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Abstract

Neurosymbolic systems can satisfy logical constraints during
learning without achieving the intended concept-label cor-
respondence; this is a problem known as reasoning short-
cuts. We formalize reasoning shortcuts as a constraint satis-
faction problem and investigate under which conditions con-
cept mappings are uniquely determined by the constraints.
We prove that a discrimination property (requiring that no
valid concept mapping can be transformed into another valid
mapping by swapping two concept values) is necessary for
shortcut-freeness under bijective mappings, but demonstrate
via a counterexample that it is insufficient even when the con-
straint graph is connected. We develop an ASP-based algo-
rithm that verifies whether a given constraint set uniquely de-
termines the intended concept mapping, with proven sound-
ness and completeness. When shortcuts are detected, a
greedy repair algorithm eliminates them by augmenting the
constraint set, converging in at most k iterations, where k
is the number of alternative valid mappings. We further pro-
vide a complexity classification: deciding shortcut-freeness is
coNP-complete, counting shortcuts is #P-complete, and find-
ing minimal repairs is NP-hard. We also establish sample
complexity bounds showing that logarithmically many label
queries suffice for disambiguation in favorable cases, while
querying all ambiguous positions suffices in the worst case.
Experiments across eight benchmark domains validate our
approach.

1 Introduction

Neurosymbolic Al systems integrate neural perception with
symbolic reasoning, combining the pattern recognition ca-
pabilities of deep learning with the reliability and explain-
ability of symbolic logic (Besold et al. 2021; Manhaeve
et al. 2021; Yang, Ishay, and Lee 2020; Badreddine et
al. 2022). However, recent work has identified a criti-
cal problem called reasoning shortcuts, where models sat-
isfy constraints while learning concept mappings that differ
from the intended correspondence (Marconato et al. 2023b;
Yang et al. 2024).

Consider a neurosymbolic system for visual arithmetic:
neural networks predict digit concepts from images, and
constraints enforce arithmetic relationships (e.g., the labels
assigned to two images must sum to 3). While the system

*An extended version with full proofs and supplementary ma-
terial is available at https://arxiv.org/abs/2604.23377.
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may achieve high accuracy on training tasks, the learned
concepts might be swapped, predicting 1 as 2 and vice
versa, yet still satisfy all constraints. This reasoning shortcut
undermines both correctness (concepts do not correspond
to their intended labels) and robustness (fails on out-of-
distribution tasks) (Marconato et al. 2024; van Krieken et al.
2025). We focus on the class of constraint-based neurosym-
bolic systems where logical rules over concept mappings are
explicit (Definition 1); our results characterize when such
a constraint set uniquely determines the intended concept
mapping, and at what computational cost.

Recent work on shortcut mitigation includes uncertainty-
aware methods (Marconato et al. 2024), theoretical risk
analysis (Yang et al. 2024), prototypical neurosymbolic ar-
chitectures that encourage models to rely on correct internal
evidence (Andolfi and Giunchiglia 2025), and comprehen-
sive benchmarks (Bortolotti et al. 2024). However, it re-
mains unclear whether and when constraints uniquely de-
termine concept mappings, which is essential for deploying
neurosymbolic systems with confidence.

We approach this question by formalizing reasoning
shortcuts as a constraint satisfaction problem (CSP). Given a
set of constraints C' over concept mappings ¢ : N — S, we
ask, does C' admit exactly one valid mapping (shortcut-free),
or do multiple valid mappings exist (shortcuts present)? This
CSP perspective enables us to:

* Prove necessary conditions: Discrimination (no valid
mapping related to another by a concept transposition) is
necessary for shortcut-freeness (Theorem 1), but insuffi-
cient in general. We construct an explicit counterexam-
ple where discrimination holds yet shortcuts persist via
longer permutation cycles, even with a connected con-
straint graph (Example 4).

* Classify complexity: Deciding shortcut-freeness is coNP-
complete, counting shortcuts is #P-complete, and finding
minimal repairs is NP-hard (Theorems 4-6).

* Bound disambiguation cost. We define a shortcut multi-
plicity measure and prove that logarithmically many la-
bel queries suffice for disambiguation in favorable cases,
while querying all ambiguous positions suffices in the
worst case (Theorem 2).

* Provide practical algorithms: a verification algorithm
based on Answer Set Programming (ASP) (Gebser, Kauf-
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Figure 1: Reasoning shortcut in the 4-node addition problem (Ex-
ample 1). Both the intended mapping ¢* (solid) and the shortcut
¢2 (dashed) satisfy all constraints, but ¢2 incorrectly swaps con-
cepts 1 and 2.

mann, and Schaub 2012), whose native model enumer-
ation makes it well-suited to exhaustive shortcut search,
with correctness guarantees (Algorithm 1), greedy repair
that eliminates shortcuts by augmenting the constraint set
with convergence guarantees (Algorithm 2), and active
learning strategies.

Our key observation is that reasoning shortcuts arise from
symmetries in the constraint structure. Disconnected con-
straint graphs allow independent concept swaps within com-
ponents (Example 1), while symmetric constraints such as
modulo arithmetic admit rotational shortcuts even when the
graph is connected (Example 4). This connects our work
to classical symmetry-breaking in CSPs (Gent, Petrie, and
Puget 2006), but extends it to the neurosymbolic setting
where a specific ground-truth mapping must be uniquely de-
termined.

Our work complements existing neurosymbolic ap-
proaches, e.g., shortcut detection methods (Marconato et al.
2023b; Yang et al. 2024), ASP-based systems (Yang, Ishay,
and Lee 2020; Skryagin et al. 2024), Semantic Loss (Xu et
al. 2018), and Concept Bottleneck Models (CBMs) (Koh et
al. 2020), by providing the formal foundations: we prove
when shortcuts can and cannot exist, characterize their com-
putational complexity, and supply verification and repair al-
gorithms with correctness guarantees.

Example 1 (Motivating Example: Simple Addition). Con-
sider learning a mapping from 4 neural outputs to 4 digit
concepts using addition constraints (Figure 1):

Problem setting:

* Neural outputs: N = {ng,n1,na,ns}
* Concept labels: S = {0,1,2,3}
» Constraints:
Cy: ¢(no) + d(nz) = 3; Cz 1 p(n1) + ¢p(n2) =3
* Intended concept mapping
¢* = {no — 0,n1 — 1,n9 — 2,n3 — 3}
or equivalently in tuple notation, ¢(n;) as the i-th entry:
¢ =1(0,1,2,3)
Issue: There are multiple bijective mappings that satisfy
all constraints. For example:

* ¢1 = (0,1,2,3) — intended mapping
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o ¢o =(0,2,1,3) — swaps ny < no
e ¢3=(3,1,2,0) — swaps ng <> n3
* ... (8 total bijective valid mappings)

The network may learn any of these 8 mappings during
training. If the learned mapping differs from ¢*, test-time
predictions will be systematically incorrect.

