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Abstract

The chase is a ubiquitous algorithm in database theory. How-
ever, for existential rules (aka tuple-generating dependen-
cies), its termination is not guaranteed, and even undecidable
in general. The problem of termination becomes particularly
difficult for the restricted (or standard) chase, for which the
order of rule application matters. Thus, decidability of re-
stricted chase termination is still open for many well-behaved
classes such as linear or guarded multi-headed rules. We
make a step forward by showing that all-instances restricted
chase termination is decidable in the linear multi-headed case.

1 Introduction

The chase procedure was defined in late 1970s, and has been
considered one of the most fundamental database theory al-
gorithms since then. It has been applied to a wide spectrum
of problems, including query answering and containment
under constraints ((Aho, Sagiv, and Ullman 1979) and (Cali,
Gottlob, and Kifer 2013) among other examples) comput-
ing solutions to data exchange problems (Fagin et al. 2005)
and many others (see (Deutsch, Nash, and Remmel 2008)
for details). And this is not just about theory: in several con-
texts the chase procedure has recently been efficiently im-
plemented, see for example (Benedikt et al. 2017), (Urbani
et al. 2018), (Ivliev et al. 2024).

The reason for this ubiquity, as elegantly explained in
(Deutsch, Nash, and Remmel 2008), is that, for an input
consisting of a database instance I and a set T of existen-
tial rules (also known as tuple-generating dependencies, or
TGDs), chase returns a finite instance Chase(I, T) being a
universal model of I and 7, i.e., a model that can be homo-
morphically embedded into every other model of I and 7.
Intuitively, Chase(I, T') is a model of I and 7 which only
contains information already implicitly present in I and 7.
But it only returns such a finite instance when it terminates.

1.1 Chase in Five or Six Paragraphs

As we said, the input of chase comprises a database instance

I and a set T of rules, which are formulas of the form:
Vzg. ®(Z,y) — J2. ¥(y, 2) (1

where ® and U are conjunctions of atoms, known as the
body and the head of this rule.
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At each execution step, the chase extends the instance I
by adding new atoms. Specifically, whenever there is a rule
pin T, asin (1), and tuples of terms a and b such that ®(a, b)
holds in the current instance, a tuple ¢ of fresh terms (called
“nulls”) is created, and new relational atoms are added to
ensure that ¥(a, ¢) also holds." This process continues until
a fixpoint is reached, yielding a model of both I and 7.

There are many different ways to formalize this idea. In
particular, there are two ways the above whenever can be in-
terpreted, leading to two fundamental variants of the chase.

One variant is the restricted chase, which is lazy - it only
adds new atoms if ®(a, b) is true in the current structure, but
3z U(a, z) is not. Oblivious chase is an eager version: it
always adds a new witness ¥(a,¢) - where ¢ is a tuple of
fresh terms - for each tuple a, b such that ®(a, b) is true.

The order of execution does not matter for oblivious
chase. No matter the order in which the witnesses are added,
we eventually get the same structure. But restricted chase is
non-deterministic — different execution orderings in which
tuples and rules are picked can lead to different fixpoints.

Clearly, restricted chase, in general, builds smaller in-
stances than the oblivious one. It is very easy to de-
vise an example where, according to the rules of restricted
chase, no new atoms would be ever created, while oblivi-
ous chase builds an infinite instance. Following (Gogacz,
Marcinkowski, and Pieris 2023) consider for example I =
{R(a,b)} withVz, y(R(x,y) — JzR(z, z)) as the only rule
in 7. Restricted chase will detect that I already satisfies the
rule, while oblivious chase will not terminate and will build
an instance {R(a,b), R(a,v1), R(a,v2),...}.

1.2 The Issue of Termination

As we said above, for chase to be useful, one needs to be
sure that it terminates. The termination normally considered
in this context is all-instance termination?: we want to know,
for given T, if chase terminates on all instances I. This ques-
tion again comes in two versions: all-instance termination
of oblivious chase or all-instance termination of restricted
chase, which means that restricted chase terminates regard-
less of the I and regardless of the execution order.

"The tuple Z can be empty if p is a Datalog rule.
2Which may be seen as a “static analysis” problem, since we
analyze 7 before we know the data.
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Surprisingly, only as late as in 2014 (Gogacz and
Marcinkowski 2014) it was proven that, in general, all-
instance termination - both in the oblivious and restricted
variants - is undecidable. A stronger version of this re-
sult is presented in (Bednarczyk, Ferens, and Ostropolski-
Nalewaja 2020), where undecidability is shown even for re-
lational schemas only containing binary relations.

On the other hand, really a lot of work was done to iden-
tify sufficient conditions on the rules which guarantee all-
instance termination. The most well-known example of such
condition is weak-acyclicity (Fagin et al. 2005). But there
are numerous other examples too (Deutsch and Tannen
2003; Fagin et al. 2005; Deutsch, Nash, and Remmel 2008;
Grau et al. 2013; Greco, Spezzano, and Trubitsyna 2011;
Marnette 2009; Meier, Schmidt, and Lausen 2009; Gerlach
and Carral 2023).

The undecidability proofs given in (Gogacz and
Marcinkowski 2014; Bednarczyk, Ferens, and Ostropolski-
Nalewaja 2020; Carral et al. 2025) construct sets of rather
complicated TGDs which go very far beyond the most pop-
ular well-behaved classes of rules, like linear, guarded or
sticky. This leads to a natural question, whether while unde-
cidable in general, all-instance termination could be decid-
able for sets of rules from such classes>.

This question turned out to be relatively easy to answer for
the case of oblivious chase. For guarded TGDs, the problem
is 2EXPTIME-complete, and becomes PSPACE-complete
for linear TGDs (Calautti, Gottlob, and Pieris 2015). The
sticky case was addressed in (Calautti and Pieris 2019),
where it is shown that the problem is PSPACE-complete.
Things are much more subtle in the case of restricted chase,
which is also more interesting in this context, because, as we
explained, restricted chase is more likely to terminate than
oblivious chase. Things are much more subtle because, as
we explained before, in this case we need to deal with all
possible execution orderings, each of them leading to dif-
ferent result. But, despite of the difficulties, some progress
was made. First it was shown that the problem is decidable
for single-head linear* TGDs (Leclere et al. 2019). Then de-
cidability was proven, in (Gogacz, Marcinkowski, and Pieris
2023), for guarded and sticky classes of TGDs, but also only
in the single-head case.

