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Abstract

Description Logics (DLs) are widely applied in Al and
database systems. However, like other classical logics, they
cannot adequately handle defeasible information. Building
on the notion of rational closure - a form of defeasible rea-
soning originally developed for the propositional setting and
later adapted to DLs - we extend this approach by incorpo-
rating two further forms of defeasible reasoning: System W
and lexicographic closure. Both are well-established entail-
ment relations in the propositional case and are known to sat-
isfy several desirable properties. In this paper, we provide
model-theoretic definitions of these extensions for DLs, an-
alyze their behaviour by relating them to their propositional
counterparts, and present algorithms for their computation.

1 Introduction

Description logics (DLs) (Baader et al. 2007) are central
to many modern Al and database applications (Delgrande
et al. 2024). Yet, as classical formalisms, DLs do not al-
low for the proper representation of and reasoning with de-
feasible information, as demonstrated by the following ex-
ample, adapted from Giordano et al. (2007): Students do
not get tax invoices; employed students do; employed stu-
dents who are also parents do not. Classically, the con-
clusion from this would be that the concept of an em-
ployed student is unsatisfiable. While concept unsatisfia-
bility has been investigated extensively in ontology debug-
ging and repair (Moodley, Meyer, and Varzinczak 2011;
Schlébach and Cornet 2003), a different solution to this
problem is to incorporate defeasibility into DLs. Preferen-
tial extensions of DLs turn out to be particularly promising,
mainly because they are based on an elegant, comprehen-
sive and well-studied framework for non-monotonic reason-
ing in the propositional case proposed by Kraus, Lehmann
and Magidor (1990; 1992) and often referred to as the KLM
approach. Indeed, several extensions to the KLM approach
to DLs have been proposed (Giordano et al. 2007; Britz,
Heidema, and Meyer 2008; Giordano et al. 2008; Britz,
Meyer, and Varzinczak 2011; Casini and Straccia 2010;
Giordano et al. 2013; Giordano et al. 2015; Britz et al. 2021).
With some notable exceptions (Casini and Straccia 2013;
Casini et al. 2014; Giordano and Gliozzi 2018; Pensel and
Turhan 2018; Hahn, Kern-Isberner, and Meyer 2024), such
extensions have focused mostly on a basic form of proposi-
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tional defeasible reasoning known as rational closure (RC)
(Lehmann and Magidor 1992) or System Z (Pearl 1990). The
focus of this paper is the lifting of two other forms of propo-
sitional defeasible reasoning known as System W (Komo
and Beierle 2022) and lexicographic closure (LC) (Lehmann
1995) to defeasible DLs. Our primary motivation for doing
so is that both forms of reasoning retain the desirable prop-
erties of RC (in fact, they both extend RC in terms of what
can be concluded) while avoiding well-known issues with
RC, such as the drowning problem (Benferhat et al. 1993;
Komo and Beierle 2022).

Our main contributions are the following: Building on the
variant of RC for DALC (a defeasible extension of the de-
scription logic ALC) developed by Britz et al. (2021), we
define appropriate variants of both System W and LC for
DALC. We then investigate the core properties of the DL
variants of System W and LC, and present algorithms for
computing both System W and LC.

The rest of the paper is structured in the following way.
Section 2 is a brief introduction to KLM-style defeasible
reasoning for propositional logic, while Section 3 introduces
defeasible reasoning for DLs. Section 4 introduces the DL
variant of System W with the associated algorithms. Sec-
tion 5 does the same for the LC variant of DLs. Section 6
is a discussion of related work. Finally, Section 7 concludes
and points to future work.

2 Propositional Defeasible Entailment

Assuming an underlying (finite) signature ¥, we denote the
propositional language constructed from the default connec-
tives A, V, =, —, <> by LP™P. We may denote a conjunction
A N B by AB for brevity of notation. The set of interpre-
tations over the underlying signature is denoted as ). An
interpretation w € € is a model of a formula A € LP™P
if A holds in w, denoted as w I+ A. The set of models
of a formula is denoted as Q4 = {w € Q | w |- A},
while the set of models of a set of formulas S is denoted
as g ={w e Q| wlk Aforevery A € S}. A set of for-
mulas S entails a formula A, written S |= A, if Qg C Q4.
By slight abuse of notation, we sometimes consider inter-
pretations as the corresponding complete conjunction of all
elements in the signature in either positive or negated form.

In the framework proposed by Kraus et al. (1990), often
referred to as the KLM approach, we are interested in defea-
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sible implications (DIs), or conditionals of the form A |~ B,
read as “if A then usually B”. The resulting conditional lan-
guage is L9 = {A |~ B | A,B € £LP™P}. A finite set K
of conditionals is called a knowledge base. Given a knowl-
edge base /C, an intelligent agent should be able to draw in-
ferences, or entailments, from it. While propositional logic
has a mostly agreed upon semantics, different methods for
reasoning from knowledge bases have been proposed.

One well-known form of entailment from knowledge
bases is rational closure (RC) (Lehmann 1989; Lehmann
and Magidor 1992), that was shown to be equivalent to an
extended version of System Z (Pearl 1990) by Goldszmidt
and Pearl (1990). To define RC, we first consider the notion
of the rank of a formula. The materialisation of a condi-
tional A |~ B is defined as A — B, and the materialisation

of a knowledge base K is defined as K = {A—-B| A}
B € K}. A propositional formula A is exceptional w.r.t. K if

Kl -A Lete(K) = {A~ Be K| K E -A} in-

dicate the exceptional conditionals in a knowledge base /.