The constraint graph G¢ (Definition 2; Figure 2) de-
composes into two disconnected components {ng,ns} and
{n1,n2}, and this disconnection allows the two component-
level transpositions to combine into 8 valid bijections.

This paper also provides a mechanism to: (1) detect such
shortcuts via ASP-based verification, and (2) eliminate them
by augmenting the constraint set (e.g., adding “¢(n;) = 17
reduces the 8 valid mappings to 4).

Our framework provides immediately deployable tools
for practitioners: ASP verification directly checks shortcut-
freeness without requiring analytical proofs, repair algo-
rithms systematically eliminate shortcuts with convergence
guarantees, and active learning strategies achieve near-
optimal label efficiency.

This paper is organized as follows: Section 2 surveys re-
lated work. Section 3 introduces the problem setting and
core definitions. Section 4 develops theoretical foundations:
necessary conditions, their limitations, symmetry analysis,
sample complexity bounds, and practical label selection
strategies. Section 5 presents verification and repair algo-
rithms with complexity analysis. Section 6 provides exper-
imental validation across 8 benchmark domains. Section 7
concludes with open problems.

2 Related Works

2.1 Reasoning Shortcuts in Neurosymbolic
Systems

Marconato et al. (2023b) first characterized reasoning short-
cuts in neurosymbolic learning, identifying four key con-
ditions under which they arise. They demonstrated that
models can achieve high task accuracy while learning con-
cept mappings that differ from the intended correspondence,
compromising both interpretability and out-of-distribution
robustness. Building on this, Marconato et al. (2024) in-
troduced BEARS, an uncertainty-aware framework for de-
tecting and mitigating shortcuts through Bayesian estima-
tion. Marconato et al. (2023a) further showed that reasoning
shortcuts persist across continual learning scenarios, requir-
ing explicit concept rehearsal strategies.

Recent theoretical work by Yang et al. (2024) pro-
vided the first formal analysis of shortcut risk, quantify-
ing it through knowledge base complexity, sample size, and
hypothesis space. They proved that Abductive Learning
(ABL) algorithms reduce shortcut risk compared to standard
neurosymbolic approaches by selecting appropriate distance
functions. van Krieken et al. (2025) demonstrated that
the independence assumption, commonly used in neurosym-
bolic frameworks to simplify inference, prevents models
from correctly representing uncertainty over concept com-
binations, thereby hindering awareness of reasoning short-
cuts. In a complementary direction, Takemura and Inoue
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(2026) apply matrix-based differentiable logic programming
to empirically mitigate shortcuts through one-to-one atom
grounding; our work addresses the orthogonal question of
when constraints formally determine uniqueness.

To facilitate systematic evaluation, Bortolotti et al. (2024)
introduced RSBench, a comprehensive benchmark suite pro-
viding customizable tasks affected by reasoning shortcuts,
along with formal verification procedures for assessing their
presence. More recently, Bortolotti et al. (2025) formalized
“joint reasoning shortcuts” (JRSs) in CBMs with learned
inference layers, showing that reducing deterministic JRSs
to zero provably prevents all JRSs and yields identifiability.
Their identifiability result for CBMs with learned inference
layers complements ours: they show when eliminating de-
terministic shortcuts suffices, while we characterize whether
a given constraint set admits shortcuts and at what computa-
tional cost.

2.2 Neurosymbolic Integration and
Constraint-Based Learning

Several frameworks integrate neural perception with sym-
bolic constraints. DeepProbLog (Manhaeve et al. 2021)
combines neural predicates with probabilistic logic pro-
gramming; Logic Tensor Networks (Badreddine et al. 2022)
embed logical formulas as differentiable tensor operations;
and Semantic Loss (Xu et al. 2018) derives differentiable
losses from logical constraints via weighted model counting,
with recent extensions to autoregressive models (Ahmed,
Chang, and Van den Broeck 2023). PiShield (Stoian et al.
2024) provides shield layers guaranteeing constraint satis-
faction during inference regardless of input. Concept Bot-
tleneck Models (CBMs) (Koh et al. 2020) take a com-
plementary approach, routing predictions through human-
interpretable concept layers to enable test-time interven-
tions. Recent extensions include generative CBMs (Ismail
et al. 2023) and analysis of joint reasoning shortcuts in
CBMs with learned inference layers (Bortolotti et al. 2025).
These approaches share an implicit assumption that con-
straints or bottleneck architectures should suffice to ensure
the intended concept-label correspondence. Our work shows
this assumption requires formal verification, i.e., constraints
may admit multiple valid mappings even when all are sat-
isfled. More broadly, constraint-based formulations have
proven valuable for ML interpretability beyond the neu-
rosymbolic setting. Ignatiev et al. (2021) survey reasoning
and constraint-based approaches to learning inherently in-
terpretable models such as decision trees and decision sets,
while Shrotri et al. (2022) use Boolean constraints to guide
explanation generation for black-box models.

In formal explainable Al research, constraint solvers have
been used to derive provably correct explanations of black-
box predictions (Darwiche 2023; Marques-Silva and Ig-
natiev 2022). These approaches share our use of constraint-
based reasoning over learned models but address a different
question: given a fixed model and input, what is a (minimal)
sufficient reason for the prediction? Our setting reverses
this perspective: given a constraint set used during learn-
ing, does it admit a unique concept-label correspondence?
Our CSP-based analysis of reasoning shortcuts extends this
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line of work to the neurosymbolic setting, where the goal is
not to explain predictions but to verify whether constraints
uniquely determine concept-label correspondences.