1.3 Fairness. Why Is the Single-Head Case
Easier?

One important nuance that we skipped in our brief presenta-
tion of chase in Section 1.1 is fairness. For restricted chase
to really create a model of I and 7, it must at some point
apply each possible rule to every eligible ®(a, b) (unless, of
course, 3z ¥(a, z) gets satisfied earlier). Such execution or-
derings, when no rule application is starved, are called fair.
Let us illustrate it with two examples:

>Notice that, unlike the “sufficient conditions” mentioned
above, the well-behaved classes do not imply all-instance termina-
tion. They just, hopefuly, make all-instance termination decidable.

A rule like in (1) is linear if ® consists of a single atom and it
is single-head if W only comprises one atom.
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Example 1. Let 7 consist of two rules:

Vo,y R(z,y) — Jz R(y, 2)
Va,y R(z,y) — R(y,y)

(p1)
(p2)

and let I consist of a single atom R(ag, a1).

Then we can execute p; creating a new atom R(al, ag),
then apply p; to this atom, creating R(as,as) and so on,
building an infinite instance. Such execution ordering would
not be fair: application of ps to R(ag, a1), and also to each
of the created atoms, would starve.

On the other hand, we could start from applying p, to
R(ao,a1), creating R(aj,a1). In an instance comprising
these two atoms both rules would be already satisfied, and
restricted chase would terminate at this point.

But there is also another execution ordering here, which
is fair and which leads to an infinite chase: each time, after
you use p; to create R(ay,, an+1), apply p2 to R(an—1,an)
and produce R(ay,, a). O

If the above example gives you the impression that an-
alyzing fairness is complicated, it is the right impression.
And, in decidability proofs, like in (Leclere et al. 2019;
Gogacz, Marcinkowski, and Pieris 2023) at some point you
need to show that, if your termination criterion fails, then
there exists an instance leading to an infinite fair derivation.

For this reason, a very important tool in both (Leclere et
al. 2019) and (Gogacz, Marcinkowski, and Pieris 2023) are
Fairness Lemmas. In (Leclére et al. 2019) it is shown that,
for 7 being a set of linear single-head rules, if there exists an
infinite restricted chase then there exists also a fair one. In
(Gogacz, Marcinkowski, and Pieris 2023) the authors show
that it is actually true for any set of single-head rules. This
allows them to just forget about the fairness condition.

But, as also noticed in both cited papers, this lemma does
not hold for rules, even linear, which are multi-head:

Example 2. Let 7 consist of two rules:
Va, z,u R(z,u,u) — Ty R(z,y,u) A R(y, u,u)
Yy, z,u R(y,u,u) — R(u,u,u)

)]
(0)

and let T consist of a single atom R(a,b,b). It is easy to
see that there exists an infinite restricted derivation: rule
can be applied indefinitely to atoms of the form R(¢,, b, b),
where t; = a. However, such a derivation is not fair with
respect to rule 4, and it suffices to apply § once to prevent ~y
from ever being applied again. O

For this reason, both the cited papers state decidability of
restricted chase termination for multi-head rules as an open
problem, whose solution would require new techniques.

1.4 Our Contribution

Our contribution in this paper is Theorem 15, saying that all-
instances restricted chase termination is decidable for rule
sets consisting of linear multi-head rules.

To keep the notations as light as possible, our proof of
Theorem 15 is presented using:

Assumption 3. We will assume that all rule heads we con-
sider contain exactly two atoms.
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While this assumption is not free, as we do not have a pro-
cedure that normalizes rule sets into rules with exactly two
atoms without impacting termination, the proof we present
remains correct without this assumption, and no new argu-
ments are needed.

Organization In Sections 2-4 we introduce the basic no-
tions and notations, which are in principle standard, but tai-
lored to be useful in Sections 5-8. In Section 5 we formally
state our main result, Theorem 15, and present an overview
of the proof of this theorem. The proof can be in a natural
way split into three parts, and the three parts are covered in
Sections 6-8. Some proofs are deferred to the appendix.

2 Preliminaries

Let B be some finite set of predicates, and let €, *U, and
I be mutually disjoint, countably infinite sets of constants,
variables, and labeled nulls respectively. The function ar :
B — N maps each predicate to its arity. The arity of 3,
denoted with ar (), is the maximal arity of its predicates.
Elements from CULB UM are called terms. A termt is ground
if t € €U An atom is an expression of the form P(¢),
where P € B, ¢ is a list of terms and [t| = ar(P). Given
an atom o we denote its i-th term with a;. A fact is an atom
with only ground terms. An instance is a set of facts. A
singleton instance is called atomic. The active domain of
a set (or a conjunction) A of atoms is the set (denoted as
adom(A)) of terms appearing in atoms of A.
Existential Rules An FO formula of the form
Vag. ®(Z,9) — 32. ¥(g, 2)

is called an existential rule, where Z,y and z are pairwise
disjoint tuples of variables, and ® and ¥ are conjunctions of
atoms. For a rule o as above, we denote ®(Z, 3) as body(o)
and ¥(g, Z) as head (o). In this paper we only consider lin-
ear rule sets, which means that the body of each rule con-
tains at most one atom. The position in one of the atoms
of a rule (both in the body or the head) is called a frontier
position if it contains one of the variables from the tuple .

Almost all the objects we define in Sections 2 - 4 de-
pend on parameters: an instance I and a rule set 7. We
always assume that 7 is a set of linear rules adhering to
Assumption 3. This dependence is not reflected in the nota-
tion, as we do not believe this leads to misunderstandings.

