of the classical theorems
of Fagin and Cook over non-deterministic BSS g machines.

131

Specifically, under semiring semantics with built-in compari-
son atoms, existential second-order logic captures NP g, and
propositional satisfiability is complete for this class. Addi-
tionally, we showed that the existential first-order theory of
a semiring K is complete for the Boolean fragment of the
complexity class NP .

From a broader perspective, our results contribute to a sys-
tematic understanding of how classical notions from descrip-
tive complexity theory extend beyond the Boolean setting.
Future directions include relaxing algebraic assumptions
(e.g., non-commutative or non-positive semirings), semiring
analogues of richer complexity classes, and sharper model-
checking bounds parameterized by formula and semiring
properties.
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