2.3 ASP-Based Neurosymbolic Systems and
Symmetry Breaking

ASP has emerged as a tool for integrating symbolic rea-
soning with neural perception. NeurASP (Yang, Ishay, and
Lee 2020) treats neural outputs as probability distributions
over ASP atoms, enabling symbolic rules to guide train-
ing. SLASH (Skryagin et al. 2022) scales this via prun-
ing of stochastically insignificant groundings, and Answer
Set Networks (Skryagin et al. 2024) translate ASP programs
into graph neural networks for GPU-accelerated reasoning.
These systems use ASP for inference-time probabilistic rea-
soning. Our use of ASP is different: we perform compile-
time verification of structural properties, checking whether
constraints uniquely determine concept mappings before de-
ployment. This connects to classical symmetry breaking in
CSPs (Gent, Petrie, and Puget 2006), but differs in that we
must verify a specific ground-truth mapping ¢* is uniquely
determined, not merely find any solution efficiently.

Existing work either detects shortcuts empirically (Mar-
conato et al. 2023b; Marconato et al. 2024; Bortolotti et
al. 2024), quantifies shortcut risk under distributional as-
sumptions (Yang et al. 2024), or assumes constraints suf-
fice for correctness (Xu et al. 2018; Koh et al. 2020). We
provide the formal foundations: a CSP formalization with
necessary conditions (Theorem 1), complexity classification
(Theorems 4-6), ASP-based verification with correctness
guarantees (Algorithm 1), and sample complexity bounds
connecting shortcut multiplicity to disambiguation require-
ments (Theorem 2). This shifts the question from “how do
we detect shortcuts?” to “when do constraints guarantee
uniqueness?”’

3 Preliminaries

Definition 1 (Constraint-Based Neurosymbolic Learning

Problem). A constraint-based neurosymbolic learning (NSL)

problem is a tuple P = (N, S, C, ¢*, D) where:

o N ={ni,...,nm} is a finite set of m neural outputs

o S={s1,...,8.} is a finite set of r concept labels

e C'is a finite set of constraints over mappings ¢ : N — S

e ¢* : N — S is the intended (ground-truth) concept map-
ping

* D is a dataset of observations

The triple (N, S, C) defines a constraint satisfaction prob-

lem (CSP) whose variables are the neural outputs in N, do-
main is S, and constraints are C.

This definition captures NeSy systems in which logical
constraints over concept mappings are explicit. Frameworks
such as DeepProbLog, NeurASP, and Logic Tensor Net-
works with declared inference rules can be analyzed in our
framework by extracting their constraint structure. Frame-
works that operate without explicit symbolic constraints
(e.g., end-to-end learned representations) fall outside our
scope.
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In practice, the intended mapping ¢* is unknown to the
learner, and recovering it is the goal of neurosymbolic learn-
ing. We include ¢* in the problem definition because our
aim is not to solve the learning task itself, but to analyze the
constraint structure: given a hypothetical intended mapping,
we ask whether the constraints uniquely determine the map-
ping or admit alternative valid mappings (reasoning short-
cuts). This is analogous to verifying identifiability condi-
tions before deployment, rather than during training.

Definition 2 (Constraint Graph). The constraint graph
of the CSP (N,S,C) is the undirected graph G¢
(N, E) whose vertex set N is the set of neural out-
puts and whose edge set is E {(ni,nj) | ni #
n;j and both n;, n; appear in some constraint ¢ € C'}.

Constraint graphs for the running examples are shown in
Figure 2.

Example 2 (MNIST-Half as NeSy Learning Problem). The
MNIST-Half task instantiates Definition 1 as follows:

* N = {ng,n1,ne, ng,nq} (neural outputs for digits 0-4)
» S =140,1,2,3,4} (digit concept labels)
e = {Cl, Cz, 03, 04} where:
C1: ¢(no) + d(no) =0 Co: (ng) + d(n1)
Cs: p(n2) + d(nz) =5 Cy:d(n2) + d(na)
c 9F = (07 1,2, 374)
» D: Dataset of digit pairs with sum labels

1
6

The constraint graph G¢ has two components: {ng,ni}
(edge from C3) and {na,n3,n4} (edges from Cs,Cy); the
unary constraint Cy pins ¢(ng) = 0 directly.
Definition 3 (Valid Mapping and Shortcut). Let P
(N, S, C, ¢*, D) be a constraint-based NSL problem.

The set of valid mappings is:

o ={¢: N — S| ¢ satisfies all constraints in C'}
A valid mapping ¢ € ®¢ is a reasoning shortcut if ¢ #

The problem is shortcut-free if |Pc| = 1 and the unique
element of ¢ is ¢*.

Standing assumption: Throughout this paper, we assume
the intended mapping satisfies the constraints, i.e., ¢* € ®¢.
This implies &~ # &. When this assumption does not hold,
we treat it as an error condition (see Algorithm 1, line 9:
INTENDED-INVALID).

Remark 1 (Restriction to Bijections). In this work, we as-
sume the intended mapping ¢* is bijective, which is natural
for classification tasks where each neural output should cor-
respond to exactly one concept and each concept should be
represented exactly once. We then restrict the search space
to bijective mappings when analyzing shortcuts. This re-
striction serves as a structural prior: if ¢* is the unique valid
mapping (i.e., || = 1), then non-bijective alternatives are
already excluded, so no generality is lost for the shortcut-
freeness question. When |®¢| > 1, restricting to bijections
may exclude some non-bijective shortcuts, but this is inten-
tional: our analysis focuses on the harder case where short-
cuts preserve the bijectivity structure of ¢*. Algorithm 1
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supports both bijective and non-bijective enumeration, and
our experiments report both (Table 1).

Definition 4 (Shortcut Multiplicity). The shortcut multiplic-
ity of constraint set C is SM(C) = |®¢| — 1. We denote
k = SM(C) throughout. An NSL problem is shortcut-free
if SM(C) = 0 (equivalently, k = 0).

Notation for bijective mappings. To avoid ambiguity be-

tween general mappings and bijective mappings, we intro-
duce explicit notation:

e U ={¢: N — S| ¢ satisfies all constraints in C'}
« DY = {¢ € DY | ¢ is bijective}
ij bij

© SMPI(C) =@ -1

Unless stated otherwise, when we write “®~” we mean
<I>23'] (bijectiye mappings only), and similarly “SM(C)”
means SMPJ(C). For example, Algorithm 1 explicitly en-
forces bijectivity through constraints (lines 4-5).

Definition 5 (Disagreement Set). The disagreement set of
constraint set C' is the set of positions where valid mappings
disagree:

Ac={ne N:3¢,¢" € ®c with p(n) # ¢'(n)}.