Homomorphisms. A homomorphism h from a set of atoms
A to a set of atoms B is a function from adom(A) to
adom(B) such that for every atom «(Z) € A we have
a(h(Z)) € B. The notion of homomorphism naturally ex-
tends to queries, bodies, and heads of existential rules.
Adresses and Forests. Now we introduce the language we
will later use to address atoms in the (real) oblivious chase.
Recall that our rules are linear, so (intuitively) every atom «
produced by chase has a unique “parent atom”, from whom
« was created by some rule of 7, and the genealogy of such
« can always be traced back to I.

Definition 4 (Addresses). * Define the set A of address
symbols as {p, : p € T and ¢ € {1,2}}. We always re-
serve the letter ¢ for an index ranging over the set {1, 2},
and this is related to Assumption 3.
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e Address is a word wu € TA*, ie. a word whose first
element is an atom from I, followed by a sequence of ad-
dress symbols. We will usually use letters u, w, v, and
sometimes also s, 7, to denote words from IA* or A*,

* Forw € [A* and a,b € A we say that wa is an a-child of
w (or just child of w), and that wa and wb are siblings.

* By an infinite path we mean an infinite sequence of
adresses wp, wy,ws, ... such that wy € I and w4 is
a child of w,,, for each n.

Definition 5 (Forests). A forest is a set G of addresses such
that I C G C TA*, and which is prefix-closed, meaning that
if wuv € G for some w € I and uv € A* then also wu € G.

If I is a singleton we use the term tree instead of forest.
For a forest G and u € G we use the notation G,, for the set
{uv | uv € G} of all the descendants of v in G.

3 The Real Oblivious Chase

In this section, following (Gogacz, Marcinkowski, and Pieris
2023), we define the (real) oblivious chase, a static object,
that serves as an arena where restricted chase takes place.

Definition 6 (Rule application). Let o be an atom, let
p € T be a rule, such that there exists a homomorphism
h from body(p) to «, and let u be an address. Then
ruleApply(p, o, u) is a pair of atoms obtained from head(p)
by replacing each universally quantified variable x of p with
h(z) and each existentially quantified variable z with a la-
beled null of the form z£. We denote the (-th atom of
rule Apply(p, ., uw) with ruleApply, (p, o, u).

The above definition allows us to precisely identify when
each labeled null was created. It will be useful in Section 6.
The following definition is one of the most important:

Definition 7. The representation of the oblivious chase (or
simply representation) is a pair consisting of a forest F and
a labeling function (_) from F to ground atoms. We define F
and (_) by a simultaneous induction:

o ifw el thenw € F, and (w) = w;

e Ifu € F, pisarule of T, and there is homomorphism h
from body(p) to (u) then for each ¢ it holds that up, € F
and (up,} = ruleApply, (p, (u), ).

Note that this definition deliberately avoids discussing the
notion of triggers and their application order. This is for a
good reason: as we said before, the oblivious chase is de-
fined statically, and serves as a scene for the restricted chase.

We will often need to talk about the set of atoms repre-
sented by a forest. Therefore, by slightly abusing notation:

Definition 8 (Materialization). Given a forest G C F we
define (G) as {(u) : u € G}.

This allows us to cleanly define the oblivious chase, and
later, the restricted chases.

Definition 9. The oblivious chase is defined as (IF).

Chase, and restricted chase in particular, is all about
atoms. But each atom of interest is somewhere in (F) and
the only way we will ever refer to atoms will be by their
addresses in .
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Notice that the labeling function (_) does not need to
be one-to-one. To visualize this, consider Example 2 and
addresses of the form (R(a,b,b))(y2)*d;. Each such ad-
dress is labeled with R(b,b,b). For this reason (Gogacz,
Marcinkowski, and Pieris 2023) think of (F) as a multiset
and call it the real oblivious chase.

4 Triggers and Chase Derivations

A trigger is an address where an atom lives, and a rule which
can be applied to this atom:

Definition 10 (Triggers). ¢ A trigger is a pair (p,u) con-
sisting of a rule p € T and of a u € [ such that there
exists a (unique) homomorphism from body(p) to (u).

* For a trigger m, we denote as apply () the set of addresses
{up1, up2} and with apply, (7) the address up,.

* For a forest GCF, and a trigger m = (p, u), we say that 7:
— appears (or is) in G iff u € G. We also write 7 € G.
— isactivein G iff m € G and apply(7w)  G.

Note that every trigger (by definition) appears in F. How-
ever, not every pair (p, u) qualifies as a trigger. For such a
pair to be a trigger, there must exist a homomorphism from
the body of p to (u). Since the bodies of rules consist of
single atoms, at most one such homomorphism can exist.

The very idea of restricted chase is that blocked triggers
are never applied:

Definition 11 (Trigger blocking). The pair (vy,vs) € G? is
a blocking team for a trigger (p,u) in G C F iff there is a
homomorphism % such that h({u)) = (u) and h({up,))
(v,) for all ¢. A trigger that has a blocking team is blocked.

In other words, (v1,v2) is a blocking team for 7 if atoms
(v1), (v2) can witness that the existential rule p is satisfied,
when applied to the atom (u). The following may be trivial
to see, but is important to realize:

Observation 12. Let p be a rule of the form
\V/:fg. d)(‘fa g) — Jz. 11[}1 (gv Z) A 1/’2@7 2)

Sor some atoms ¢, 1,1s. Then a pair (v1,vs) is a blocking
team for trigger m = (p, ) if and only if, for each v,1':

(i) the predicate symbols of (v,) and of {up,) are equal;
(ii) if j is a frontier position in 1, then (up,); = (v,);;
(iii) if j is any position in 1), and j' is any position in 1),/

and (up,); = (up, ), then also (v,); = (v}

Intuitively, the observation says that atoms in the block-
ing team of (p,u) must contain at least the same positive
information as the atoms (up,) do. But they may contain
more: they may have more equalities between terms, and
they can have something non-anonymous (for example con-
stants from T) on positions where (up,) have new anony-
mous terms. This makes them potentially more “capable” of
producing new atoms, and also of blocking, than (up,) are.