Define a sequence of knowledge bases &, ..., EX as fol-
lows: EF = K, EF = ¢(&F ), fori > 0 and &, = &X,
where n is the smallest & for which 5,’5 = 515—4—1 (since

KC is finite, such an n must exist). The rank ric(A) of a
propositional formula A w.r.t. a knowledge base K is de-
fined to be the smallest r for whivcg A is not exceptional
wrt. EX e, rc(A) = min{r | E& £ -A}. For A with
Koo E —A we let ric(A) = oco. From this we define the
ranked partition of K as RP(K) = (Ko, ..., Kn-1,Ko0)
where C; = {A | B € K | rc(A) = i}. To define RC
semantically we construct an ordering <% over . First, we
assign a height hic(w) to each w € ) as follows:

* hi(w) =0 iff wiF A — Bforevery A |~ B € K;

* hi(w) =iwith0 < i <n iff wl- A — B for every
AP B € Uicjen Kj UKo, andw ¥ A — B for some
A l'\/ BekK;_1;

* hi(w) =0 iffw ¥ A — Bforsome A B € K.

Let Q7** = {w | hx(w) € {0,...,n — 1}} be the set of

worlds with finite height, and let Q{fas = QOfeas N Q4 for

A € LP™P. The RC-ordering w.r.t. K is the ordering <%¢

over 7¢?* defined by w <} w’ iff hxc(w) < hic(w').

Definition 1 (RC). Let KC be a knowledge base and A, B €

LP™P Then A |~ B is an RC entailment of K, written

K Ere A b B, if min_s (%) € Qp.

It is known (Casini and Straccia 2010) that RC can also be

obtained from the ranked partition of a knowledge base us-
ing classical entailment.

Proposition 1. Let K be a knowledge base with RP(K) =

(Koy -+ s K1, o). Let 7 = min{i | Ko U U;jy@)bé
ﬂA}.l_];hen A |~ B is an RC entailment of K iff Koo U
J<n ’Cj ': A — B.

j=r

e —— —
M Koo UKn—1 = —A, thenr = nin case Koo = —A; 7 = 00
otherwise.
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That is, RC can be obtained by finding the smallest rank
r for which the antecedent A is not exceptional w.r.t. the
conditionals in the union /C,.U. . . K,,UK ,, and take A |~ B
to be an RC entailment of K if its materialisation is entailed
by the materialisation of that union.

System W is another form of entailment that is based

on an ordering <} over Qfeas wrt. every knowledge base
K (Komo and Beierle 2022). System W allows more en-
tailments than RC, and satisfies additional desirable prop-
erties for nonmonotonic entailment such as avoiding the
drowning problem (Benferhat et al. 1993; Komo and Beierle
2022), fully complying with syntax splitting (Kern-Isberner,
Beierle, and Brewka 2020; Haldimann and Beierle 2022c;
Haldimann and Beierle 2022b; Haldimann et al. 2023), and
also with conditional syntax splitting (Heyninck et al. 2023).
Here, we use an extended version of System W introduced
by Haldimann et al. (2023) that does not require the knowl-
edge bases to satisfy a notion of consistency. A condi-
tional A |~ B is said to be falsified w.r.t. an interpreta-
tion w if w ¥ A — B. For a knowledge base K and its
ranked partition RP(K) = (Ko,...,Kn—1,K). and for
j €{0,...,n— 1,00}, we define the &3 to be the function
mapping interpretations to the set of falsified conditionals in
K;. Thatis, &-(w) = {A |~ Be K; | wkF A — B} for
je{0,...,n—1,00}.
Definition 2 (W-ordering w.r.t. KC). For a knowledge base
K and its ranked partition RP(K) = (Ko, ..., Kn-1,Kc0),
the W-ordering w.r.t. IC is the ordering <y. over Qfeas de-
fined by

w<gw ifIre{0,...,n—1} st
Ep(w)=EWVie{r+1,...,n—1}
and &(w) G & ().
Thus, w <¥ ' iff w falsifies strictly fewer conditionals

than ' in the partition with the biggest index r where the
conditionals falsified by w and w’ differ.

Definition 3 (System W). Let K be a knowledge base and
A,B € LP™P. Then A |~ B is a System W entailment,
written K |=w A~ B, if minw Qe C Qp.

It is known that <} is a refinement of <}¢ (Komo and
Beierle 2022). This allows us to define the semantic char-
acterisation of System W in terms of the semantic charac-
tererisation of RC by refining the order <5¢ into the order
<Y, slightly extending the previous result.

Proposition 2. Let K be a knowledge base with the ranked
partition RP(K) = (Ko, ..., Ky, Koo). Then
w<guw iff w<Eu or
hic(w) = hie(w'), and Ir € {0,... ,n—1}
st Ee(w) =Ee(W)Vie{r+1,...,n—1}and
k(W) G Sk W)
We conclude this section with the description of lexico-
graphic closure (LC) (Lehmann 1995), another well-known

form of entailment from conditionals that extends both RC
and System W (Haldimann and Beierle 2022c¢). It is based
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on an ordering of interpretations that considers the number
of falsified conditionals in each part of the ranked partition.
Definition 4 (LC-ordering w.rt. K). Let K be a
knowledge base with the ranked partition RP(K)
(Ko, ..., Kn-1,Ks). The LC-ordering w.r.t. K is the or-
dering <& over /°* defined by

w<Euw iff Ire{0,...,n—1} st
e ()] = € (W) Vie{r+1,... ,n—1}
and |§k ()| < [§x ()] -
LC is then defined in terms of the LC-ordering w.r.t. KB.
Definition 5 (LC). Let K be a knowledge base and A, B €

LP™P, Then A |~ B is an LC entailment, written K Erc
A~ B, if min_w (%) € Qp.

It is known (Haldimann and Beierle 2022¢) that <}¢ re-
fines <} which, as we have seen, refines <§‘CC. In fact, we
can also obtain a result similar to Proposition 2 to show that
<X refines <¢.

Proposition 3. Let K be a knowledge base with the ranked
partition RP(K) = (Ko, ..., Kn,Koo). Then

w<EW iff w<E W or
hic(w) = hie(W'), and Ir € {0,... ,n —1}
st | (w)| = € (W)IVie{r+1,... ,n—1}
and |§ic(w)| < [€c(w)]-

As can be seen from this overview, System W and LC are
very similar. Actually, they both rely on the principles that
Lehmann has indicated as the rationale behind LC (1995,
Section 9.2): given two sets of falsified conditionals, the se-
riousness of the infringements has to be decided based on
two principles:

e The size of the set: the smaller the set of falsified condi-
tionals, the better it is.