Proposition 1 (Relationship Between Measures). Given the
shortcut multiplicity SM (C) and disagreement set A¢, we
have:

1. SM(C)=0< |9 =1

2. If SM(C) =0, then |Ac| =0

3. |Ac| < |N| (with equality |Ac| = |N| only when map-
pings disagree everywhere)

Proof. All three parts follow directly from the definitions.
O

4 Theoretical Framework

We now investigate under what conditions a constraint set
uniquely determines the intended mapping. We begin by
identifying a necessary condition, the discrimination prop-
erty, then show its limitations, examine the symmetry struc-
ture of the solution space, analyze the sample complexity of
disambiguation when constraints alone are insufficient, and
describe a practical label selection strategy with a formal
bound.

4.1 Discrimination is Necessary

Definition 6 (Discrimination Property). Let ¢ : N — S be
a concept mapping. For distinct concepts s;, s; € S, define
the transposed mapping ¢s, s, : N — S by:

55 ifp(n) =si
¢Si<—>5j (TL) =3 Si lf¢(n) =Sj
o(n) otherwise

A constraint set C' is discriminative if:

Vsi 55 € Swiths; # 55, Vo € o1 ¢s,055; & o
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Example 2
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Example 4
(Modulo Successor)

Example 1
(Simple Addition)
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bii
|oR| =8
(7 shortcuts)

bij | _
|25 =1
(shortcut-free)

bii
|22 =3
(2 shortcuts)

Figure 2: Constraint graphs for the three running examples. Ex-
ample 1 has two disconnected components, admitting 7 bijective
shortcuts. Example 2 (MNIST-Half) also has disconnected compo-
nents, but stronger arithmetic constraints achieve uniqueness under
bijectivity (a unary constraint is omitted from the figure). Exam-
ple 4 has a connected graph, yet admits 2 shortcuts via rotational
symmetry (3-cycles), showing that connectivity alone does not pre-
vent shortcuts.

This definition quantifies over all ¢ € ®¢ for clarity. Be-
cause shortcut-freeness implies there is only one solution,
ie., ®c = {¢*}, under shortcut-freeness this reduces to
discrimination at ¢*. Informally, discrimination forbids all
2-cycles (transpositions) in the automorphism group of valid
mappings (see Definition 7 and Proposition 2).

Theorem 1 (Discrimination is necessary). Let P
(N, S,C, ¢*, D) with |[N| = |S|. If P is shortcut-free, then
C'is discriminative.

Proof. Assume P is shortcut-free, so - = {¢*}. Consider
any distinct s;,s; € S. Since ¢* is bijective, there exist
distinct n;,n; € N with ¢*(n;) = s; and ¢*(n;) = s;.
The transposition swaps these assignments, so ¢y, s %+ o*.
Since [®¢| = 1, we conclude ¢7 .., & Pc. As this holds
for all distinct pairs, C'is discriminative. O

Example 3 (Discrimination in MNIST-Half). In MNIST-
Half (Example 2), consider the intended mapping ¢*
(0,1,2,3,4).

Attempt the transposition 2 < 3:

¢;<—>3 = (Ov 17 37 23 4)

Check constraints:
o C5: p(n2) + ¢(ng) = 3+ 2 = 5 (satisfied)
o Cy: p(ng) + d(na) =3+ 4 =7 # 6 (violated)

The transposition violates Cy, so ¢5 5 ¢ ®c. Thus C
discriminates the pair (2, 3) at ¢*.

4.2 Discrimination Can Fail in Practice
Theorem 1 shows discrimination is necessary, but the fol-
lowing example shows that it is not sufficient.

Example 4 (Discrimination is necessary but not sufficient).
Consider a 3-node problem with modulo successor con-
straints:
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* N ={ng,n1,n2}

e S =1{0,1,2}

* Constraints:
Cy : ¢(ny) = ¢(ng)+1 (mod 3); Csy : P(ns)
1 (mod 3)

o Intended: ¢* = (0,1, 2)

The constraint graph is connected (ng — niy — neo), yet
three bijective valid mappings exist:

= ¢(n1)+

* ¢1 =(0,1,2) (intended, ¢*)
* ¢2 =1(1,2,0) (rotationby 1)
* ¢3=1(2,0,1) (rotation by 2)

Each ¢; assigns concepts so that consecutive outputs differ
by 1 modulo 3, satisfying both C and Cs.

Discrimination holds: Consider ¢1 = (0,1, 2). Swapping
0 <> 1 gives (1,0,2): check C1: 0 =1+ 1 (mod 3)? No.
Similarly, every transposition applied to any valid mapping
violates at least one constraint. Thus C satisfies the discrim-
ination property.

Shortcuts exist via 3-cycles: The cyclic permutation o :
0— 1, 1 — 2, 2+ 0 acts on solutions by composition

(009)(n) = a(p(n)):

UO¢1:(1a270):¢25
UO¢2:(2,0,1):¢3,
cop3=1(0,1,2) = ¢1.

So o € Aut(X). Together with o> and the identity,
Aut(X) = {id, 0,02} is non-trivial, and acts transitively
on ¢

Discrimination eliminates 2-cycles from Aut(X), but
cannot detect 3-cycles, or longer cycles in general. This
shows that discrimination, while necessary (Theorem 1), is
not sufficient for shortcut-freeness, even when the constraint
graph is connected.

Example 4 shows that the gap between discrimination and
shortcut-freeness is not merely a matter of constraint graph
connectivity: the modulo successor constraints form a con-
nected graph, yet shortcuts persist through 3-cycles that dis-
crimination cannot detect (Figure 2). This contrasts with
Example 1, where shortcuts arise from a different mecha-
nism, i.e., disconnected components allowing independent
transpositions. Together, these examples show that discrim-
ination is not a practical guardrail on its own, and the ques-
tion of sufficient conditions for uniqueness leads naturally to
analyzing value symmetries.

4.3 Value-Symmetry Elimination

Having established the limits of discrimination, we turn to
sufficient conditions by examining the symmetry structure
of the solution space.

Definition 7 (Symmetric Group and Automorphism Group).
Let X = (N,S,C) be the CSP instance restricted to bi-
jections ¢ : N — S. A permutation of S is a bijection
o : 8 — S. The set of all permutations of S forms the sym-
metric group Sym(S). Each o € Sym(S) acts on solutions
by composition: (o o ¢)(n) = o(¢(n)) foralln € N.
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The automorphism group of X is:
Aut(X) ={o € Sym(S) : g0 ¢ € Dp forall p € D}

Proposition 2 (Value-Symmetry Elimination). If Aut(X) is
trivial (i.e., Aut(X) = {id}), then no two distinct solutions
in ®¢ are related by a permutation in Aut(X).