Now, we introduce the notion of derivation, which intu-
itively corresponds to a growing sequence of forests that re-
sults from a sequence of trigger applications.
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Definition 13 (Chase derivations). A chase derivation M
(of the rule set T over the instance 1) is a (finite’ or infi-
nite) sequence of triggers {7'},,c such that there exists a
sequence of forests {M,, } ,en called derivation steps where:

e My =1
* trigger 7 is active in M,,;
o M,,y1 = apply(m) UM,.

For a derivation M, we denote the forest Un eN M, by M.

Clearly, for each derivation M there is Ml C F.
Definition 14 (Derivation Types). Derivation M is:

e oblivious when M = [F;
* restricted when no trigger 7! is blocked in M,,;
e fair when each active trigger in M is blocked in M.

Informally speaking, a fair restricted derivation is a se-
quence in which all active triggers eventually either get ap-
plied or become blocked. Notice also (still being informal)
that all oblivious derivations are permutations of the same
set of all triggers, and that such a permutation is an obliv-
ious derivation whenever it satisfies the obvious constraint
that trigger (p, u) may not precede the creation of w.

5 Stating the Main Theorem

CTy(I) is the class of rule sets 7 such that all fair restricted
derivations of 7 over instance I are finite. CT\y is the class
of rule sets that belong to CTy/(I) for all finite instances I.

Theorem 15 (Main Theorem). Membership in CTyy for
sets of multi-headed linear existential rules is decidable.

We dedicate the rest of this paper to the proof of Theorem
15. Consider a rule set 7, which will now remain fixed.
Let us now begin our proof with a high-level overview.

5.1 Overview of the Proof of Theorem 15

Our proof of Theorem 15 relies on three main lemmas.

First, in Section 6 we define (for a fixed I) an object called
mixed derivation and we show our First Main Lemma: for
each I, existence of a mixed derivation is equivalent to the
existence of an infinite, fair, restricted derivation.

Then, in Section 7 we define, for an atom w, another ob-
ject, called w-path-sensitive-derivation. This definition will
not depend on I. As our Second Main Lemma, in this sec-
tion, we prove that existence of a mixed derivation for any 1
is equivalent to existence of an w-path-sensitive derivation.

Finally, in Section 8 we show how to write a Monadic
Second Order Logic formula §2,, (which of course depends
on 7)), which is true on the tree wA* (with the relations
p.-child for p, € A) if and only if there exists an w-path-
sensitive derivation (this equivalence is stated as our Third
Main Lemma). Since there are only finitely many pairwise
non-isomorphic atoms ¢, this, together with the well-known
fact that Monadic Second Order Logic is decidable over

3Since we mainly consider infinite derivations, our notation is
tailored for such derivations. In order to talk about finite deriva-
tions, N would need to be replaced with its initial segment.
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such infinite trees, gives the decision procedure, and com-
pletes the proof of Theorem 15. Notice that our entire deci-
sion procedure is confined to Section 8. The only purpose of
Sections 6 and 7 is to prove correctness of this procedure.

6 Mixed Derivations
A finite instance I remains fixed throughout this section.

Definition 16. A mixed derivation is a pair (M, R) where
M = {7}, c is an infinite oblivious derivation, and R is
an infinite fair and restricted derivation, such that:

* R is a subsequence of M;

« if M € R for some n then 7} is not blocked in M,.

Lemma 17 (First Main Lemma). The following statements
are equivalent:

1. There exists an infinite restricted and fair derivation.

2. There exists a mixed derivation.

We devote the rest of this section to the proof of the above
theorem. The (2 = 1) direction is trivial, so it is just the
(1 = 2) implication that we need to show. The proof, we
believe, is not completely straightforward. Thus, we kindly
ask the Reader to brace for complications, and nuances.

Suppose R is a fair infinite restricted derivation and let R
be its associated forest of addresses (as per Definition 13).

In what follows, we aim to construct an oblivious deriva-
tion M such that (M, R) is indeed a mixed derivation.

What does it actually mean to construct this M?

M, as we know, is a permutation of all triggers. For R to
be a subsequence of M we need to somehow start from R
and then slot the triggers from M \ R between® the triggers
in the sequence R. Clearly, we need to ensure that all trig-
gers (p, u) are slotted after w is created, as stated at the end
of Section 4. What else can possibly go wrong here?

Think about the last item in Definition 16, and imagine
we have a trigger m somewhere in the sequence R. We may
need to slot some triggers from M \ R ahead of 7. How-
ever, slotting triggers introduces new blocking teams from
F. We thus need to be very careful to make sure that no
blocking team for 7 is created by the triggers slotted ahead
of . One may think — and, thanks to the assumption that
R is restricted, this is actually true, albeit not obvious —
that each blocking team can only block finitely many trig-
gers from R. Thus, maybe we could simply, for each such
blocking team, add its members after all its blockees from
R? It is not so simple, because while each blocking team
does only block finitely many triggers, there may potentially
be addresses participating in infinitely many blocking teams.
To visualize this, consider again Example 2, and addresses
of the form (R(a,b,b))(y2)*01. Each such address partic-
ipates in infinitely many blocking teams of triggers of the

form (v, (R(a,b,b))(y2)").

5By M \ R (which does not type, as M and R are sequences,
not sets) we mean the set of triggers that do not appear in R.
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6.1 The Border of R and Beyond

Since R is restricted, it might happen for some address u of
F that while u € R there is a trigger 7 = (p, u) such that
upi,upy ¢ R as 7 is blocked by some blocking team of
addresses of R. Intuitively, we can imagine, that the border
between R and F \ R runs between such u and its p-children

Definition 18. A trigger (p,u) € R is called border trigger
if uw € R, and is called problematic trigger if u ¢ R.

While at this point it may not be totally obvious for the
Reader how problematic triggers earned their name, we will
clarify this after Definition 23.