* The priority among the elements of the sets: it is prefer-
able to violate more generic conditionals w.r.t. violating
more specific ones.

Both the approaches considered here follow these principles,
the main difference being how the comparison between the
sizes of the sets is done: while System W relies on the subset
relation, LC relies on cardinality.

3 Defeasible Description Logics

In this section we provide a brief introduction to the descrip-
tion logic ALC (Baader et al. 2007), and its extension to de-
feasible ALC (DALC) (Britz et al. 2021). Let X, X g be
finite, disjoint sets of symbols. These symbols will be our
concept names and role names, respectively. Based on this
we define the concept language L™ of ALC by

Lo := A|=A|CND|CUD|3IrC|V.C|L|T

for A € Yo,7 € ¥, and C,D € L. A TBox T is
a finite set of concept inclusions of the form C' = D for
C7D e ‘ECOTL.
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Interpretations give a semantics to concept inclusions. An
interpretation is a tuple Z = (AZ,.Z) where A is a non-
empty set called the domain and -7 is a function that maps
every r € Xy to a set of ordered pairs r* C AT x AZ, and
every C' € Y to aset CT C AT, Interpretations are lifted
to complex concepts by 17 = (), TZ = AT (=C)T = AT\
C%,(CcnD)t = CItnD%, (CuD)t = CtuD?t, (Fr.C)t =
{x € AT | thereis an (7,y) € rT s.t.y € CT}, (vr.0)T =
{x € AT |y € CF forall (x,y) € r*}.

An interpretation Z is a model of a concept inclusion C' C
D, denoted Z I+ (C C D), if CT C D%. The notion of a
model is canonically lifted to sets of concept inclusions. A
TBox T entails a concept inclusion C' T D, written T =
C C D, if every model of 7 is also a model of C C D.

Concept inclusions C' C D are the main building blocks
of DL terminologies, but do not allow for exceptions. To
do so, we define defeasible concept inclusions (defeasible
inclusions, or DClISs, for short) of the form C' L D (Britz,
Heidema, and Meyer 2008; Britz et al. 2021; Giordano et
al. 2015; Giordano and Gliozzi 2020). The intuition of a
defeasible inclusion is that the objects in C' are typically,
but not necessarily, also in D. Defeasible inclusions can be
thought of as the description logic analogues of defeasible
conditionals. A DBox D is a set of defeasible inclusions.

The defeasible description logic DALC allows for knowl-
edge bases of the form K = (7,D) where T is a TBox
and D is a DBox. To obtain a semantics for DALC, we
consider preferential interpretations. In addition to includ-
ing the structure of a classical DL interpretation, a preferen-
tial interpretation also includes an ordering on the objects of
the domain, representing how typical (or exceptional) an ob-
ject is (with objects more typical, or less exceptional, lower
down in the ordering).

Definition 6 (preferential interpretation). A preferential in-
terpretation is a tuple P = (AP .7 <P such that I" =
(AP .Y is a DL interpretation and <" is a strict partial
order on A7 satisfying the smoothness condition (for every
C € L£eon, if OF # () then min_» CT # ().

A preferential interpretation P = (A7 .7 <P) is a
model for a TBox 7 if Z% is a model for 7, and P is a model
for a DBox D if min_» C7 C D forevery C C D € D.
A knowledge base K = (T, D) is consistent iff it has a pref-
erential model.

Example 1. Consider a knowledge base K = (T,D)
that models in T that penguins are birds (P T B); and
in D models the following defeasible inclusions: birds fly
(BT F), penguins do not fly (P & —F), and feathers are a
part of a bird (B T dpart.Fe).

A possible preferential model of K is P = (AF .7 <)
with AT {s,t,u}, PP {t}, B” {s,t},
FP = {s,u}, Fe?P = {u}, part = {(s,u)}, and <¥ =
{(s,t), (u,t)}. Observe that all strict and defeasible inclu-
sions in IC are satisfied by P.

For a defeasible inclusion C' T D, the concept —=C' LI
D is the material counterpart of the inclusion, denoted by
C T D. For a DBox D, D is the set of material counterparts
of each of the defeasible inclusions in D (Britz et al. 2021).
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Analogous to the propositional case, a ranked partition
for DALC can be defined. A concept C is exceptional for a
knowledge base L = (T,D) if T Jc: |—|D C —~C. Analo-
gous to the propos1t10nal case, let € ={CLDeD|
T E [1D £ ~C}, and define a sequence of DCIs (w.r.t.
K)ER,. .. EF | EK asfollows: EX = D, £F = £(EX ),
for 7 > 0, and EK 5,’5, where n is the smallest k£ for
which £F = E,QCH (since D is finite, such an n must ex-
ist). The rank rc(C') of a concept C w.r.t. a knowledge base

= (T, D) is defined to be the smallest (0 <r<(n-1))
for which C is not exceptional w.r.t. (T, EX), ie r;C(C') =
min{r | T} [1EF C =C}: 1t T k= [1€X, € —C,
then r(C) = nif T = T C =C, and r(C) = oo oth-
erwise. The notion of a rank can be extended to DCIs by
letting the rank of a DCI C' T D (w.r.t. K) be the same as
the rank of its antecedent C. From this we define the ranked
partition of K as RP(K) = (Df,..., DX |, DX) where
D, ={CCDeD|rc(C) =i}

Regarding entailment from defeasible knowledge bases,
both Giordano et al. (2015) and Britz et al. (2021) have
developed semantic versions of rational closure (RC) for
DALC. Both are based on the definition of RC for the
propositional case as outlined in Definition 1, but with the
ordering defined over objects in the domains of interpre-
tations, instead of on propositional interpretations. These
approaches have been shown to be inferentially equivalent
(Casini, Straccia, and Meyer 2019). Below we describe the
approach by Britz et al. (2021) which makes use of a con-
struction referred to as the Big Ranked Model? A ranked
interpretation R = (AR, . R <R} is a preferential interpre-
tation such that <™ is modular: its associated incomparabil-
ity relation ~%, defined by x ~™  if neither z <™ y nor
y <" x, is transitive. Modularity means that <™ partitions
the elements of A into (non -empty) layers L¥, ...,L}
such that for p € L ,q € L we have p <% qlffz <j As
aresult, it is p0s31ble to deﬁne the height hy (x) of an object
xin AR as hg(z) = i where x € LF.