Proof. If ¢’ = o o ¢ for some o € Aut(X), triviality forces
o = id, hence ¢’ = ¢. O

Proposition 2 shows that a trivial automorphism group
eliminates the multiplicity arising from value-permutation
symmetries, but does not imply |®¢| = 1: a permutation
o ¢ Aut(X) might still map one particular solution to
another. The gap between trivial Aut(X’) and uniqueness
arises from symmetries that preserve some valid mappings
but not all. We illustrate two distinct mechanisms by which
shortcuts arise, and note that they have different repair im-
plications.

Single-orbit shortcuts (Example 4). Here Aut(X)
{id, 0,02}, where o is the 3-cycle 0 — 1 — 2 — 0.
The group Aut(X) acts transitively on ®c: every valid
mapping is reachable from any other via a single rotation.
Repair is correspondingly cheap: pinning a single position
d(n*) = ¢*(n*) breaks the orbit and identifies ¢* uniquely
(one constraint suffices, see Theorem 3).

Component-decomposable shortcuts (Example 1). Here
disconnected components of the constraint graph admit in-
dependent rearrangements. The two components {ng, n3}
and {n1,ms} each support an independent transposition,
yielding 4 x 2 = 8 valid bijections. Repair requires at
least one constraint per component admitting non-trivial re-
arrangement, since pinning one component leaves the other
free.

This contrast motivates Section 5: verification via Algo-
rithm 1 detects shortcuts regardless of mechanism, while
greedy repair via Algorithm 2 resolves them at a cost de-
termined jointly by the orbit structure of Aut(X) and the
connectivity of G¢.

Discrimination (Definition 6) eliminates all 2-cycles from
the value-symmetry group, but does not eliminate longer
cycles or non-symmetry-based multiplicity. Two structural
properties appear relevant but remain unproven as sufficient
conditions. First, constraint graph connectivity (Defini-
tion 2) prevents independent component rearrangements as
in Example 1, but connected graphs may still admit short-
cuts through longer permutation cycles (Example 4; see also
Figure 2). Second, constraint strength: in MNIST-Half,
arithmetic constraints like ¢(n2) + ¢(n4) = 6 fully deter-
mine values when combined with bijectivity, while the mod-
ulo successor constraints in Example 4 do not. Formalizing
when constraints are “strong enough” and whether connec-
tivity and strength jointly suffice for uniqueness remains an
open problem.

4.4 Sample Complexity for Disambiguation

Since complete sufficient conditions for shortcut-freeness
remain open, a natural fallback is disambiguation through
labeled data. Given that |®¢| > 1, how many concept la-
bels are necessary to identify ¢* among the valid mappings?
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This question is of practical importance because even when
constraints alone are insufficient, a small number of strate-
gically chosen labels may resolve the remaining ambiguity.
We formalize this as a query complexity problem over the
candidate set ®¢.

Theorem 2 (Sample Complexity of Label Queries). Let $¢
contain k + 1 valid bijective mappings with SM (C) = k >
1, and let r |S|. Suppose a learner can make label
queries: given n € N, an oracle returns ¢*(n) € S. The
learner may choose each query adaptively based on previ-
ous answers. Then we have:

1. Lower bound: Any learner requires at least [log,.(k+1)]
queries to identify ¢*.

2. Upper bound: Querying all positions in A¢ identifies ¢*
using at most |Ac| < r queries.

The lower bound is achieved when ® o admits balanced par-
titions at each query step; the upper bound is achieved when
each query eliminates only one candidate.

Proof. Lower bound: Each label query returns a value in S,
providing at most log, |:S| bits of information. Distinguish-
ing among k + 1 candidates requires at least log, (k+ 1) bits.
Therefore at least [log, (k +1)/log, [S[] = [log g (k+1)]
queries are necessary, regardless of the adaptive strategy.
Upper bound: Query ¢*(n) for each n € Aq. After all
queries, consider any remaining candidate ¢ € ®¢:

» Forn € Ac: the query at n eliminates all ¢ with ¢(n) #
¢*(n), so ¢(n) = ¢*(n).

» Forn € N\ A¢: by definition of A, all valid mappings
agree at n, so ¢(n) = ¢*(n).

Thus ¢ = ¢*, and |A¢| queries suffice. Note that ¢* is
never eliminated since it always agrees with its own labels.
Bound on |A¢|: The k + 1 valid mappings are pairwise
distinct when restricted to A¢ (they agree on N \ A¢), so
k41 < rlael giving [Ac| > [log, (k + 1)]. O

The gap between the lower and upper bounds depends on
the structure of ®¢: favorable structure (as in Example 5
below) allows the lower bound to be achieved, while adver-
sarial cases may require all |A¢| queries. Section 4.5 intro-
duces a practical sampling strategy with a formal bound; the
supplementary material covers additional strategies (random
and greedy).

Example 5 (Sample Complexity Demonstration). For the
4-node addition problem (Example 1) with k = 7, |S| = 4,
and Ac = {ng,n1,ne,nz}:
Bounds: Lower = [log,(8)] = 2; Upper = |Ac| =4.
Achieved in 2 label queries (matching the lower bound):

e Query 1: “What is ¢*(ng)?” Oracle returns 0. Among
the 8 valid bijections, only those with ¢(ng) = 0 remain.
Direct enumeration gives exactly two: ¢1 = (0,1,2,3)
and ¢o = (0,2,1,3). The first query eliminates 6 of 8
candidates because the constraint ¢(ng) + ¢(nz) = 3,
combined with bijectivity, forces ¢p(n3) = 3 once ¢p(ng) =
0.



Proceedings of the 23rd International Conference on Principles of Knowledge Representation and Reasoning
KR meets Machine Learning and Explanation

* Query 2: “What is ¢*(n1)?” Oracle returns 1. This
eliminates ¢o (which has ¢a(n1) = 2). Only ¢1 = ¢*

remains. ldentification complete.

In adversarial cases (e.g., when each query removes only
one candidate), all |Ac| = 4 queries would be needed,
matching the upper bound.

4.5 Practical Label Selection Strategies

While Theorem 2 provides information-theoretic bounds
assuming an oracle, we now present a practical strategy
with a formal bound. The strategy assumes access to
(or maintenance of) the candidate set ¥ C &, which
can be approximated via bounded model enumeration (e.g.,
clingo —-models=100), diversified sampling, or in-
cremental verification.