Next we introduce some terminology for addresses in F \
R. Notice that for each such address v there is a (unique)
border trigger (p, u) such that v = up,w for some ¢ and w.

Definition 19 (Virtual addresses and ranks). Addresses in
F \ R are called virfual. When we say that up,w is a vir-
tual address, we think that (p, u) is a border trigger; in such
cases, we sometimes say up,w belongs to u.

We define the rank of an address, by rk(u) = 0if u € R
and rk(up,w) = |p,w| if up,w is virtual.

So, function 7k (rank) says how far an address is from R.

Definition 20. Any term that appears in some atom of (R)
is called global. Any other term from (F) is local.

We end this section with an obvious observation, which
will be very useful soon. Claim (iii) says that each local term
is localized to the pair of subtrees of IF rooted in apply () for
exactly one border trigger m. Notice, however, that global
terms can appear in multiple such subtrees.

Observation 21. (i) Suppose s,sw € F and a term t oc-
curs in both (s) and (sw). Then for each prefix v of w
term t occurs in (sv).

(ii) Suppose s,w € F are s.t. neither of them is a prefix of
the other, and some term t occurs in both (s) and {(w).
Then there are prefixes w' and s’ of w and s that are
siblings, and such that t occurs in both (w') and (s').
(iii) For each local term t there exists exactly one border
trigger (0,v) such that if t appears in some atom (w)

then w € Fys, UF,s,.

6.2 Finding Better Versions of Elements of F

We assumed that R is a restricted and fair derivation. So
the only reason for a trigger 7 to be a border trigger is that it
was blocked by some blocking team (v, v’) of R. Note that
(v, v") may not be the only blocking team for 7 in R, but for
our reasoning we need to consider any such team:

Definition 22. We define blockers as a function assigning
to each border trigger 7 a blocking team (1, v2) for 7, such
that v, v2 € R.

Recall the remark we made after Definition 11, that mem-
bers of blocking teams are “more capable” than the block-
ees. We will now formalize this intuition. We begin with:

Definition 23. Suppose 7 = (p, u) is a border trigger and
blockers(m) = (v1,vs). Then we define btr(up,) = v,.
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Figure 1: Section 6 in one picture. You can see a border trigger
7 = (p,u): address w is still in R while both up, are right behind
the border. The pair (v1,v2) of addresses in R is a blocking team
for w, and v, = btr(upL). One can also see that the tree rooted
in v, contains (possibly among other addresses) a copy of the tree
rooted in up, (as Lemma 25(B) postulates).

In the above definition btr is short of better. Now we
might be ready to explain why the non-border triggers of
M \ R are more problematic than border triggers. In
both cases we need to slot them between the triggers of R.
However, if we slot a border trigger (p,u) after addresses
btr(up;) and bir(ups) were already created in R, then up;
and upy will not block any trigger which comes later in R.
Why? Because (btr(up;)) and (btr(ups)) are better at
blocking than (up;) and (ups), and they were already in (R)
at this point without blocking anyone, since R is restricted.

On the other hand, problematic triggers do not necessarily
have blocking teams in R. Thus, for a problematic trigger
7 = (p,u), it is not obvious how to find better versions of
up, in R. In consequence, there is no natural moment in the
derivation R when we could already be sure that addresses
produced by 7 can no longer block any future triggers from
R, so 7 can safely be slotted at that moment.

Now, we are going to extend the function better to ad-
dresses produced by problematic triggers. As we said in
Section 4, members of a blocking team are also more ca-
pable of producing new addresses than their blockees. This
will be formalized in Lemma 25.

Recall that given an atom (u), with (u); we denote the
term at position 7 in (u).

Definition 24. For u,w € F we say that w is prettier than
u, denoted as u < w, if there exists a homomorphism from
(u) to (w) which is an identity on global terms.

In other words, u < w if and only if:
(i) (u) and (w) are atoms of the same relation;
(i) if (u); is a global term then (u); = (w);;
(iil) if (u); = (u); then (w); = (w),.
Now recall Observation 12. We are going to use it a lot.
Lemma 25. Let (p,u) be a border trigger. If up,w € T,
then (btr(up,))w € F and up,w < (btr(up,))w.

Proof. Let us start from a proof that up, =< btr(up,).
From Definition 23, there is a homomorphism from up, to

btr(up,), so we just need to check whether it is an identity
on global terms. First, notice that (since (p, ) is a border
trigger), if (up, ); is a global term, then position ¢ is a frontier
position in the body-atom of p. By Observation 12 (ii) and
definition of btr, we get (up,); = (btr(up,)); as required.
Since prettier parents produce prettier children, the lemma
then follows by easy induction on the length of w. O

It follows from Lemma 25 that ¥ is a function on F:
Definition 26. (Foru € R)
(For virtual up,v)

v (u) = u,
¥ (up,v) = (btr(up,))v

The Reader may now want to find the virtual address s in
Figure 1, and its image V (s). Clearly, rk(V (s)) < rk(s),
and it is no coincidence. Indeed, function ¥, when applied
to virtual addresses, is strictly monotonic with respect to
rank: it moves addresses closer and closer to R. In conse-
quence, whatever address we start from, after a finite number
of applications, ¥ will map this address to R:

Lemma 27. Ifw € Fis avirtual address, then rk(V (w)) <
rk(w). For each w € F there exists a natural number m.,
such that v (w) € R.

Proof. For the proof of the first claim let w = up,v where
(p, u) is a border trigger, and recall that, by Definition 19,
rk(up,v) = |p,v|. On the other hand, btr(up,) is an ad-
dress in R, so rk((btr(up,))v) < |v|. Second claim follows
immediately from the first. O

We now can extend our definition of btr to the entire [F.
Your better address in R is the one where function ¥ ulti-
mately maps you to:

Definition 28. For a problematic trigger (p,u), define
btr(up,) = ¥™uee (up,), and for any v € R let btr(v) = v.

We are ready for our crucial Lemma and its Corollary.