Let L = (7, D) be a knowledge base and let A be any
fixed countably infinite set. Then

Moda(K) = {R = (AR, R <R) | R IF K,
R is ranked, and AR = A}.
To define the Big Ranked Model (Britz et al. 2021, Def-

inition 21), we refer to the notion of ranked union (Britz et
al. 2021, Definition 20).

Definition 7 (Big Ranked Model). Let K be a defeasible
knowledge base. The Big Ranked Model of IC is the ranked
model O = (A®,.© <9 that is the ranked union of the
models in Moda (K). That is,

e AO = IR e Modn k) AR is the disjoint union of the
domains from Moda(K), where each R € Moda(K)

has the elements x,y,... of its domain renamed as
TR, YR, . .. so that they are all distinct in A°;

The Big Ranked Model is appropriate for modelling RC in all
DLs satisfying the so-called Disjoint Union Property. We refer the
reader to (Bonatti 2019) for a semantic definition of RC that also
covers more expressive DLs.
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o xr € AC iffx € AR, for all concept name A;
s (zr,yr/) €rC if R = R and (x,y) € r;
« zr <9 yr iff hr(x) < hr:(y).

The last condition requires that for every 2 € A9,
ho (1‘7{) = hR(x)
Now we use the Big Ranked Model to define RC for DALC.
Definition 8. For a DALC knowledge base K and a defeasi-
ble inclusion C & D, we say that C' & D is an RC entailment
of K (written K Erc C S D) iff O I+ C & D, where O is
the Big Ranked Model of KC.

The properties of RC for DALC are explored by Britz et
al. (2021). In the next two sections we present two alterna-
tive approaches for reasoning with DALC knowledge bases.

4 System W for DALC

We now turn to the first main contribution of the paper—a
version of System W for DALC. We start with the provision
of a semantic definition.

4.1 Semantic Definition: The Big W-Model

As shown in Section 2, at the propositional level, System W
has a semantic definition that is a refinement of the semantic
definition of RC. Hence, moving to System W for DALC,
we adapt the same approach by starting with the definition of
RC for DALC outlined in the previous section, and apply on
top of it a refinement of the preference ordering analogous
to the way <Y refines <}¢ for the propositional case.

Given that the Big Ranked Model characterises RC in
DALC, we proceed by building a similar model for Sys-
tem W on top of the Big Ranked Model, using the same
approach outlined in Proposition 2.

Definition 9 (Big W-Model). For a DALC knowledge base

= (T,D), let O be the Big Ranked Model of K and
let RP(K) = (Df,...,DX_ | DK) be the ranked parti-
tion of K. The Big W- Model of K is the model W (O) =
(A©, .0 <W>, where <" can be defined as follows. For

x,yGA x <"V yiff
z <9 y;or
ho(x) = ho(y) and thereisanm € {0, ... ,n — 1}
st.&(z)=¢€(y) Yie{m+1,...,n—1}and

§"(x) S €M (y)

where, for any v € A°, ¢™(z) = {CSD € D/ |z €
(Cn-D)W O,

Note that the preference order <" is obtained as a refine-
ment of <© that exactly mirrors the propositional case, as
presented in Proposition 2. Proposition 4 below shows that
such a definition is in line with the original propositional
formulation of of the preference <¥ for System W as intro-
duced in Definition 2.

Proposition 4. For a DALC knowledge base K =
let (D,

let W(O) =
<" is equivalent to the relation <*: A©

(T, D),

., DK DX be the ranked partition of K and
= (A9,.9 <W) be the Big W-Model of K. Then
x A9, defined as
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follows. For any pair x,y € A®, x <* vy iff there exists an
m € {0,...,k} such that

o) =¢(d) Yie{m+1,...,n—1}and
§M(0) & €M (0')
where, for any x € A®, ¢™(z) = {CCD € DI | x €
(C-D)W @),

As for the Big Ranked Model and RC, we use the Big
W-Model to define System W entailment.

Definition 10. For a DALC knowledge base K and a de-
feasible inclusion C © D, we say that C & D is a System W
entailment of K (written K =y C T D) iff W(O) I C S D
where W (O) is the Big W-model of K.

To understand the properties of System W entailment, let
us first show that the Big W-Model is indeed a preferential
interpretation.

Proposition 5. Let W(0) = (A®,-©, <W) be the Big W-
Model of some knowledge base K = (T,D). W(O) is a
preferential model of IC.

Since the Big W-Model is a preferential interpretation we
can conclude that System W for DALC satisfies the Sys-
tem P postulates (Ref), (LLE), (RW), (AND), (OR), (CM),
(CMa3), and (CMy) for defeasible DL (Britz et al. 2021).

We already saw that <} is a refinement of <%¢. Further-
more, we can show that System W for DALC extends RC.

Proposition 6. For any knowledge base K = (T,D) and
any defeasible subsumption C & D, if K |Erc C T D, then

The reverse of Proposition 6 is not true, i.e., there are
knowledge bases for which W-entailment licenses strictly
more queries than RC. Example 2 below will illustrate an
instace where System W strictly extends RC.

Note that every consistent X = (7, D) also has a Big
W-Model.

Proposition 7. A knowledge base K = (T, D) is consistent
iff it has a Big W-Model W (O).

Finally, we want to point out that our definition of Sys-
tem W for DALC properly generalizes the original Sys-
tem W, i.e., both definitions coincide for propositional con-

ditionals. Observe, that propositional logic corresponds to a
fragment of ALC.