Uncertainty Sampling. Maintain candidate valid map-
pings ¥ C ® (discovered via Algorithm 1). At each step:

1. For each n € N, compute disagreement: d(n) = |{s €
S:36 € U,6(n) = 5|

2. Select n* = argmax,en d(n) (output with most dis-
agreement)
3. Query label (n*, ¢*(n*))

4. Remove all ¢ € ¥ with ¢p(n*) # ¢*(n*)

Proposition 3 (Uncertainty Sampling Bound). Assume ora-
cle access to the full candidate set V = ®c. Under uncer-
tainty sampling, at most min{k, |Ac|} labeled examples are
needed to identify ¢*, where A¢ is the set of disagreement
positions.

Proof. Each query selects position n* with maximum dis-
agreement and obtains label ¢*(n*). This eliminates all can-
didates ¢ € U with ¢(n*) # ¢*(n*), which is at least
one candidate (since d(n*) > 2 when |¥| > 2). Once
we query position n, all remaining candidates agree with
¢* at n, so each query uses a distinct position. In the best
case, each query eliminates approximately half the remain-
ing candidates, requiring [log,(k + 1)] queries. In the worst
case, each query eliminates exactly one candidate, requir-
ing k queries but bounded by the number of disagreement
positions: min(k, |Ac|). O

This is an information-theoretic bound assuming perfect
knowledge of U, not a computational guarantee.

5 Algorithms and Complexity
5.1 Algorithmic Verification

We now translate the theoretical framework into a practi-
cal verification algorithm using Answer Set Programming
(ASP). Our use of ASP is not for solving the task instance,
but for reasoning about the constraint theory itself: verifying
uniqueness, counting alternatives, and guiding repair.

The ASP encoding follows a uniform pattern. For
a given constraint-based neurosymbolic learning problem
P = (N,S,C,¢*,D): (i) declare neural outputs and con-
cepts as domain atoms, (ii) use choice rules with cardinality
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Algorithm 1: Shortcut Verification (Pseudocode)

Require: Constraint set C', concepts S, neural outputs N

with |[N| = |S], intended mapping ¢*
Ensure: SHORTCUT-FREE, INTENDED-INVALID, or
list of shortcuts
// Initialize verification problem
Initialize search space: all mappings ¢ : N — S
Add all constraints from C
Add bijectivity constraint:

each output (resp. concept) maps to exactly one

concept (resp. output)
/I Step 1: Verity intended mapping
for each constraint ¢ € C' do

if ¢* violates ¢ then

return INTENDED-INVALID

/I Step 2: Search for alternative valid mappings
Exclude ¢* from search space
¥ < Find all valid bijective mappings
if U = () then

return SHORTCUT-FREE
else

return ¥ (each ¢ € W is a shortcut)

AR

® D

N

11:
12:
13:
14:
15:
16:

constraints to generate candidate mappings, optionally en-
forcing bijectivity via cardinality constraints (one per neu-
ral output and one per concept), (iii) encode each task con-
straint as an integrity constraint over value atoms, and (iv)
exclude ¢* via a joint integrity constraint to enumerate only
alternative valid mappings. For instance, the arithmetic con-
straint ¢(ng) + ¢(n3) = 3 becomes : - value (n0,V0),
value (n3,V3), V0+V3 != 3. This encoding is di-
rectly executable in clingo with ——models=0 for full enu-
meration. Complete ASP encodings for all examples are
available in the supplementary material.

Proposition 4 (Algorithm Correctness). Algorithm 1 is cor-
rect:

1.
2.

If it returns INTENDED—INVALID, then ¢* ¢ ®¢

If it returns SHORTCUT-FREE, then ¢* € ®¢ and no
other bijective mapping satisfies C

If it returns shortcuts, then ¢* € ®¢ and there exist other
bijective mappings satisfying C

Proof. Part 1: Lines 7-9 explicitly check if ¢* satisfies all
constraints in C'. If any constraint is violated, the algorithm
returns INTENDED-INVALID (line 9), so ¢* ¢ D¢

Part 2 (Soundness): If the algorithm returns
SHORTCUT-FREE, then ¢* passed all constraint checks
(lines 7-9), so ¢* € ®o. After excluding ¢* (line 11), the
search space consists of all bijective mappings satisfying C'
except ¢* (lines 2-5, 12). Since ¥ = () (line 13), no other
bijective mapping satisfies C.

Part 3 (Completeness): If ¢* € P and other bijective
mappings satisfy C, then Step 1 succeeds, and any bijective
@' # ¢* satisfying C is found and included in ¥ (line 12),
which is returned (line 16). O
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Algorithm 2: Greedy Shortcut Repair

Require: Constraint set C, intended mapping ¢*, maxi-
mum iterations T’
Require: ¢* € @ (intended mapping must be initially
valid)
Ensure: Either SHORTCUT-FREE constraint set C’ or
TIMEOUT with current C’
C'+—C,t«0
repeat
U + Run Algorithm 1 with (C’, ¢*)
if Y = SHORTCUT-FREE then
return C’
else if Y = INTENDED-INVALID then
return ERROR: ¢* inconsistent with constraints

Select ¢s. € U (any detected shortcut)

1:
2:
3
4.
5:
6.
7
8:
9: Dy <+ {n € N :¢*(n) # ¢psc(n)}

10: Select n* € D, (arbitrary or by heuristic)
11: Cnew ¢ constraint “¢(n*) = ¢*(n*)”

12: C' + C"U{cnew}

13: t+—t+1

14: untilt > T
15: return TIMEOUT with current C’

5.2 Constraint Repair

When verification reveals shortcuts, the next step is to elim-
inate them by augmenting the constraint set. Algorithm 2
adds unary pinning constraints of the form ¢(n) = ¢*(n)
for some n € N. The NP-hardness result in Theorem 6 is
stated for the more general decision problem in which can-
didate constraints are drawn from a fixed library of pinning
constraints, where each candidate may pin one or more po-
sitions.

Theorem 3 (Repair Algorithm Correctness). Let Cy = C
and C; be the constraint set after iteration i of Algorithm 2.
Assume ¢* € D¢, |Pc,| < oo (finite number of bijec-
tions from N to S with |[N| = |S|), and T > k where
k= SM(Cy). Then:

1. Monotonic decrease: SM(Ciy1) < SM(C;) for each
iteration that adds a constraint

Preserves intended: ¢* € ®¢, forall i

Termination bound: Algorithm terminates in at most k
iterations with SM (C") = 0

Suboptimality: The algorithm does not minimize |C’ \ C|

2.
3.

