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Abstract

In this paper, we investigate inductive inference with system
W from conditional belief bases with respect to syntax split-
ting. The concept of syntax splitting for inductive inference
states that inferences about independent parts of the signature
should not affect each other. This was captured in work by
Kern-Isberner, Beierle, and Brewka in the form of postulates
for inductive inference operators expressing syntax splitting
as a combination of relevance and independence; it was also
shown that c-inference fulfils syntax splitting, while system P
inference and system Z both fail to satisfy it. System W is a
recently introduced inference system for nonmonotonic rea-
soning that captures and properly extends system Z as well as
c-inference. We show that system W fulfils the syntax splitting
postulates for inductive inference operators by showing that it
satisfies the required properties of relevance and independence.
This makes system W another inference operator besides c-
inference that fully complies with syntax splitting, while in
contrast to c-inference, also extending rational closure.

1 Introduction

An important subject in the field of knowledge representation
and reasoning is the reasoning with conditional knowledge
(Lehmann and Magidor 1992). A conditional formalizes a de-
feasible rule “If A then usually B” for logical formulas A, B,
denoted here as (B|A). Two well known inference methods
for conditional belief bases consisting of such conditionals
are p-entailment that is characterized by the axioms of System
P (Adams 1965; Kraus, Lehmann, and Magidor 1990) and
system Z (Pearl 1990; Goldszmidt and Pearl 1996). Newer
approaches include inference with c-representations (Kern-
Isberner 2001; Kern-Isberner 2004), skeptical c-inference
taking all c-representations into account (Beierle et al. 2018;
Beierle et al. 2021), and the recently introduced system W
(Komo and Beierle 2020; Komo and Beierle 2022).

While all reasoning approaches cited above satisfy the
axioms of system P, called the “industry standard” for quali-
tative nonmonotonic inference (Hawthorne and Makinson
2007), there are differences among them with respect to
other properties. This also applies to the highly desirable
property of syntax splitting for nonmonotonic reasoning.
The concept of syntax splitting was originally developed
by Parikh (Parikh 1999) for belief sets in order to for-
mulate a postulate for belief revision stating that the re-
vision with a formula that contains only variables from
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one part of the signature should only affect the informa-
tion about that part of the signature. The notion of syn-
tax splitting was later extended, e.g. (Peppas et al. 2015;
Kern-Isberner and Brewka 2017). In (Kern-Isberner, Beierle,
and Brewka 2020), syntax splitting is introduced for non-
monotic resoning as a combination of relevance and indepen-
dence, stating that only conditionals from a considered part
of the syntax splitting of a belief base are relevant for cor-
responding inferences, and that inferences using only atoms
from one part of the syntax splitting should be independent
of the other parts. It is shown that c-inference fulfils syntax
splitting, while system P and system Z both fail to satisfy it
(Kern-Isberner, Beierle, and Brewka 2020).

System W has been shown (Komo and Beierle 2022) to
exhibit high-quality properties like capturing and properly ex-
tending p-entailment, system Z, and c-inference, or avoiding
the drowning problem (Pearl 1990; Benferhat et al. 1993). In
this paper, we show that system W also satisfies the required
properties of relevance and independence, making it another
inference operator, besides c-inference, to fully comply with
the highly desirable property of syntax splitting. Furthermore,
system W also extends, in contrast to c-inference, rational
closure and thus inheriting its desirable properties (Lehmann
and Magidor 1992).

After briefly recalling the needed basics of conditional
logic in Sec. 2, the syntax splitting postulates are given in
Sec. 3. In Sec. 4, we present a syntax splitting example and
illustrate how system W handles it, and Sec. 5 shows that
system W satisfies syntax splitting. Sec. 6 concludes and
points out further work.