Definition 11. Let > be a propositional signature and ¢
be a set of concept names such that ¥ C Y. The map-
ping ALC from propositional formulas to ALC concepts is
recursively defined as follows:

ALC(—-E) =-ALC(E)
ALC(ENF)=ALC(E)NALC(F)
ALC(EV F)=ALC(E)UALC(F)

for any formulas E, F € LP™P and any a € 3.

First, we observe that the notions of exceptionality for
DClIs and conditionals coincide. Therefore, the ranked par-
tition of a conditional knowledge base corresponds to the
ranked partition of a DBox.

ALC(a) =a
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Lemma 1. Let K be a set of (propositional) condition-
als, and let D = {ALC(C) & ALC(D) | C p D €
K}. Then a formula C is exceptional for K iff ALC(C)
is exceptional for D. Furthermore, the ranked partition
RP(K) = (Ko,...,Kk, Kx) corresponds to the ranked
partition RP(D) = (D&,..., D, DK) in the sense that
k =1land ALC(K') = DF fori € {0,...,k,00}.

With this we can show that the preferential System W co-
incides with System W for DALC.

Proposition 8. Let K be a set of (propositional) condition-
als, and let D = {ALC(C) G ALC(D) | C |~ D € K}.
Then for formulas E,F we have K Ew E |~ F iff
DEw ALC(E) S ALC(F).

Thus, System W for DALC is a proper generalisation of
its propositional counterpart.

4.2 An Algorithm for W-Entailment in DALC

In this section we present an algorithm for deciding W-
entailment. As it was the case for RC (Britz et al. 2021), the
decision procedure is based on a series of decision problems
for classical ALC. Because of that, the overall procedure
can be implemented on top of classical reasoners for ALC.

As we have seen in Section 4.1, given a knowledge
base K = (7,D), modelling W-entailment relies on the
functions £i, that in turn are defined using the ranked
partition (DX, ..., DK DK) of D associated to RC. In
order to obtain such a partition, we rely on the proce-
dure ComputeRanking(K) that in turn relies on the pro-
cedure Exceptional(T, D), both described in (Britz et al.
2021). The procedure Exceptional(7,D) (Algorithm 1)
takes a set 7 of strict inclusions and a set D of DClIs,
and returns the set £ of DCIs in D that are exceptional
w.r.t. (T, D). The procedure ComputeRanking(K) (Algo-
rithm 2) takes as input a defeasible K = (7, D) and re-
turns the partition (DY, ..., DX DK ). To be more precise,
ComputeRanking(K) gives back

* a sequence & (&o,...,&n) where, for each i €

{0,...,n}, we have & = U<, D

* a knowledge base K* = (7*,D*), where D* has been
obtained by removing from D all the axioms C' T D that
have rank co, while 7* has been obtained by adding to 7
the correspondent axioms C' C D.

Britz et al. (2021) proved that the following holds for the
output of ComputeRanking(K):

* The sequence £ = (&, . .., Ey,) is correct in the sense that
foreachi € {0,...,n— 1} we have DX = &\ &1, and
D, =&p.

e K and K* are equivalent w.r.t. RC, that is, they have the
same Big Ranked Model O, and, consequently, for every
CED,K |Erc CEDIff K* Egpe CE D.

The transformation from K to * properly separates the
DClISs that can have exceptions from the inclusions that can-
not have exceptions. The knowledge base K* = (7*,D*) is
defined by the procedure ComputeRanking(K) by eliminat-
ing all the defeasible axioms C'C D in D with rank oo and



Proceedings of the 22nd International Conference on Principles of Knowledge Representation and Reasoning
Main Track

adding the corresponding axioms C T Dto 7. If CE D
has rank oo, it follows that its antecedent C' cannot be popu-
lated in any preferential model of K. In particular, we have
both K =re C C L and K |Ew C C L. It turns out that
we obtain exactly the same result, both from the semantical
and the inferential point of view, by eliminating such C T D
from D and adding C' T D (or equivalently C = 1) to T
— both for RC and System W. We refer the reader to Britz et
al. (2021, Section 5) for more details.

Proposition 9. Ler K = (T7,D) be any ALC defea-
sible KB and K* (T*,D*) the KB obtained from
ComputeRanking(K). K and K* are equivalent w.rt. |=w,
that is, foranyDIC & D, K =w C & Diff K* Ew C T D.

From now on, when dealing with some knowledge base
K = (T, D), we will often refer also to the knowledge base
K* = (T*,D*) obtained from ComputeRanking(K), the
latter being associated with a sequence £ = (&,...,&n)
and with £, = 0. Such a move is justified by Proposition 9.

From Proposition 9, Proposition 7, and a result by Britz et
al. (2021, Corollary 7), we immediately obtain an easy way
to check whether a knowledge base is consistent.

Proposition 10. Let K = (T, D). K has a Big W-Model iff
T ETLCL

Using ComputeRanking(K), we now introduce the
procedure WClosure(C,C'S D) (Algorithm 3) to decide
whether the inclusion C'C D is W-entailed by K. As indi-
cated above, ComputeRanking(KC) returns a sequence £ =
(o, ..., &) suchthat foreachi, 0 <i < n, Df =& \&it1
while DX = &,. The latter operation is implemented in
Lines 2—4 of the procedure WClosure(K,C T D).

The minimal objects in C© w.r.t. <Y are exactly those ob-
jects in C'© that satisfy an inclusion-maximal set of DCIs,
where preference is given to DClIs in the later part of the
ranked partition (DY, ..., DX). Because of such a prefer-
ence we can construct the inclusion-maximal sets character-
izeing minimal objects by considering the ranks individually
and extending the sets step by step.

The set «; will contain the restrictions of all inclusion
maximal sets to the DCIs of rank ¢ and above. For j = n+1
it is initialized by v,,+1 := {0} in Line 5. The for-loop be-
ginning in Line 6 iterates through the indices of the ranked
partition from 7 down to 0. In iteration j, for each set r in
j+1 all inclusion maximal sets p with 7UD being consistent
with C' are listed in P/"** (Lines 10-14). Then, in Lines 15~
16, the extended sets from ~y;_; are added to ;. After the
while loop, the objects in C© that are minimal w.r.t. <} are
exactly the objects in A® that are in C© and satisfy all DCIs
in one of the sets in vp.