4.

Proof. (1) Monotonic decrease: At iteration i, let ¢5. €
@, be the detected shortcut. The algorithm adds constraint
Cnew : O(N*) = ¢*(n*) where ¢*(n*) # ¢s.(n*). Clearly
Gse violates Cpew, 0 ¢sc &€ Pc,,,. Thus ¢, C P,
(strict subset), hence |®c,,,| < |®g,|, so SM(Cit1) <
SM(C;).

(2) Preserves intended: The constraint Cpeq : ¢(n*)
¢*(n*) is satisfied by ¢* by construction. Thus if ¢* € @,
then ¢* € ®¢,,,. By induction: ¢* € P, by assumption,
hence ¢* € ®¢, for all <.

(3) Termination: Each iteration strictly decreases |®¢, | by
atleast 1 (part 1). Initially: |P¢c,| = SM(C)+1=k+1 <
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oo After iteration i: [®¢,| < k+ 1 — ¢ Toreach |®¢, | =1,
we need at most k iterations. By part (2), ¢* € ®c,, so
Oc, = {¢*}, thus SM(C)) = 0. Since the timeout as-
sumption 7" > k ensures the algorithm does not exit before
iteration k, and the decreasing chain terminates (part 1), Al-
gorithm 2 returns C, with SM (Cy) = 0.

(4) Suboptimality:

The algorithm is greedy and therefore does not minimize
|C’"\C|. Moreover, the more general candidate-library repair
problem is NP-hard (Theorem 6), indicating that optimal re-
pair is computationally difficult in general. O

5.3 Application to Existing Frameworks

The verification and repair workflow applies directly to
NeSy frameworks such as DeepProbLog, NeurASP, and
Logic Tensor Networks. First, export the logical rules as
ASP constraints, define ¢* and the neural output/concept
sets with | N| = |.S|, then run Algorithm 1 to check shortcut-
freeness. If shortcuts are detected, Algorithm 2 eliminates
them with convergence guarantees, or uncertainty sampling
(Section 4.5) can resolve ambiguity via labeled examples
(see supplementary material for a step-by-step guide).

5.4 Complexity Results

Given a constraint-based NSL problem with intended map-
ping ¢*: (i) deciding if the problem is shortcut-free is coONP-
complete, (ii) counting shortcuts is #P-complete, and (iii)
finding minimal repair is NP-hard.

Theorem 4 (Shortcut-Free verification is coNP-com-
plete). Given a constraint-based NSL problem P
(N, S,C,¢*, D) with |N| = |S|, deciding if SM(C) = 0
(given ¢*) is coNP-complete.

Proof. (Proof sketch) Membership in coNP: a certificate
that SM (C) > 0 is any valid mapping ¢ # ¢*, verifiable
in polynomial time. coNP-Hardness: we reduce UNSAT
to SM(C) = 0. Given a CNF formula ¢ over Boolean
variables {x1,...,2,,}, construct a constraint-based NSL
problem with 2(m + 1) neural outputs (one per literal) and
2(m + 1) concepts (paired truth values T;, F;). Add con-
straints enforcing neural outputs {n;, 7i; } must map to con-
cepts from {7}, F;}. The intended mapping ¢* encodes the
all-true assignment over {x1,...,%,,,y} for an auxiliary
formula )’ 1 A —y with fresh variable y, ensuring ¢*
is never a satisfying assignment of ¢)’. Constraints use an
auxiliary atom alt that activates iff ¢ # ¢*. When active,
clause satisfaction constraints enforce that the encoded as-
signment satisfies 1). By construction, ¢* € P, and any
¢ # ¢* is valid iff it encodes a satisfying assignment of v/’
Since #SAT(v') = #SAT(v) and ¢’ is satisfiable iff v
is, the reduction preserves both UNSAT and counting. Thus
SM(C) = 0iff 1 is unsatisfiable. O

In this reduction, we do not exclude ¢* from the constraint
encoding to ensure @ # @. This differs from the algorith-
mic enumeration (Algorithm 1) where we do exclude ¢* to
enumerate alternative shortcut solutions.
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Theorem 5 (Shortcut Counting is #P-complete). Given a
constraint-based NSL problem P = (N, S,C, ¢*, D) with
|N| = |S|, computing SM(C) = |®¢| — 1 is #P-complete.

Proof. (Proof sketch) Membership in #P: candidate map-
pings are verifiable in polynomial-time, so counting them
is in #P. #P-Hardness: using the same reduction as The-
orem 4, each ¢ # ¢* in & corresponds bijectively to a
satisfying assignment of ¢, so SM(C) = #SAT(y’) =
#SAT (). Since #SAT is #P-complete (Valiant 1979),
counting SM (C') is #P-hard. O

Theorem 6 (Minimal Repair over Candidate Pinning Con-
straints is NP-hard). Given a constraint-based NSL problem
P = (N,S,C,¢*, D) and a library L of candidate pinning
constraints, finding the smallest subset of L whose addition
to C achieves SM™(C") = 0 is NP-hard.

Proof. (Proof sketch) We reduce Set Cover to the minimal
repair problem. Given universe U = {uy,...,u,} and col-
lection S, construct a constraint-based NSL problem with
n neural outputs, identity intended mapping, and no initial
constraints (so |®c| = n", treating mappings as arbitrary
functions rather than bijections). Each set S; € S corre-
sponds to a candidate constraint that pins ¢(n;) = ¢*(n;)
for all u; € S;. Achieving SM®!(C’) = 0 with < ¢ con-
straints requires pinning every position, which corresponds
exactly to covering U with < £ sets. O

This hardness result explains why Algorithm 2 cannot
guarantee optimality (Theorem 3, Part 4), since finding the
minimum number of repair constraints would itself require
solving an NP-hard problem.