Lemma 29. Suppose 7 is a trigger from R and (w1, w2) is
a blocking team of w in F. Then (V (w1), ¥V (w2)) is also a
blocking team for m.

Corollary 30. Suppose 7 is a trigger from R and (w1, ws)
is a blocking team of w in F. Then (btr(wy), btr(ws)) is also
a blocking team for .

Now, in order to end the proof of our First Main Lemma,
we need to do two things: show how Corollary 30 implies
First Main Lemma (which is now easy, see Section 6.5) and
prove Lemma 29 (which we do not think looks obvious at
this point) which is done in the next two subsections.

6.3 Proof of Lemma 29. The Easy Part

Throughout this subsection, we consider a border trigger
(6,v). Recall, from Lemma 25, that for each w, if the ad-
dress vd,w is in F then the address btr(vd,)w also is in T,
and is prettier than vd,w. So, one may think of Fy,.(,s,) as
of a prettier copy of the set [Fs, .

We will begin this section with three very easy observa-
tions. The general message is that if two atoms in (F,s, )
share terms then the respective atoms in (Fy.(ys,)) also
share terms at the respective positions.
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The observations will be followed by one lemma, which
is not difficult either, but there is certain depth there.

First, notice that that the prettier you are the more terms
you share with your children:

Observation 31. Let w € A* and a € A and sup-
pose that (vé,w); = (vé,wa); Then also (btr(vd,)w); =
(btr (v, )wa) .

Proof. Follows from Lemma 25 and Definition 6. O

And the prettier your parent is the more terms you share
with your sibling:

Observation 32. Lerw € A* and a,a’ € A. If (vo,wa); =
(vo,wa’); then also (btr(vd,)wa); = (btr(vd,)wa’);.

Proof. Follows from Lemma 25 and Definition 6. 0

By inductive application of Observation 31 we get:

Observation 33. Let w,w’ € A*. If (vd,w); = (vo,ww)y
then (btr(vo,)w); = (btr(vd,)ww’);.

Observations 31-33, with the Lemma 25, imply that there
is a homomorphism from (Fys,) to (Fysp(ys,)). Now we
want something more, we want to prove that there is a ho-
momorphism from (Fys5, UFys,) t0 (Foir(vs,) U Fatr(vs,))-

Lemma 34. Let w,w’ € A*. If (vhw); =t = (vdaw )y
for some term t. Then also (btr(véy)w); = (btr(vdz)w ).

Proof. From Observation 21 we know that ¢ = (vd1); =
(vda) ;s for some positions 7, j’. Now recall that the pair
(btr(vdy), btr(vds)) is a blocking team for (9, v). By condi-
tion (iii) of Observation 12 this gives us that (btr(vdy));
(btr(vdz)) ;. Now use Observation 33.

6.4 Proof of Lemma 29. The Harder Part
For ease of reading, we restate Observation 12 here:

Observation 12 (shortened). Let p be a rule of the form
Vay. ¢(Z,9) — F2.91(9, 2) N a(y, 2)-
Then (v1,v2) is a blocking team for trigger (p,u) iff

(i) the predicate symbols of (v,) and of (up,) are equal;
(ii) if j is a frontier position in 1, then (up,); = (v,);;
(iii) if j is any position in 1), and j' is any position in 1),/

and (up,); = (up, ) then also (v,); = (v} ;.

Now we finish the proof of Lemma 29. Let p be as in Ob-
servation 12. Since m is a trigger from R, all terms which oc-
cur in atoms (u), (up1) and (ups) are global. Since (w1, ws)
is a blocking team for 7, we know that it satisfies the condi-
tions (i)—(iii) from Observation 12. Our goal is to prove that
(¥ (wy), ¥ (ws)) also satisfies these three conditions.
Condition (i). We know, from Lemma 25, that each of
V¥ (w,) is prettier than w,. This means, in particular, that
V¥ (w,) and w, have the same predicate symbol, and thus
condition (i) from Observation 12 is satisfied for ¥ (w,).
Condition (ii). Consider some frontier position j in . We
know, from Observation 12 (ii) that (up,); = (w,);. Since
(up,); is a global term, and since w, < V¥ (w,), we get that
condition (ii) from this Observation also holds for ¥ (w,).
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Condition (iii). Here things are more complicated. Directly
from the fact that w, < V¥ (w,) we get that condition (iii) is
satisfied for (V¥ (w1), ¥ (w2)), but only if ¢ = ¢/.

Recall that (w1, we) is a blocking team, so it satisfies con-
dition (iii) for p. So, in order to prove that (iii) is also true
for (¥ (w1), ¥ (ws)) it suffices to show that if (wq); =t =
(wo)j+ for some term ¢ then also (¥ (w1)); = (¥ (w2)) ;.

Now, if ¢ is global, then Lemma 25 and Def. 26 tell us
that t = (wy); = (¥ (w1)); and t = (wa);r = (V¥ (w2));.

If t is a local term, then from Observation 21 (iii) we learn
that there exists trigger (9, v) such that wy, wy € Fy5, UF s, .
Now use Observation 33 and Lemma 34. O]

6.5 From Corollary 30 to the First Main Lemma

In this subsection we construct M such that (M, R) is a
mixed derivation. Define M as any oblivious derivation
such that:

* R is a sub-sequence of M, that is M respects the order
of triggers in R.

o If 7 = (p,u)isatrigger such that m ¢ R, and if i1 and ug
are triggers in R, which produce btr(up;) and btr(up;),
then 7 appears in M after both 1 and po.

Note that each trigger that does not appear in R only
needs to wait for at most two triggers from M to get its
slot in M. Therefore such a derivation M exists. It also
follows easily from the construction, and from Corollary 30,
that (M, R) is indeed a mixed derivation.

7 w-Sensitive-Path-Derivations
We now introduce yet another kind of derivation:
Definition 35. An w-sensitive-path-derivation is a pair
(M, P) where M {7nM},en is an infinite oblivious
derivation over {w}, and P is an infinite restricted deriva-
tion over {w}, such that:

(i) P is a subsequence of M;
(i) if 7 € P for some n then 7 is not blocked in M,,;
(iil) the set {u: Jp € T (p,u) € P} is an infinite path.