Finally, in Lines 17-20, the algorithm checks if the strict
inclusions in 7 imply that C' in conjunction with the sets in
~o is always subsumed by D, i.e., if all minimal objects in
CO are in D°.

To summarize, we can show that the procedure WClosure
is correct and complete w.r.t. the entailment relation =y .

Theorem 1. For a knowledge base K and concepts C, D,
WClosure(KC,C' & D) returns True iff K =w C S D.
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Algorithm 1: Exceptional(7,D)
Input: 7 and D
Output: £ C D s.t. £ is exceptional w.r.t. (7, D)
1 E:=0;
2 foreach C' C lle D do
3 L if 7 =[]D C —C then
4

| £:=€u{CcD}

5 return &;

Algorithm 2: ComputeRanking(K)

Input: £ = (7,D)

Output: K* = (7T*,D*); exceptionality ranking £
1 7*:=7T, D*:=0D;

2 repeat

3 7 :=0;

4 &y =D

5 & := Exceptional(T*,&);

6 while £, 1 # &; do

7 =1+ 1

8 L Ei+1 1= Exceptional(T*,&,);
9 D: =&

10 T =T*U{CCD|CLCDeD:};
1 D* :=D*\ D%;

12 until D%, = ();

B3 E:=(&,...,&-1);

14 return (* =

(T*,D*), &)

The following example will illustrate the WClosure pro-
cedure in contrast to RC.

Example 2. Consider a knowledge base K = (T, D) that
contains in T that penguins are birds (P T B), birds are
animals (B T A), waterproof feathers are feathers (Wf C
Fe), and stuffed animals are animals (Sta T A); in D we
model the following defeasible inclusions: birds fly (B &£ F)),
penguins do not fly (P © —F), feathers are a part of the birds
(b & dpart.Fe), waterproof feathers are a part of the pen-
guins (P & dpart. Wf), stuffed animals do not have feathers
(Sta & —3part.Fe), stuffed animals do not fly (Sta & —F),
and animals are usually not stuffed (A < —Sta). Our ranked
partition is

» DN = {BEC F,BC 3part.Fe, AT ~Sta};

« DF {P & —F, PC 3part. Wf, Sta T —Ipart.Fe,
Sta T —F}.

Since we do not have any defeasible inclusion of rank oo,
T* =T and D* = D. We show that there is some defeasible
inclusion, non-flying birds presumably have feathers, that
we can derive with System W and not with RC.

RC. We run the procedure RationalClosure(K, B N
—F T dpart.Fe) for RC from (Britz et al. 2021).

« 7% = [(DF U DF) ©T —(B M ~F): No object can
satisfy the antecedent of the query, remove the inclusions
from D in the next step.
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Algorithm 3: WClosure(KC, o)
Input: K = (7,D)and aquery o« = C S D.
Output: true if K =y C T D, else False
1 (K*,€) := ComputeRanking(K);
2 for j:=0t0n—1do
3| Dj=Ei\ &
// ' D; contains the DI's in D with rank j
Dy = En;

Ynt1 = {0} 5
for j := n downto 0 do
Vi = 0;
o(D;) :=A{p|p < Dj}:
/ ©(D;) is the powerset of D;
9 foreach r € v;; do
10 P;: ;
1 foreach p € p(D;) do
12 if 7° = [1{T Up} C —=C then
13 L | Pj:=P;U{p};
14 Prat = {p|pePj
thereisnop’ € Pist.p G p'} s
foreach p € P;"** do
L 7=y Yui{rupt}:

if 7" E[|pNC C D, forall p € v then
‘ return True ;

else
L return False ;

®X N SN B

15
16

- TEMDFC —(BM=F): The antecedent of the query

is consistent with D’f; use it to check the entailment.

We can see that T* = [ DK M—(B 1 —F) C 3part. Fe:
RCclosure(K, BM—F T dpart.Fe) returns False.
System W. We run Wclosure(KC, B M —F T dpart.Fe).

* 71 contains one set: p; = DF.
* Yo contains one set that extends pi:
{B K Jpart.Fe, AL —~Sta}.

Now we verify that T }= []t1 1 (B M —F) C Jpart. Fe.
Hence Weclosure(K, BM—F T 3part. Fe) returns True.

ty

p1 U

5 Lexicographic Closure for DALC

A first proposal for modelling Lexicographic Closure (LC)
for DALC was provided by Casini and Straccia (2012), but it
lacks a semantic characterisation. Here we present both a se-
mantic characterisation and a decision procedure, based on
the original characterisation of LC given by Lehmann (1995)
for propositional conditionals.

5.1 Semantic Definition: The Big L-Model

Lehmann (1995, Sect. 9.2) presents a semantic characterisa-
tion of LC based on a specific ranking of the worlds that is a
refinement of the ordering <% characterizing RC. As in the
case of RC and System W, we propose a construction that
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orders the individuals. Since on the semantic side, like Sys-
tem W, LC is a refinement of the preference order of RC, we
follow the same strategy used for System W: we start from
the Big Ranked Model characterising RC for DALC, and we
refine the ranking of the individuals in a way that mirrors the
way in which lexicographic closure refines the RC ordering
in the propositional case.

As a first step we introduce the seriousness ordering
among sets of defeasible inclusions. Following the propo-
sitional case, given a KB IC = (7, D) the seriousness order-
ing is based on the ranked partition (DY, ..., DX). Let D/
be any subset of D. We associate to D’ a string of n+1 num-
bers (ko, ..., kn)p such that for i € {0,...,n} we have
k; = |D' N D,,—;|. That is, the first number indicates the
number of the most exceptional axioms in D’ (those with
rank n and highest priority), and so on until we reach k&,
that indicates the number of the most generic axioms in D’
(those with rank 0, lowest priority). Given any pair D’, D"
of subsets of D, with (hg,...,h,)p and (ko, ..., k,)p,
we say that D’ <; D" (D' is less serious than D") iff there
isani € {0,...,n} such that

kj = h;
ki < h;.

forevery j € {0,...,7— 1} and

That is, D’ <; D" if D’ includes a lower number of more
specific axioms than D”.