6 Experiments

We validate Algorithm 1 (verification) and Algorithm 2
(greedy repair) on 8 domains from the RSBench bench-
mark suite (Bortolotti et al. 2024), covering visual arithmetic
(MNIST-Half, MNIST-XOR, MNIST-EvenOdd, MNIST-
Math), visual logic (CLE4EVR, Kandinsky), and au-
tonomous driving (BDD-OIA, SDD-OIA). Each domain de-
fines a constraint-based NSL problem P = (N, S, C, ¢*, D)
with varying numbers of neural outputs (| N| from 2 to 21),
concepts, and constraint structures. All experiments use
clingo with ——mode1s=10000 for bounded enumeration,
averaged over 10 runs. In deployment, exact enumeration
is often unnecessary: shortcut-freeness can be checked by
searching for any alternative mapping, and shortcut anal-
ysis can be approximated via bounded enumeration (e.g.,
—-models=M), randomized restarts, or incremental veri-
fication (Section 4.5). We report results under two encod-
ings. The base encoding enforces only that each neural out-
put maps to exactly one concept (i.e., ¢ is a function), but
allows multiple outputs to share the same concept label; this
corresponds to ®2!! in our notation. The bijective encoding
additionally requires that each concept is used exactly once,
corresponding to <I>k(}”. Our theoretical results assume bijec-
tivity, but we include the base encoding to show how much
ambiguity bijectivity alone resolves. Table 1 summarizes the
results.

Task N Shortcuts Time (ms)
Base Bij. Base Bij.
MNIST-XOR 2 1 1 3533 301.7
MNIST-Half 5 2 0 291.2 290.7
MNIST-EvenOdd 10 35 1 2999 2994
MNIST-Math 4 4 0 3025 3014
BDD-OIA* 21 >10* >10* 5284 521.0
SDD-OIA* 21 >10* >10* 5275 5232
CLE4EVR* 8 >10* 5759 471.0 421.1
Kandinsky™*{ 8 >10* 3,455 4707 3773

Table 1: Reasoning shortcut detection: number of shortcuts and
analysis time. *: Minimal synthetic samples, ': Reduced concept
domain (from 18 to 8), N: number of neural outputs, Bij.: bijec-
tive encoding, Time represents average over 10 runs, 0 indicates
UNSAT (no shortcuts exist).

The approximate shortcut counting method employed
by RSBench (Bortolotti et al. 2024) enumerates reasoning
shortcuts by generating all possible ground-truth concept
vectors exhaustively and encoding the problem as SAT. This
is tractable for small domains (e.g., MNIST-Half: 5 =
3,125 vectors) but infeasible for larger ones, e.g., Kandin-
sky’s 18 ternary concepts yield 3'® ~ 387 million vectors.
We instead formulate shortcut enumeration as an ASP prob-
lem over minimal constraint sets. For MNIST domains,
arithmetic constraints directly encode the task rules with-
out requiring training samples. For non-MNIST domains
(marked * in Tables 1 and 2), we use 2-8 synthetic sam-
ples targeting distinct aspects of each classification rule; in
Kandinsky we reduced the concept domain from 18 to 8 (de-
tails in supplementary material). Since C' C C’ implies
o C P (monotonicity), our counts are upper bounds:
SM (C) = 0 under minimal constraints guarantees shortcut-
freeness under any superset, including the full training set.

Algorithm 1 successfully detects shortcuts across all 8 do-
mains and fully enumerates valid mappings whenever the
number of alternatives is below the 10,000-model cap; for
the 4 domains where the count saturates at > 10%, the re-
ported value is a lower bound rather than an exhaustive
count. Enforcing bijectivity eliminates all shortcuts in 2 of
8 domains (SMPJ = 0). This also shows that bijectivity
combined with sufficiently strong constraints can achieve
uniqueness, but is not universally sufficient.

Table 2 compares greedy and random repair on the base
(non-bijective) encoding. Greedy repair (Algorithm 2)
achieves full shortcut elimination in 6 of 8 domains, al-
ways terminating within the k-iteration bound of Theorem 3.
The two strategies show no statistically significant differ-
ence overall, though they exhibit complementary strengths:
greedy repair succeeds on BDD-OIA where random fails,
while random repair succeeds on CLE4EVR where greedy
does not. SDD-OIA alone resists all strategies, retaining
> 10* shortcuts even with bijectivity enforced. Its 21 neural
outputs with weak binary constraints yield a nearly uncon-
strained solution space where single-position pinning elim-
inates too few mappings per iteration, which is consistent
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Task Greedy Repair Random Repair
L. C. S. I. C S.
MNIST-XOR 20 1.0 100 20 1.0 100
MNIST-Half 20 1.0 100 20 1.0 100
MNIST-EvenOdd 3.0 2.0 100 3.0 2.0 100
MNIST-Math 20 1.0 100 20 1.0 100
BDD-OIA* 22.0 21.0 100 - - 0
SDD-OIA* - - 0 - - 0
CLE4EVR* - - 0 81 71 80
Kandinsky™*f 90 80 100 9.0 8.0 100

Table 2: Repair comparison (base encoding): greedy vs. random
repair. L: iterations, C.: constraints added, S.: success rate (%),
“~ indicates failure to repair within 7" = 100 iterations.

with the NP-hardness of minimal repair (Theorem 6).

7 Conclusion

We formalized reasoning shortcuts in neurosymbolic learn-
ing as a constraint satisfaction problem and established both
theoretical foundations and practical tools. On the theo-
retical side, we proved that discrimination is necessary for
shortcut-freeness under bijective mappings (Theorem 1), but
demonstrated via explicit counterexample that it is insuf-
ficient even when the constraint graph is connected (Ex-
ample 4). We provided a complexity classification: de-
ciding shortcut-freeness is coNP-complete, counting short-
cuts is #P-complete, and minimal repair is NP-hard (Theo-
rems 4-6). Sample complexity for disambiguation lies be-
tween [log,.(k + 1)] and |A¢| label queries (Theorem 2).
Our analysis applies to the constraint-based class of NeSy
systems captured by Definition 1; characterizing analogous
shortcut phenomena in systems without explicit logical con-
straints remains an interesting question for future work.

On the practical side, our ASP-based verification algo-
rithm correctly detects all bijective shortcuts (Proposition 4),
and greedy repair converges in at most k iterations (Theo-
rem 3). Experiments across 8 RSBench domains validate
both algorithms: bijectivity alone eliminates shortcuts in 2
of 8 domains, and greedy and random repair exhibit comple-
mentary strengths on the remainder, jointly resolving 7 of 8
domains.

Several directions remain open. Most pressing is a com-
plete characterization of sufficient conditions for uniqueness
beyond trivial automorphism groups: formalizing when con-
straint connectivity and strength jointly guarantee shortcut-
freeness. Our bijective restriction (|N| = |S|, each con-
cept used exactly once), while natural for balanced clas-
sification, excludes many practical scenarios; extending to
non-bijective mappings and developing approximation algo-
rithms for minimal repair are natural next steps.
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