Since we adopted the convention that the symbol P is kept
for the set of all addresses created by P, we will use P° to
denote the infinite path from (iii). It is easy to see that P’ C
P, and that wp, € P if and only if wp,, € P° for some ¢'.

The above definition is similar to Definition 16 of Mixed
Derivation, but with three differences: unlike the R in Defi-
nition 16, our P does not need to be fair. On the other hand,
now we require that the set of the addresses of triggers in
R (which we see as “sensitive”, as opposed to the oblivious
triggers in M \ R ) is not some arbitrary forest, like in Def-
inition 16, but something very specific, namely a path. The
third difference is that w-sensitive-path-derivation does not
start from some arbitrary instance [ but from a single atom.

The following is our Second Main Lemma.

Lemma 36 (Second Main Lemma). The following two
statements are equivalent:

1. There exists a mixed derivation for some 1.
2. There exists an w-sensitive-path-derivation for some w.
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Proof. The proof can be found in the appendix. O

Notice that the expression “w-sensitive-path-derivation”
in the lemma could not be replaced with “an infinite re-
stricted (but possibly not fair) chase derivation creating an
infinite path.” That is, we cannot skip the conditions relating
to M. This is because, as Example 2 shows, such an infinite
unfair derivation can easily exist even if 7 € CTyy.

Lemma 36 looks inconspicuous, but it constitutes a major
step in our reduction from the problem CTyy to Monadic
Second Order Logic. And let us try to explain why.

F is (almost) a tree and the steps of a restricted derivation
are its subtrees. So, one could think, nothing is more natural
than the idea of employing MSOL, which is decidable on
such trees, as a decision procedure for termination.

It is not that simple. Restricted chase is about the order-
ing of trigger applications, and it is not at all clear how this
ordering could be expressed in MSOL. One could naively
imagine the problem could be solved by a formula like “For
each u € T there exists a set G of all addresses that were
created before u”. But this would not work, as there is no
way to enforce consistency between such sets G, that is to
make sure that the sets produced by such universal quanti-
fiers faithfully represent steps of the same derivation.

Lemma 36 (and Lemma 17) says that one can reduce
CTyy to the existence of a sort of infinite restricted chase,
in which (due to its linear nature) the order of applications is
undisputed and does not need to be guessed by our formula.

Of course, w-sensitive-path-derivations feature oblivious
triggers which somehow need to interact with the sensitive
ones but, as we will see in Lemma 39, they are manageable.

8 Employing Monadic Second Order Logic
In this last section of this paper we prove:

Lemma 37 (Third Main Lemma). One can construct, for a
given atom w, a sentence S, of MSOL such that wA* = Q,,
iff there exists an w-sensitive-path-derivation.

Notice that, in view of Lemmas 36 and 17, and due to de-
cidability of Monadic Second Order Logic on infinite trees,
this will end the proof of Theorem 15.

For the rest of this paper we set I = {w}, for a fixed w, so
F C wA*. Let us now characterize existence of w-sensitive-
path-derivations in a language better suited for MSOL.

Let P° be a path in IF, and (using notations from Section
7) let P be the (unique!) infinite derivation comprising all
the triggers needed to create P°. Recall that the set P of
addresses created by P contains, together with each address
up, in P° also the address up,, for .’ # 1. Notice also, that
for each n € N there is exactly one u € P° such that |u| = n.

Definition 38. Given an address u € P° we define:
* bfr(u) as the set of addresses v € IP such that |v| < |ul;
* any(u) as the set of addresses v ¢ P without u as prefix.

The idea is that bfr(u) are the addresses that must be created
before u in every oblivious derivation, and any(u) are the
addresses that can be created at any time, before or after u.
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For u € P° by m, denote the (unique) trigger of the form
(p,u) in P. Also, team(v,v’, ) is short for “(v,v’) is a
blocking team for 7. For u € P define fragile(u) as the set:

{weP’: uebfr(w) A Jv, s€any(u)Ubfr(w) team(v, s, m,)}

Lemma 39. The following statements are equivalent:

1. There exists an w-sensitive-path derivation

2. There exists an infinite path P° C F s.1. for each u € P°:
(i) my is not blocked by any team (v,v") for v,v'€ bfr(u).
(ii) The set fragile(u) is finite.

Before we prove Lemma 39, let us explain how it implies
Lemma 37. And this is actually by fairly routine reasoning.
From Lemma 39 to Lemma 37. Recall, that all the MSOL
formula Q,, will be able to see is wA*, and the relations
p.-child, for each rule p and ¢. Using this language we want
to write a formula equivalent to Statement 2 of Lemma 39.

So, first of all, we need the formula to be able to guess,
and verify (using monadic second order resources), which
addresses w are really in F and, if w € T, what is (w). There
is a little problem here, since there are infinitely many atoms
in (F) and we can only afford to have finitely many unary
predicates in €,,. This is solved by guessing a function [ ],
which is a “compressed” version of (_). This guess can be
made - using standard techniques - as the treewidth of (F) is
less than the arity of ‘3.

Then, having defined this [_], we are able to write a for-
mula’ ~;;, with two free first order variables, such that
wA* | u ~;; v if and only if (u); = (v);. Observation
21(i) and (ii) is helpful here.

With ~; ; at hand, writing €2, becomes a classroom exer-
cise in MSOL programming. Indeed, the definitions of the
notions of trigger and blocking team, as presented in Sec-
tion 4, rely solely on equalities between terms - which we
are now able to express. What then remains to be expressed
in Statement 2 of Lemma 39, such as infinite paths or infi-
nite sets, are part of the standard MSOL toolkit. The full
argument can be found in the appendix.

Now, in order to finish the proof of Lemma 37, and hence
also Theorem 15, we only need to prove Lemma 39.