2 Reasoning with Conditional Logic

A (propositional) signature is a finite set 3 of identifiers. For
a signature 3, we denote the propositional language over X
by Ly . Usually, we denote elements of the signatures with
lowercase letters a, b, c, . . . and formulas with uppercase let-
ters A, B,C,.... We may denote a conjunction A A B by
AB and a negation —A by A for brevity of notation. The set
of interpretations over a signature . is denoted as {2y Inter-
pretations are also called worlds. An interpretation w € Qx
is a model of a formula A € Ly if A holds in w. This is
denoted as w |= A. The set of models of a formula (over a
signature X)) is denoted as Mod 5 (A) = {w € Qs | w = A}.
A formula A entails a formula B if Mod 5;(A) C Mod x(B).
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Worlds over (sub-)signatures can be merged or marginal-
ized. Let X be a signature with disjunct sub-signatures X, 2o
such that ¥ = 37 U Xg. Letw; € Qyx, and we € Qy,. Then
(w1 - wsy) denotes the world from Q5 that assigns the truth
values for variables in Y1 as wy and truth values for variables
in ¥y as we. For w € Qy, the world from 2y, that assigns
the truth values for variables in 2 as w is denoted as wx;, .

A conditional (B|A) connects two formulas A, B and rep-
resents the rule “If A then usually B”. The conditional lan-
guage over a signature ¥ is denoted as (£|L)y, = {(B|A) |
A, B € Lx}. A finite set of conditionals is called a (condi-
tional) belief base A. A belief base A is called consistent if
there is a ranking model for A (Goldszmidt and Pearl 1996).

We use a three-valued semantics of conditionals in this
paper (de Finetti 1937). For a world w a conditional (B|A)
is either verified by w if w |= AB, falsified by w if w = AB,
or not applicable to w if w = A.

Reasoning with conditionals is often modelled by infer-
ence relations. An inference relation is a binary relation p
on formulas over an underlying signature > with the intu-
ition that A |~ B means that A (plausibly) entails B. (Non-
monotonic) inference is closely related to conditionals: an
inference relation p~ can also be seen as a set of conditionals
{(B|A) | A,B € Lx, A~ B}.

Definition 1 (inductive inference operator (Kern-Isberner,
Beierle, and Brewka 2020)). An inductive inference operator
is a mapping C' : A — | that maps each belief base to an
inference relation such that direct inference (DI) and trivial
vacuity (TV) are fulfilled, i.e.,

(DY) if (B|A) € Athen Aboa B and
(TV) if A =0 and Afoa B then A = B.

Examples for inductive inference operators are p-
entailment (Adams 1965) and system Z (Pearl 1990).

3 Syntax Splitting for Inductive Inference
First, we recall the notion of syntax splitting for belief bases.

Definition 2 (syntax splitting for belief bases (adapted from
(Kern-Isberner, Beierle, and Brewka 2020))). Let A be a
belief base over a signature . A partitioning {31,...,%,}
of ¥ is a syntax splitting for A if there is a partitioning
{Ay,..., Az} of A such that A; C (L|L)s, for every i =
1,...,n. A syntax splitting {31, Xa} of A with two parts and
corresponding partition { A1, As} of A is denoted as

A:AlLJAZ

31,22

Here, we will focus on syntax splittings in two sub-
signatures. Results for belief bases with syntax splittings in
more than two parts can be obtained by iteratively applying
the postulates presented here.

For belief bases with syntax splitting, the postulate Rel-
evance (Rel) describes that conditionals corresponding to
one part of the syntax splitting do not have any influence on
inferences that only use the other part of the syntax splitting,
i.e., that only conditionals from the considered part of the
syntax splitting are relevant.
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(Rel) An inductive inference operator C' : A — ko sat-
isfies (Rel) (Kern-Isberner, Beierle, and Brewka 2020) if

forany A = Ay |J Ao, and forany A, B € Ly, for
31,22
i = 1,2 we have that

ARaB iff Apu, B (1)

The postulate Independence (Ind) describes that inferences
should not be affected by beliefs in formulas over other sub-
signatures in the splitting, i.e., inferences using only atoms
from one part of the syntax splitting should be drawn inde-
pendently of beliefs about other parts of the splitting.

(Ind) An inference operator C' : A — kv satisfies (Ind)
(Kern-Isberner, Beierle, and Brewka 2020) if for any A =
A; U Ag,andforany A, B € Lyx,, D € Ly, fori,j €

31,32 '
{1,2},i # j such that D is consistent, we have

AlaB iff ADpea B. 2)

Syntax splitting is the combination of (Rel) and (Ind):

(SynSplit) An inductive inference operator satisfies (Syn-
Split) (Kern-Isberner, Beierle, and Brewka 2020) if it sat-
isfies (Rel) and (Ind).