Following Proposition 3, we will refine the preference re-
lation <@ over the objects in the Big Ranked Model in the
following way.

Definition 12 (Big L-Model). Let K = (T, D) be any de-
feasible KB. The Big L-Model of I is the model L(O) =
(A©, .0 <Y where <L is defined by, for any x,y € A°,
x <Ly iff
z <% y;or
ho(z) = ho(y) and thereisanm € {0,... ,n — 1}
st € (x)| = [€'(y)| Vie{m+1,...,n—1}and
1§ ()| < 1€ ()]
where, for any x € A©, ¢m(z) = {CED € DI |z €
(Cn-D)LO,
The definition of < mirrors the LC-ordering for the
propositional case: given any pair of objects 0,0’ in a A®

we have that o <L o’ iff £(0) <; £(0'), that is, iff o violates
a lower number of exceptional axioms than o'.

Proposition 11. Given any defeasible KB K = (T, D), let
L(O) = (A9,.9 <L) be its Big L-Model. Then < is
equivalent to the relation <*: A® x A, defined as fol-

lows. For any pair x,y € A®, x <* y iff there exists an
m € {0,...,k} such that

1€ (0)| = |€°(0)] Vie{m+1,...,n—1}and
€™ (o)] < €™ ()]

where, for any v € A®, ¢"(z) = {CED € DI |z €
(Cn=-D)W Oy,
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The model L(Q) is the characteristic model of the LC
for ALC, that is, we define lexicographic entailment for
DALC as the inference induced by the Big L-model L(O).

Definition 13 (Lexicographic entailment). Let K = (T, D)
be any DALC knowledge base and C' S D a defeasible sub-
sumption. We say that K L-entails C' T D (written K [=p,
CED)if

L(O)IFCLT D,
where L(QO) is the Big L-Model for K.

Just as the Big Ranked Model and the Big W-model the
Big L-Model is a preferential interpretation.

Proposition 12. Let L(O) = (A®,.9 <L) be the Big L-
Model of the knowledge base KK = (T, D). Then L(O) is a
preferential model of K.

Actually, the Big L-Model L(O), like the Big Ranked
Model O, is a ranked interpretation (see Section 3) imply-
ing additional properties, but we are not going to investigate
that here. LC for DALC defines the most extensive entail-
ment we consider here, since it extends System W, and, con-
sequently, RC.

Proposition 13. For any knowledge base KK = (T, D) and
any defeasible subsumption C & D, if K E=w C & D, then
KEL CED.

The reverse of Proposition 6 is not true in general, i.e.,
there are knowledge bases for which LC-entailment encom-
passes strictly more inclusions than W-entailment. Exam-
ple 3 in the following section illustrates that.

Analogous to the case for Big W-Models, it holds that
every consistent K = (7, D) has also a Big L-Model.

Proposition 14. A knowledge base K = (T, D) is consis-
tent iff it has a Big L-Model L(O).

Also for LC we can show that the definition for DALC
properly generalizes the original LC, i.e., both definitions
coincide for reasoning from propositional conditionals. For
the correspondence between propositional logic and a frag-
ment of ALC we refer to Definition 11, and again use
the correspondence between the respective ranked partitions
shown in Lemma 1. Moving from there we can prove that
propositional LC coincides with LC for DALC.

Proposition 15. Let KC be a set of (propositional) condition-
als, and let D = {ALC(C) C ALC(D) | C |~ D € K}.
Then for formulas E,F we have K =1, E |~ F iff D =L,
ALC(E) G ALC(F).

5.2 An Algorithm for L.C-entailment in DALC

As for System W, we present a decision procedure for lex-
icographic closure, LexClosure(/C, C' T D) (Algorithm 4).
The main difference between the algorithms is the way the
maximal sets are selected in each layer in Line 14: While
WClosure is selecting inclusion-maximal sets, LexClosure
selects sets with maximal arity.

The procedure LexClosure is correct and complete w.r.t.
the entailment relation.

Theorem 2. For a knowledge base K and concepts C, D,
LexClosure(K,C' T D) returns True iff K =1, C & D.
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Algorithm 4: LexClosure (K, «)
Input: K = (7,D)and aquery o« = C 5 D.
Output: true if L =;, C T D, else False
(K*,€) := ComputeRanking(K);

—

2 forj:=0f0n—1do
3| Di=&i\ &
// ' D; contains the DI's in D with rank j
4 D, =&,
5 i1 = {0}
6 for j := n downto 0 do
7 =03
8 | 9(D;):={plpCDj};

// ©(Dj) is the powerset of D;
9 foreach r € v;; do

10 Pj: ;

11 foreach p € p(D;) do

12 L if 7° = [[{T Up} C =C then

13

| Pj:=P;U{rup}

14 Prar = {t|te Py,
there isno t’ € P; s.t. [t/| > [¢|};
15 foreach t ¢ PJ’-”‘” do
16 | vi=v Ut}
7 if T*=[1tNCCD forallt € v, then
18 | return True
19 else
20 L return False

We conclude this section by illustrating LexClosure with
an example that contrasts it with WClosure.

Example 3 (Example 2 cont’d). Let K = (T,D) be the

knowledge base from Example 2. Recall that the ranked par-

tition of KC is

» D§ = {BE F, BE 3part.Fe, AT —Sta};

« DF {P L —F, Pt 3part. Wf, Sta & —Ipart.Fe,
Sta T —F}

and that K* = K. We show that there is some defeasible

inclusion, stuffed penguins presumably have feathers, that

we can derive with LC and not with System W.
System W. We run Wclosure(KC, P M Sta & 3part. Fe).