8.1 Proof of Lemma 39

Let P° be an arbitrary infinite path in I, and let P relate to
P° in the usual way. In order to show Lemma 39 it is enough
to prove that the following two conditions are equivalent:

A. There exists an oblivious derivation M such that (M, P)
is an w-sensitive-path-derivation.

B. P satisfies conditions (i) and (ii) from Lemma 39 (2).

B = A. Can be found in the appendix.
A = B. Now suppose (M, P) is an w-sensitive-path-
derivation, for some oblivious derivation M.

First of all, notice that condition (i) is trivially satisfied
for each u, since for a pair (M, P) to be an w-sensitive-
path-derivation, P itself must be a restricted derivation.

"Strictly speaking, we have one such formula for each pair 3, j
for 7 and j not greater than the arity of 3.
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Figure 2: A visual guide to condition (ii) of Statement 2 from
Lemma 39. Node w appears in fragile(u) and trigger 7., = (p, w)
is blocked by a team of nodes (v, v") represented with red dashed

edges. Bold-blue path represents P°, blue square nodes are bfr(w),
red diamond nodes are any(u).

We now focus on condition (ii). Let us fix some u € P°.
We need to show that the set fragile(u) is finite. The idea
is that u “controls” the communication between elements of
any(u) U bfr(u) and elements w in P° for which u € bfr(w).

Let us now try to formalize this idea. Suppose 7, =
(p,u), which means that rule p is the one that, applied to
(u), produced the the element following u on P°. Suppose
also that p is: Vag. (¢(Z,§) — Iz.91(F, Z2) A a(T, 2)).

Then the following is of course true:

Observation 40. If a term t occurs in an atom of (any(u) U
bfr(u)) and in some (w) such that w € P° and u € bfr(w),
then there is a frontier position i in ¢ such that t = (u);.

Now, imagine you are the atom (u) and you want to some-
how classify the atoms and the pairs in (any(u) U bfr(u)).
This is what you would do:

Definition 41. For addresses v,v" € any(u) U bfr(u) we
define v ~ v’ if and only if there is an isomorphism, from
(v) to (v"), which is an identity on terms which occur in {(u).

Definition 42. For addresses v,v’, s, s’ € any(u) U bfr(u)
we define (v, s) ~ (v, s') iff there is an isomorphism, from
((v), (s)) to ((v'), (s"}), which is an identity on terms in {(u).
Both ~ and ~ are equivalence relations with finite index.
Let now w € P° be such that u € bfr(w). The next two
observations follow easily from Observations 40 and 12:

Observation 43. Suppose v,v', s, s’ € any(u) Ubfr(u) and
(v,s) = (v', s"). Suppose also that (v, s) is a blocking team
Jor my. Then (V') s') is also a blocking team for .
Observation 44. Let v,v' € any(u) U bfr(u) and v ~ 0.
Let also s €P be such that |u| < |s| < |w| and (v, s) is a
blocking team for ,,. Then (v', 8) is a blocking team for .
The above holds because whenever (v); = (s); for some
positions i and j, we have that (v); is a term of (u) and hence
(by Definition 41) we get (v); = (v');.
We are going to present the set fragile(u) as a certain
union of sets. But first we need:
Definition 45. Suppose v, s € any(u) U bfr(u). Then:

harmy (v, s) = {w € P° : u € bfr(w) A team(v, s, my)}
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harmy (v)
{weP’:uebfr(w) A Jsepfr(w)\bfr(v) team(v, s, my)}

Our next observation (still assuming that (M, P) is an w-
sensitive-path-derivation) is that:

Lemma 46. The sets harmy(v) and harmy(v, s) are finite
forallv,s € any(u) U bfr(u).

Proof. Proof can be found in the appendix. O

It follows directly from the definition of fragile(u) that:
Observation 47. The set fragile(u) is equal to:

Uv,seany(u)ubfr(u) harmz(m S) U Uanny(u)Ubfr(u) harml(v)
Using Observations 43 and 44 it is also easy to see that:

Observation 48. Ifv ~ v’ then harmy(v) = harm (v').
If (v, 8) = (v, 8") then harma (v, s) = harmg(v', 8).

Now, since ~ and ~ are equivalence relations of finite
index, it follows from Observation 48 that the union of sets
in Observation 47 is in fact a finite union. Together with
Lemma 46, this means, that fragile(u) is a finite union of
finite sets and hence a finite set.

9 Conclusions and Future Work

The next natural step is the decidability of the same problem
for multi-headed guarded rules.

Definition 49. An existential rule is guarded if its body con-
tains an atom, the guard, featuring all variables of the body.

Conjecture 50. Membership in CTyy for sets of multi-
headed guarded existential rules is decidable.

However, it is still unclear how the techniques used for
the linear case extend to the guarded case, since they rely
heavily on the forest structure of the chase.

One could still define a forest structure in the guarded
case, by setting {wp,) as the (-th atom resulting from the
application of rule p with guard (w), but this induces other
problems. Indeed, the creation of (wp, ) requires some side-
atoms beside the guard, which may have addresses far from
w. Consider for instance the guarded rule

E(z,y), Aly) — 3=. E(y, 2)

and suppose that some vertices v and w are labelled with
A(b) and E(a,b), respectively. Then, w has a child wa la-
belled E(b, ), but any chase sequence must create v before
wa. We thus need to enforce a total order on distant ele-
ments of the forest, which cannot be done by MSOL means
in any obvious way.

MSOL techniques have already been successful at
dealing with the single-headed guarded case (Gogacz,
Marcinkowski, and Pieris 2023), but in this case the tree
considered is a join tree, which always exists in the single-
headed case but not in the multi-headed case. A natural gen-
eralization of join trees would be tree decompositions, which
could be used since the chase with guarded rules admit finite
treewidth. However, it is even less clear how the techniques
developed for the linear case could apply on a tree decompo-
sition, especially taking into account the fact that nodes are
now labelled with sets of atoms and not just single atoms,
and that this does not solve the issue of having to enforce an
order on distant elements of the forest.
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