Among the inductive inference operators investigated in

(Kern-Isberner, Beierle, and Brewka 2020), only reasoning

with c-representations satisfies (SynSplit).

4 System W

Recently, system W has been introduced as a new induc-
tive inference operator (Komo and Beierle 2020; Komo and
Beierle 2022). System W takes into account both the toler-
ance information expressed by the ordered partition of A
and the structural information about which conditionals are
falsified.

Definition 3 (inclusion maximal tolerance partition (Pearl
1990)). A conditional (B|A) is tolerated by A if there exists
aworldw € Qs such that w verifies (B|A) and w does not
falsify any conditional in A. The inclusion maximal toler-
ance partition OP(A) = (A, ..., A¥) of a consistent belief
base A is defined as follows. The first set A° in the tolerance
partitioning contains all conditionals from A that are toler-
ated by A. Analogously, A' contains all conditionals from

A\(U; < AJ) which are tolerated by A\(J._, A7), until
A\(Uj<lc+1 A7) = 0.
It is well-known that OP(A) exists iff A is consistent;

moreover, because the A’ are chosen inclusion-maximal, the
tolerance partitioning is unique (Pearl 1990).

Jj<i

Definition 4 (&7, &, preferred structure <'{ on worlds (Komo
and Beierle 2022)). Consider a consistent belief base A =
{ri = (Bi|A;) | i € {1,...,n}} with the tolerance partition
OP(A) = (AY,...,AF). Forj =0,..., k, the functions &
and & are the functions mapping worlds to the set of falsified
conditionals from the set A7 in the tolerance partition and
from A, respectively, given by

w):={rc A |wlE AB},
Ew):={re A|lwkE A;B;}.

3)
“
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The preferred structure on worlds is given by the binary rela-
tion <X C Q x Q defined by, for any w,w’ € Q,

w <X W' iff there existsm € {0,... ,k} such that
Ew) =€) Vie{m+1,...,k}, and
§M(w) & €M (W) Q)
Thus, w <X w’ if and only if w falsifies strictly less con-
ditionals than w’ in the partition with the biggest index m
where the conditionals falsified by w and w’ differ. Note, that

<X is a strict partial order. The inductive inference operator
system W based on <} is defined as follows.

Definition 5 (system W, kvX(Komo and Beierle 2022)).
Let A be a belief base and A, B be formulas. Then B is
a system W inference from A (in the context of A), denoted
A AB if for every w' € Q 455 there is an w € Qap such
that w <X W'.

System W extends system Z and c-inference and enjoys
further desirable properties for nonmonotonic reasoning like
avoiding the drowning problem. For more information on
system W we refer to (Komo and Beierle 2022). We illustrate
system W with an example.

Example 1. Consider the belief base A = {(f|b), (v|d),
(blp), (flp)} over the signature = = {b,p, f,v,d} from
(Kern-Isberner, Beierle, and Brewka 2020, Example 2) with
the intended meanings birds (b), penguins (p), being able to
fly (f), being visible in the night (v), dark objects (d). The
preferred structure <!\ on worlds is given in in Figure 1.
We have A = Ay |J Ay with¥y = {b,p, f}, 3o
31,32
{v,d} and &y = {(f1), (blp), (FIp)}, Ao = {(T]d)}.
The conditional (v|d) can be deduced from A with ev-
ery inductive inference operator because of (DI). But the
conditional (v|dp) cannot be deduced from A with either p-
entailment and System Z; in both cases, the additional infor-
mation p from an independent part of the signature prevents
the deduction of —v. Therefore, p-entailment and system Z do
not fulfil (SynSplit). Using the preferred structure <)\ given
in in Figure 1, it is straightforward to verify that for each
world w' with W' |= dpv there is a world w with w |= dpv
such that w <X w'. Thus, system W licences the inference

dp Zﬁ, complying with (SynSplit).

Example 1 is an example of system W complying with
(Ind), which is the part of (SynSplit) that system Z and p-
entailment fail to fulfil.