* 71 contains two sets:
- p1 ={P L —~F,PL 3Ipart. Wf, Sta & —~F};
- po = {P L —F, Sta © —3part.Fe, Sta & —F}.
* v still contains two sets, t1 and to, that extend p, and p2
in the following way:
- t;1 = p1 U{BC Ipart.Fe};
— to = po, since there is no axiom in Dy that can
be added to p, without eliminating the possibility of
stuffed penguins to exist.

It is easy to check that T = []t; 1 (P N Sta) C
dpart.Fe, but T B [ |t2 M (P M Sta) E Jpart.Fe. Hence,
Wclosure(KC, P M Sta & Ipart. Fe) returns False.
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Lexicographic Closure. We run LexClosure(/C, P 1
Sta & Apart. Fe).

* v, contains, again, the two sets:
- p1 ={PC —F,PC 3part. Wf, Sta T —~F};
- po = {P LT —F, Sta T —3part.Fe, Sta T —~F};
since they both have the same cardinality of 3.

* in g we end up instead only with the set t; = p; U
{B T 3part.Fe}, since it contains one inclusion from D,
while ty contains none.

Now in o we have only t1, and, since T = [t (PN
sta) C part.Fe, LexClosure (K, (P M Sta) § Ipart.Fe)
returns True.

An immediate observation that can be done based on this
example is that LC is more influenced by the syntax of the
knowledge base in the following sense: in RC, conditional
KBs that are satisfied by the same set of preferential inter-
pretations also induce the same entailment relation, while
in System W and LC, syntactic variation can result in dif-
ferent entailment relations. Consider K in the above exam-
ple: by replacing B T F and B T dpart.Fe by a single
DCI B L F M 3part.Fe, we get an equivalent KB that in-
duces the same entailment relation with respect to RC; but
that does not entail B M —F L Jpart.Fe with System W
and LC any more. This matches the observation by Casini et
al. (2019) that once we look at entailment relations that are
stronger than RC the syntax of the knowledge base becomes
more relevant. Hence, both System W and LC depend on the
syntactic form of the defeasible inclusions. In Example 3
we conclude with LC that stuffed penguins presumably have
feathers, which seems a bit arbitrary looking at the knowl-
edge base, but results from the form of the DCI and the use
of cardinality to decide the preferred subsets of defeasible
information to be used. System W is more cautious, and
thus seems more justified in its derivations.

6 Related Work

To the best of our knowledge, Quantz and Royer (1992) were
the first to consider lifting the preferential approach to defea-
sibility to a DL setting. As we have mentioned in Sections 4
and 5, the model-theoretic definitions of System W and LC
for DALC rely on the definition of RC for DALC by Britz et
al. (2021) and Giordano et al. (2015). More specifically, our
definitions of the Big W-Model and the Big L-Model lean
heavily on the Big Ranked Model of Britz et al. (2021).

Regarding System W for DALC, multipreference-closure
(MP-closure for short) is a form of entailment for the de-
scription logic with typicality ALC + Tg introduced by
Giordano et al. (2018; 2020). MP-closure was adapted for
reasoning with propositional conditionals by Giordano et
al. (2021). While System W and MP-closure were devel-
oped independently in different contexts, and defined us-
ing distinct approaches, it has been shown that MP-closure
for propositional conditionals coincides with System W
(Haldimann and Beierle 2022a; Haldimann et al. 2023). We
conjecture that MP-closure for DALC is the same as System
W for DALC, but proving whether or not this conjecture
holds is left as future work.
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For other extensions beyond RC in DLs, there is the work
of Casini et al. (2014) on relevant closure for DALC, and
the work of Pensel and Turhan (2018) to extend both RC and
relevant closure across role expressions in the description
logic £L£, . Casini and Straccia (2012) provided an initial
proposal for LC for DALC, but did not provide a model-
theoretic characterisation or an algorithm for computing LC.

Finally, one of the motivations for investigating defeasi-
ble DLs, rather than full first-order logics, is that, being re-
stricted versions of first-order logic, they are more manage-
able than the full first-order case. In the same spirit, Kern-
Isberner and Thimm (2012), Beierle et al. (2017), and Casini
et al. (2022) considered variants of RC for different, but re-
lated, restricted versions of first-order logic.

7 Conclusion and Future Work

The main contributions of this paper are (i) the model-based
definitions of System W and LC for DALC, (ii) the inves-
tigation of the basic properties of System W and LC for
DALC, and (iii) the presentation of algorithms for comput-
ing System W and LC entailments for DALC.

The results presented here suggest a number of options
for future work. Firstly, we plan to further evaluate the
introduced inference relations with respect to their formal
properties, and to evaluate the proposed algorithms with re-
spect to their complexity. Furthermore, the reader familiar
with DLs would have noticed that the current paper does not
mention DL ABoxes at all. Casini and Straccia (2010) and
others have pointed out that the introduction of ABoxes into
DALC can complicate things. This applies to System W
and LC for DALC as well, and a comprehensive investiga-
tion of introducing ABoxes into DALC is still lacking. It has
also been pointed out by Pensel and Turhan (2018), amongst
others, that defeasible forms of entailment for DALC (and
indeed for most other defeasible description logics) lack a
proper treatment of the quantifiers present in these logics.
This applies to System W and LC for DALC as well. In a
similar vein, there is a need to consider the impact of role-
based defeasible constructors (Britz and Varzinczak 2019)
into forms of defeasible entailment such as System W and
LC for DALC. Also, Bonatti (2019) has provided a se-
mantic definition of RC that covers defeasible DL that are
more expressive than DALC. It would be interesting to see
whether this form of RC can be employed to obtain versions
of System W and LC for defeasible DLs beyond DALC.
Finally, work on the implementation of RC for DALC has
yielded promising results (Casini et al. 2015), while recent
works have shown that an implementation of System W for
the propositional case can be quite efficient (Beierle, Spang,
and Haldimann 2024). An obvious next step would be to see
whether the insights gained from these two implementations
can be applied to implementations for System W and LC for
DALC as well.
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