5 System W fulfils Syntax Splitting

For proving that system W fulfils syntax splitting, we first
present four lemmas on the properties of <'X in the pres-
ence of a syntax splitting A = Ay |J A,. Note, that we
31,22

consider the belief bases A1, Ao as belief bases over the
signature 3 = ¥; U Xy in this section. Thus, in particular
<}, and <}, are relations on {2x. and the inference relations
induced by A1, Ay are calculated with respect to 3.

The following Lemma 1 shows how a syntax splitting
on a belief base carries over to the corresponding inclusion
maximal tolerance partitioning.
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bpfud
.
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f N
bpfud bpfud
bpfud . 0Pfod bpfod  bpfod  Gyfid o
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Figure 1: The preferred structure on worlds induced by the belief

base A from Example 1. Edges that can be obtained from transitivity
are omitted for lucidity.

Lemma 1. Let A = Ay |J Az be a consistent belief
21,32

base with syntax splitting. Let OP(A) = (A°,... AF)

be the inclusion maximal tolerance partitioning of A. Let

OP(A;) = (AY,..., Al%) be the inclusion maximal toler-

ance partition of A; fori =1, 2.

1. Fori=1,2and j = 0,...,l; we have Ag = AN NA;
and thus especially A C AJ.

2. max{ll,lg} =k

AJUAL forj=1,....1

3. Ifly <o, then AT = ; _
fla < lo, then {A% forj=1L+1,... k.

If we have w <X w’, then there is some conditional 7 that
falsifies w’ but not w and thus causes the ;Cé relation in (5) in
Definition 4. If A = A; |J Ao, this r is either in A; or in

31,32
A,. Lemma 2 states that the relation w <X w’ can also be
obtained using only A; or only As.
Lemma 2. Let A = Ay |J A and let w0’ € Q. If
1,32
w <X W, thenw <X W orw <X, '

Note, that both w <X w’and w <X, w’ might be true.

The next Lemma 3 considers the reverse direction of
Lemma 2 and shows a situation where we can infer w <% w’
from w <}, w'’ for a belief base with syntax splitting.

Lemma 3. Let A = Ay |J A and let w0’ € Q. If
21,32
w <K, wandwys, = w5, thenw <X W'.

The next Lemma 4 captures that in a world the variable
assignment for variables that do not occur in the belief set
has no influence on the position of this world in the resulting
preferential structure on worlds.

Lemmad. Let A =A; |J Ayandw? W w' € Qs with
31,32
whs, = wbml. Then we have w® <} w' iff wb <X, w"
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Proofs for Lemmas 1 to 4 are given in (Haldimann and Beierle
2022). We now show that system W fulfils (Rel) and (Ind).

Proposition 1. System W fulfils (Rel).

Proof. Let A =A; |J Agandlet A, B € Ly, be propo-
1,50

sitional formulas. W.l.o.g. we need to show that

AR ABifandonlyif AfvX B (6)

Assume that A ;3 B. Let w’ be
€ Q such that

Direction = of (6):

any world in Q ,55. Now choose w,,;,,

L w mln <A OJ
_ !
2. W 51 = Winin|, » and

3. there is no world w/,,,.., with w/ . o <% w/ . that fulfils

(1.) and (2.).

min

Such an w/ .. exists because w’ fulfils properties (1.) and (2.),
<% is irreflexive and transitive, and there are only finitely
many worlds in 2. Because of (2.) and because w’ = AB we
have that w!,, = AB. Because A '\ B, there is a world
w such that w = AB and w <X wh,in- Lemma 2 yields that
W <X, Wi OF W <A wh,

The case w <X, Wy, 18 not possible: Assuming w <\

min*®

m
min it follows that wi ;.0 = (Wihin|s, * Wis,) <A2 Whin

with Lemma 4. With Lemma 3 it follows that Wmmz <X
w! ... This contradicts (3.). Hence, w < A wl,in- Because
of (2.) and Lemma 4 it follows that w <% A, w'.

As we can find an w such that w <\ w"and w = AB for
every w’ = AB we have that A Xl B as required.

Direction <= of (6):  Assume that A fv‘ng . Let w’ be
any world in Q ,5. Because A ~ XlB, there is a world w*
suchthatw* = ABandw* <} w'. Letw = (w*|g, -w'|s,).
Because w* |= AB we have that w = AB. With Lemma 4 it
follows that w < w’ and thus w < w’ due to Lemma 3.

As we can construct w such that w <} w’ andw = AB
for every w’ = AB we have that A <% B as required. [

w min2 —

Proposition 2. System W fulfils (Ind).
Proof. Let A = Ay |J Ag. Wlo.g.let A, B € Ly, and

31,32
C € Ly, such that C'is consistent. We need to show that

(N

Assume that A ;A B. Let w’ be any
€  such that

AR} Bif and only if AC X B

Direction = of (7):

world in © 4 5. Now choose w/,;,,

L. wmzn gA w

=w and

2. W [Z1 min |y

3. there is no world w/,,,., with w/ . o <X wy, ., that fulfils
(1) and (2.).

Such anw/,,.. exists because w’ fulfils properties (1.) and (2.),
<% is irreflexive and transitive, and there are only finitely
many worlds in §2. Because of (2.) and because w’ = ABC
we have thatw!,,;, = AB. Because A 3 B, there is a world

min
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w* such that w* }— AB and w* <A w,
that either w* <X A1 min or w* <R, Winin-

The case w* <}, w min is not possible: Assuming w* <},
/

min- Lemma 2 yields

Winin» it follows that wy, ;0 = (Wi s, * @ |s,) <A2 in
w1th Lemma 4. With Lemma 3 it follows that Whina <X
Wyyin- This contradicts (3.). Hence, w* <X wy,;,- Letw =

(w*|z, - W'|s,). Because w* = AB we have that w = AB.
Because w’ |= C' we have that w = C. Because of (2.) and
Lemma 4 it follows that w <X w’ and thus with Lemma 3
w <y .
As we can construct an w such that w <} w’ and w =
ABC for every w' = ABC we have AC |} B as required.
Direction <= of (7):  Assume that AC |~XB. Let w’ be

any world in © , 5. Now choose w/ ;. € € such that

L. wmin |: C
/ _ /
2. w 1y = wmin|21 and

that fulfils

3. there is no world w/,; ., with w/ ;o <X W

(1.) and (2.).

Such an w),;, exists because C is consistent, C' € Ls,,
<% is irreflexive and transitive, and there are only finitely
many worlds in €. Because of (2.) and because w’ = AB
We have that w/,, = AB. Because of (1.) we have that

Wiin |: C. Because AC AB there is a world w* such
that w* ): ABC and w* <% A sz Lemma 2 yields that
either w* <A1 min or w* <R, w

The case w* <}, w

n*

min*

min is not possible: Assuming w* <},
/

Winin» it follows that wy ;0 = (Wi s, * w7 |s,) <A2 in
w1th Lemma 4. With Lemma 3 it follows that Whina <X
Wynin- This contradicts (3.). Hence, w* <X wy,;,,- Letw =

(w*|z, - W'|s,). Because w* = AB we have that w = AB.
Because of (2.) and Lemma 4 it follows that w <g1 w’ and
thus with Lemma 3 w <% w'.

As we can construct an w such thatw <} w’ andw = AB
for every ' |= AB we have A |~ X B as required. O

Combining Propositions 1 and 2 yields that system W
fulfils (SynSplit).

Proposition 3. System W fulfils (SynSplit).

6 Conclusions and Further Work

In this short paper, we showed that the recently introduced
System W that extends rational closure and c-inference, also
fully complies with syntax splitting. In a new publication
parallel to this one, lexicographic inference (Lehmann 1995)
is shown to fulfill syntax splitting as well (Heyninck, Kern-
Isberner, and Meyer 2022). In our current work, we are study-
ing the effect of syntax splitting on the preferred structure
on worlds and further properties of system Wi; first results
of these further studies are given in (Haldimann and Beierle
2022), along with the observation that lexicographic inference
extends system W and thus also c-inference. Furthermore, we
investigate normal forms of conditional belief bases respect-
ing system W inferences (Beierle and Haldimann 2022), and
we will extend the online reasoning platform InfOCF-Web
(Kutsch and Beierle 2021) by a system W implementation.
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